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𝑥´ 𝐻 𝛼, 𝑡0; 𝑡 = 𝑖ℏ
𝜕

𝜕𝑡
𝑥´|𝛼, 𝑡0; 𝑡

𝐻 =
1

2𝑚
𝒑 −

𝑒

𝑐
𝑨 + 𝑒𝜙 =

𝚷2

2𝑚
+ 𝑒𝜙

𝜕𝜌

𝜕𝑡
+ ∇ ∙ 𝒋 =0

𝜌 = 𝜓∗𝜓 𝜓 = 𝑥´|𝛼, 𝑡0; 𝑡

𝜕𝜌

𝜕𝑡
=
𝜕𝜓∗

𝜕𝑡
𝜓 + 𝜓∗

𝜕𝜓

𝜕𝑡

(1)

(2)

(3)

Schrödinger: 

Hamiltoniana em termos de A e ϕ:

Continuidade: 

(4) (5)

(6)

Veja aula 10; j=fluxo de probabilidade
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𝑖ℏ
𝜕

𝜕𝑡
𝑥´|𝛼, 𝑡0; 𝑡 =

1

2𝑚
𝑥´ 𝒑 −

𝑒

𝑐
𝑨 𝒙´

2

𝛼, 𝑡0; 𝑡 + 𝑒𝜙 𝑥´ 𝑥´|𝛼, 𝑡0; 𝑡

=
1

2𝑚
−𝑖ℏ∇´ −

𝑒

𝑐
𝑨 𝒙´ 𝑥´ 𝒑 −

𝑒

𝑐
𝑨 𝒙´ 𝛼, 𝑡0; 𝑡 + 𝑒𝜙 𝑥´ 𝑥´|𝛼, 𝑡0; 𝑡

=
1

2𝑚
−𝑖ℏ∇´ −

𝑒

𝑐
𝑨 𝒙´ −𝑖ℏ∇´ −

𝑒

𝑐
𝑨 𝒙´ 𝑥´|𝛼, 𝑡0; 𝑡 + 𝑒𝜙 𝑥´ 𝑥´|𝛼, 𝑡0; 𝑡

𝑖ℏ
𝜕

𝜕𝑡
𝑥´|𝛼, 𝑡0; 𝑡 =

1

2𝑚
−𝑖ℏ∇´ −

𝑒

𝑐
𝑨 𝒙´ −𝑖ℏ∇´ −

𝑒

𝑐
𝑨 𝒙´ 𝑥´|𝛼, 𝑡0; 𝑡 + 𝑒𝜙 𝑥´ 𝑥´|𝛼, 𝑡0; 𝑡

−𝑖ℏ
𝜕

𝜕𝑡
𝑥´|𝛼, 𝑡0; 𝑡

∗ =
1

2𝑚
𝑖ℏ∇´ −

𝑒

𝑐
𝑨 𝒙´ 𝑖ℏ∇´ −

𝑒

𝑐
𝑨 𝒙´ 𝑥´|𝛼, 𝑡0; 𝑡

∗ + 𝑒𝜙∗ 𝑥´ 𝑥´|𝛼, 𝑡0; 𝑡
∗

Veja Slide 15 da aula

Fazendo: vermelho.Ψ – Ψ*.verde
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𝜕𝜌

𝜕𝑡
= −

1

𝑖ℎ

1

2𝑚
𝑖ℏ∇´ −

𝑒

𝑐
𝑨 𝒙´ 𝑖ℏ∇´ −

𝑒

𝑐
𝑨 𝒙´ 𝑥´|𝛼, 𝑡0; 𝑡

∗ 𝑥´|𝛼, 𝑡0; 𝑡

−𝑒𝜙∗ 𝑥´ 𝑥´|𝛼, 𝑡0; 𝑡
∗ 𝑥´|𝛼, 𝑡0; 𝑡

+
1

2𝑚
𝑥´|𝛼, 𝑡0; 𝑡

∗ −𝑖ℏ∇´ −
𝑒

𝑐
𝑨 𝒙´ −𝑖ℏ∇´ −

𝑒

𝑐
𝑨 𝒙´ 𝑥´|𝛼, 𝑡0; 𝑡

+ 𝑥´|𝛼, 𝑡0; 𝑡
∗𝑒𝜙 𝑥´ 𝑥´|𝛼, 𝑡0; 𝑡

𝜙 𝑥´ = 𝜙∗ 𝑥´

𝜕𝜌

𝜕𝑡
=

1

𝑖ℎ
− 𝑥´|

𝚷∗2

2𝑚
|𝛼, 𝑡0; 𝑡

∗ 𝑥´|𝛼, 𝑡0; 𝑡 + 𝑥´|𝛼, 𝑡0; 𝑡
∗ 𝑥´|

𝚷2

2𝑚
|𝛼, 𝑡0; 𝑡

-> Termo azul se cancela

Eq. no Slide 16 da aula
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𝚷2 = −𝑖ℏ∇´ −
𝑒

