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Abstract

We present the ground state phase diagram of the two-leg Kondo ladder obtained through the density-matrix

renormalization group. At half-filling, the spin and charge gaps are non-zero. At other conduction electron densities, we

have found fully and partially saturated ferromagnetism, paramagnetism, and dimerized phases at special

commensurate fillings.

r 2005 Elsevier B.V. All rights reserved.

PACS: 75.30.Mb; 71.10.Pm; 75.10.�b

Keywords: Heavy fermions; Kondo model; Ladders
The Kondo lattice model is the simplest model
believed to describe the essential physics of heavy
fermion compounds [1]. The determination of its
phase diagram in three dimensions is still an open
question. It would be useful to do so with an
unbiased numerical procedure. However, this is an
impossible task in two or three dimensions with
present computer power. A possible line of attack
is then to consider the N-leg Kondo ladders
(NKL). The NKL consist of N Kondo chains of
length L coupled by the hopping term. The 2D
system is obtained by taking both N and L to
infinity.
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Here, we are going to focus on the two-leg
Kondo ladder with M ¼ 2 � L sites with Hamil-
tonian

H ¼ �
X

hi;ji;s

ðc
y

i;scj;s þ h:c:Þ þ J
X

j

Sj 
 sj ; (1)

where cjs annihilates a conduction electron in site j

with spin projection s; Sj is a localized spin 1
2

operator, sj ¼
1
2

P
ab c

y

j;arabcj;b is the conduction
electron spin density operator and rab are Pauli
matrices. Here hiji denotes nearest-neighbor sites,
J40 is the Kondo coupling constant and the
hopping amplitude was set to unity to fix the
energy scale. We investigated the model with the
density matrix renormalization group technique
with open boundary conditions [2]. We used the
finite-size algorithm for sizes up to 2 � L ¼ 80;
d.
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Fig. 2. Phase diagram of the 2KL. PM, FM, and PFM denote

regions with paramagnetism, fully and partially saturated

ferromagnetism, respectively. To the right of the dotted line,

the thick lines separate three regions: small and large J, nX0:5
and no0:5: These regions are characterized by the location of

the spin–spin structure factor peak (see text). At half-filling, the

spin and charge gaps are non-zero.
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keeping up to m ¼ 1200 states per block. The
discarded weight was typically about 10�5 � 10�9

in the final sweep.
We first focus on half-filling. In this case, the

spin and charge gaps are non-zero for any Kondo
coupling J [3], as can be seen in Fig. 1. These gaps
are defined as DsðLÞ ¼ eðM ; 1Þ � eðM ; 0Þ and
DcðLÞ ¼ eðM � 2; 0Þ � eð0; 0Þ; respectively, where
eðNc; sÞ is the ground state energy of the system
with Nc conduction electrons in the subspace of
total spin s [4]. Similar results are found in the 1D
case [4], as well in the 3KL [3]. These results
suggest that the spin and charge gaps are non-zero
for any number of legs and value of J at half-
filling. Note that this behavior is quite different
from the t-J ladders [5].

Away from half-filling we can probe the phase
diagram by determining the Fourier transform of
the spin–spin correlation function (the spin struc-
ture factor) S ~qð Þ ¼ 1

2L

P
~r1;~r2

e~q
 ~r1�~r2ð ÞhST
~r1

 ST

~r2
i;

where ST
~r1
¼ S~r1

þ s~r1
: In particular, the total spin

Stotal can be evaluated from the relation
S ~q ¼ ð0; 0Þð Þ ¼ 2L StotalðStotal þ 1Þð Þ: We have
found three distinct regions based on the values
of the total spin, as shown in Fig. 2. The fully
saturated ferromagnetic phase (FM) has Stotal ¼

ð2L � NcÞ=2 while the paramagnetic (PM) one has
Stotal ¼ 0 [6]. We have also found a phase with
partially saturated ferromagnetism (PFM) where
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Fig. 1. The spin and charge gaps for the 2-leg Kondo ladder

with L ¼ 10 (open symbols) and L ¼ 20 (closed symbols). The

circles (squares) correspond to the spin (charge) gap. Inset:

zoom of the region 0oJo2:
0oStotaloð2L � NcÞ=2 [6]. Note that, in the 1D
case, ferromagnetism is present at any doping for
large enough J [4]. It is intriguing that such a huge
difference arises by coupling a single additional
chain.

We have also found that in the PM phase the
maximum of S ~qð Þ can appear at three distinct
positions, as indicated in Fig. 2. For small values
of J, the maximum of S ~qð Þ is located at
~q ¼ ð2n; 0Þp for nt0:5; while for n\0:5 it is at
~q ¼ ðn; 1Þp [6]. For large values of J and n\0:4
S ~qð Þ has only a small cusp at ~q ¼ ð2n; 0Þp [6].

Recently spin dimerization was discovered in the
1D Kondo lattice model at quarter-filling [7]. We
have found, at densities n ¼ 1

4 and n ¼ 1
2; that the

spin correlations in the 2KL resemble the dimer-
ization found in the 1D Kondo lattice model [6]. In
order to illustrate this finding, we present in Fig. 3
the spin–spin correlations hST

~r1

 ST

~r2
i for nearest-

neighbor sites of the 2KL at density n ¼ 1
4
; J ¼ 0:8

and L ¼ 32. The solid (dashed) lines indicate that
the correlation is negative (positive) and the line
thickness is proportional to the amplitude of the
correlations. As can be seen, along the legs the
dimer order parameter DðjÞ ¼ hST

ð1;jÞ 
 S
T
ð1;jþ1Þi os-

cillates with period 2, while the rungs exhibit FM
correlations. The origin of dimerization in the 1D
Kondo lattice model was ascribed to the RKKY
interaction [7]. A similar analysis, also suggests
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Fig. 3. Nearest-neighbor spin correlations of the 2KL for

L ¼ 32, J ¼ 0:8; and n ¼ 1
4
: Solid and dashed lines represent

AFM and FM correlations, respectively. Only the central

portion of the ladder is presented. Below the correlations, a

classical configuration compatible with them is shown.
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that this interaction is responsible for the spin
arrangement shown in Fig. 3 [6].

In conclusion, we have obtained the phase
diagram of the two-leg Kondo ladder and char-
acterized its spin correlations as a function of
Kondo coupling constant and conduction electron
density.
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