𝑐
𝑨 𝒙´ −𝑖ℏ∇´ −

𝑒

𝑐
𝑨 𝒙´

= −ℏ2∇´2 +
𝑒

𝑐
𝑖ℏ∇´ ∙ 𝑨 𝒙´ +

2𝑒

𝑐
𝑖ℏ𝐴 𝑥´ ∙ ∇´

+
𝑒2

𝑐2
𝐴2 𝑥´ ሻ∇´ ∙ 𝐴 𝑥´ = 0 (𝐺𝑎𝑢𝑔𝑒 𝑑𝑒 𝐶𝑜𝑢𝑙𝑜𝑚𝑏

𝚷2 = −ℏ2∇´2 +
2𝑒

𝑐
𝑖ℏ𝐴 𝑥´ ∙ ∇´ +

𝑒2

𝑐2
𝐴2 𝑥´

𝚷∗2 = 𝑖ℏ∇´ −
𝑒

𝑐
𝑨 𝒙´ 𝑖ℏ∇´ −

𝑒

𝑐
𝑨 𝒙´

= −ℏ2∇´2 −
𝑒

𝑐
𝑖ℏ∇´ ∙ 𝑨 𝒙´ −

2𝑒

𝑐
𝑖ℏ𝐴 𝑥´ ∙ ∇´ +

𝑒2

𝑐2
𝐴2 𝑥´

𝚷∗2 = −ℏ2∇´2 −
2𝑒

𝑐
𝑖ℏ𝐴 𝑥´ ∙ ∇´ +

𝑒2

𝑐2
𝐴2 𝑥´

Operador atuando sobre 
vetor potencia A e 
função de onda 
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𝜕𝜌

𝜕𝑡
=

1

𝑖ℏ

− 𝑥´|
−ℏ2∇´2 −

2𝑒
𝑐
𝑖ℏ𝐴 𝑥´ ∙ ∇´ +

𝑒2

𝑐2
𝐴2 𝑥´

2𝑚
|𝛼, 𝑡0; 𝑡

∗ 𝑥´|𝛼, 𝑡0; 𝑡

+ 𝑥´|𝛼, 𝑡0; 𝑡
∗ 𝑥´|

−ℏ2∇´2 +
2𝑒
𝑐
𝑖ℏ𝐴 𝑥´ ∙ ∇´ +

𝑒2

𝑐2
𝐴2 𝑥´

2𝑚
|𝛼, 𝑡0; 𝑡

= 𝑥´
ℏ∇´2

𝑖2𝑚
𝛼, 𝑡0; 𝑡

∗ 𝑥´|𝛼, 𝑡0; 𝑡 + 𝑥´
𝑒

𝑚𝑐
𝐴 𝑥´ ∇´ 𝛼, 𝑡0; 𝑡

∗ 𝑥´|𝛼, 𝑡0; 𝑡

− 𝑥´|
𝑒2

2𝑚𝑐2
𝐴2 𝑥´ |𝛼, 𝑡0; 𝑡

∗ 𝑥´|𝛼, 𝑡0; 𝑡

− 𝑥´|𝛼, 𝑡0; 𝑡
∗ 𝑥´|

ℏ∇´2

𝑖2𝑚
|𝛼, 𝑡0; 𝑡 + 𝑥´|𝛼, 𝑡0; 𝑡

∗ 𝑥´|
𝑒

𝑚𝑐
𝐴 𝑥´ ∇´|𝛼, 𝑡0; 𝑡

+ 𝑥´|𝛼, 𝑡0; 𝑡
∗ 𝑥´|

𝑒2

2𝑚𝑐2
𝐴2 𝑥´ |𝛼, 𝑡0; 𝑡

𝑒2

2𝑚𝑐2
𝐴2 𝑥´ … 𝑟𝑒𝑎𝑙 𝑥´|𝛼, 𝑡0; 𝑡

∗ 𝑥´|𝛼, 𝑡0; 𝑡 = 𝜓 2 -> Termo azul se cancela
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−
𝜕𝜌

𝜕𝑡
= ∇´ ∙ 𝒋 =

𝑖ℏ

2𝑚
𝑥´ ∇´2 𝛼, 𝑡0; 𝑡

∗ 𝑥´|𝛼, 𝑡0; 𝑡 + 𝑥´|𝛼, 𝑡0; 𝑡
∗ 𝑥´|∇´2|𝛼, 𝑡0; 𝑡

−
𝑒

𝑚𝑐
𝑥´ 𝐴 𝑥´ ∇´ 𝛼, 𝑡0; 𝑡

∗ 𝑥´|𝛼, 𝑡0; 𝑡 + 𝑥´|𝛼, 𝑡0; 𝑡
∗ 𝑥´|𝐴 𝑥´ ∇´|𝛼, 𝑡0; 𝑡

𝜕𝜌

𝜕𝑡
= 𝑥´

ℏ∇´2

𝑖2𝑚
𝛼, 𝑡0; 𝑡

∗ 𝑥´|𝛼, 𝑡0; 𝑡 + 𝑥´
𝑒

𝑚𝑐
𝐴 𝑥´ ∇´ 𝛼, 𝑡0; 𝑡

∗ 𝑥´|𝛼, 𝑡0; 𝑡

− 𝑥´|𝛼, 𝑡0; 𝑡
∗ 𝑥´|

ℏ∇´2

𝑖2𝑚
|𝛼, 𝑡0; 𝑡 + 𝑥´|𝛼, 𝑡0; 𝑡

∗ 𝑥´|
𝑒

𝑚𝑐
𝐴 𝑥´ ∇´|𝛼, 𝑡0; 𝑡

= −
𝑖ℏ

2𝑚
𝜓∗∇´2𝜓 − 𝜓∇´2𝜓∗

𝑖ℏ

2𝑚
𝑥´ ∇´2 𝛼, 𝑡0; 𝑡

∗ 𝑥´|𝛼, 𝑡0; 𝑡 − 𝑥´|𝛼, 𝑡0; 𝑡
∗ 𝑥´|∇´2|𝛼, 𝑡0; 𝑡
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∇´ ∙ 𝒋 = −
𝑖ℏ

2𝑚
𝜓∗∇´2𝜓 − 𝜓∇´2𝜓∗ −

𝑒

𝑚𝑐
∇´ 𝜓∗𝜓 A

𝐴 𝑥´ … 𝑟𝑒𝑎𝑙𝑥´|𝛼, 𝑡0; 𝑡
∗ 𝑥´|𝛼, 𝑡0; 𝑡 = 𝜓∗𝜓 = 𝜓 2

𝑧 − 𝑧∗ = 𝑎 + 𝑖𝑏 − 𝑎 − 𝑖𝑏 = 2𝑖𝑏 = 2𝐼𝑚 𝑧

= ∇´ −
𝑖ℏ

2𝑚
𝜓∗∇´𝜓 − 𝜓∇´𝜓∗ −

𝑒

𝑚𝑐
𝐴 𝜓 2

𝒋 = −
𝑖ℏ

2𝑚
𝜓∗∇´𝜓 − 𝜓∇´𝜓∗ −

𝑒

𝑚𝑐
𝑨 𝜓 2

𝒋 =
ℏ

𝑚
𝐼𝑚 𝜓∗∇´𝜓 −

𝑒

𝑚𝑐
𝑨 𝜓 2
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𝒋 =
ℏ

𝑚
𝐼𝑚 𝜓∗∇´𝜓 −

𝑒

𝑚𝑐
𝑨 𝜓 2

No ausência do campo j fica:

𝒋 =
ℏ

𝑚
𝐼𝑚 𝜓∗∇´𝜓 =

ℏ

2𝑚𝑖
𝜓∗∇´𝜓 − 𝜓∇´𝜓∗

=
1

𝑚

𝜓∗ −𝑖ℏ∇𝜓 + 𝜓 𝑖ℏ𝜓∗

2
=

1

𝑚

𝜓∗ −𝑖ℏ∇𝜓 + 𝜓 𝑖ℏ𝜓 ∗

2

=
1

𝑚
𝑅𝑒 𝜓∗ −𝑖ℏ∇𝜓 =

1

𝑚
𝑅𝑒 𝜓∗𝒑𝜓

Com campo, fazer a substituição: 𝒑 → 𝒑 −
𝑒

𝑐
𝑨

𝒋 =
1

𝑚
𝑅𝑒 𝜓∗ 𝒑 −

𝑒

𝑐
𝑨 𝜓 =

ℏ

𝑚
𝐼𝑚 𝜓∗∇´𝜓 −

𝑒

𝑚𝑐
𝑨 𝜓 2


