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Função tentativa:

Φ̃(r1, r2) =
1
π

(
ξ

a0

)3

e−ξ
r1
a0 e−ξ

r2
a0 (1)

O Hamiltoniano é

H = −
}2

2µ
∇2

1 −
Ze2

r1
−
}2

2µ
∇2

2 −
Ze2

r2
+

e2

r12
(2)

Reescrevendo:

H = −
}2

2µ
∇2

1 −
Ze2

r1
+

(
ξe2

r1
−
ξe2

r1

)
−
}2

2µ
∇2

2 −
Ze2

r2
+

(
ξe2

r2
−
ξe2

r2

)
+

e2

r12

H =

H0︷                                  ︸︸                                  ︷[
−
}2

2µ
∇2

1 −
ξe2

r1
−
}2

2µ
∇2

2 −
ξe2

r2

]
+

V︷                                ︸︸                                ︷
(ξ − Z)

e2

r1
+ (ξ − Z)

e2

r2
+

e2

r12
(3)
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H0: como se fosse “2 átomos de H independentes” com carga ξ

Com H0
∣∣∣Φ̃〉

= E(0)
∣∣∣Φ̃〉

E(0) = 2
(
−
ξ2e2

2a0

)
= −

ξ2e2

a0
(4)

Vamos verificar se
∣∣∣Φ̃〉

é normalizado. Com a Eq. (1):

〈
Φ̃
∣∣∣Φ̃〉

=

∫
d3r1

∫
d3r2

(
1
π2

) (
ξ

a0

)6

e−
2ξr1
a0 e−

2ξr2
a0

〈
Φ̃
∣∣∣Φ̃〉

=

(
1
π2

) (
ξ

a0

)6

4π︷                       ︸︸                       ︷∫ 2π

0
dφ1

∫ π

0
dθ1 sin θ1

∫ +∞

0
dr1r2

1e−
2ξr1
a0 ×

×

4π︷                       ︸︸                       ︷∫ 2π

0
dφ2

∫ π

0
dθ2 sin θ2

∫ +∞

0
dr2r2

2e−
2ξr2
a0

(5)
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Temos que ∫ +∞

0
rne−qrdr =

n!
qn+1 (6)

Com (6) aplicado em (5), temos

〈
Φ̃
∣∣∣Φ̃〉

=

(
1
π2

) (
ξ

a0

)6

(4π)
2!( 2ξ
a0

)3 (4π)
2!(2ξ
a0

)3 = 1 (7)

Calculemos o seguinte elemento de matriz, com (6)

〈
Φ̃
∣∣∣ 1
r1

∣∣∣Φ̃〉
=

(
1
π2

) (
ξ

a0

)6

4π︷                       ︸︸                       ︷∫ 2π

0
dφ2

∫ π

0
dθ2 sin θ2

2!/(2ξ/a0)3︷               ︸︸               ︷∫ +∞

0
dr2r2

2e−
2ξr2
a0 ×

×

4π︷                       ︸︸                       ︷∫ 2π

0
dφ1

∫ π

0
dθ1 sin θ1

1!/(2ξ/a0)2︷                ︸︸                ︷∫ +∞

0
dr1

r2
1

r1
e−

2ξr1
a0

(8)
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Da Eq. (8)

〈
Φ̃
∣∣∣ (ξ − Z)e2

r1

∣∣∣Φ̃〉
=

(
1
π2

) (
ξ

a0

)6

(4π)2 2e2(ξ − Z)(2ξ
a0

)3 (2ξ
a0

)2 = (ξ − Z)
ξe2

a0
(9)

Semelhantemente 〈
Φ̃
∣∣∣ (ξ − Z)e2

r2

∣∣∣Φ̃〉
= (ξ − Z)

ξe2

a0
(10)

Agora, consideremos o seguinte elemento de matriz:〈
Φ̃
∣∣∣ e2

r12

∣∣∣Φ̃〉
=

∫
d3r1

∫
d3r2

[
Φ̃(r1, r2)

]2 e2

r12
(11)

Expressando 1/r12 em harmônicos esféricos (Apêndice):

1
r12

=

+∞∑
`=0

+∑̀
m=−`

4π
2` + 1

r`<
r`+1
>

[
Ym
` (θ1, φ1)

]∗
Ym
` (θ2, φ2) (12)
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Com as Eqs. (1) e (12) na Eq. (11), temos

〈
Φ̃
∣∣∣ e2

r12

∣∣∣Φ̃〉
=

(
e2

π2

) (
ξ

a0

)6 +∞∑
`=0

+∑̀
m=−`

4π
2` + 1

×

×

∫
dr1

∫
dr2r2

1r2
2

r`<
r`+1
>

e−
2ξr1
a0 e−

2ξr2
a0 ×

×

∫ 2π

0
dφ1

∫ π

0
dθ1

[
Ym
` (θ1, φ1)

]∗
sin θ1×

×

∫ 2π

0
dφ2

∫ π

0
dθ2Ym

` (θ2, φ2) sin θ2

(13)

Como
Y0

0 (θ1, φ1)
[
Y0

0 (θ2, φ2)
]∗

=
1

4π
Ou ainda

1 = 4πY0
0 (θ1, φ1)

[
Y0

0 (θ2, φ2)
]∗

(14)
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Lembremos que∫ 2π

0
dφi

∫ π

0
dθiYm

` (θi, φi)
[
Ym′
`′ (θi, φi)

]∗
sin θi = δ``′δmm′ (15)

Com as Eqs. (14) e (15) na Eq. (13), obtemos

〈
Φ̃
∣∣∣ e2

r12

∣∣∣Φ̃〉
=

( e
π

)2
(
ξ

a0

)6 +∞∑
`=0

+∑̀
m=−`

(4π)2

2` + 1
×

×

∫
dr1

∫
dr2r2

1r2
2

r`<
r`+1
>

e−
2ξr1
a0 e−

2ξr2
a0 ×

×

δ`0δm0︷                                                       ︸︸                                                       ︷∫ 2π

0
dφ1

∫ π

0
dθ1Y0

0 (θ1, φ1)
[
Ym
` (θ1, φ1)

]∗
sin θ1 ×

×

δ0`′δ0m′︷                                                       ︸︸                                                       ︷∫ 2π

0
dφ2

∫ π

0
dθ2Ym

` (θ2, φ2)
[
Y0

0 (θ2, φ2)
]∗

sin θ2
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Rearranjando

〈
Φ̃
∣∣∣ e2

r12

∣∣∣Φ̃〉
= 16e2

(
ξ

a0

)6 ∫ +∞

0
dr1

∫ +∞

0
dr2

1
r>

r2
1r2

2e−
2ξr1
a0 e−

2ξr2
a0 (16)

Para r < r2, r> = r2 e para r > r2, r> = r1

Com isso, a Eq. (16) fica

〈
Φ̃
∣∣∣ e2

r12

∣∣∣Φ̃〉
= 16e2

(
ξ

a0

)6 ∫ +∞

0
dr2e−

2ξr2
a0 r2

2


I︷              ︸︸              ︷∫ r2

0
dr1

r2
1

r2
e−

2ξr1
a0 +

+

J︷              ︸︸              ︷∫ r2

0
dr1

r2
1

r1
e−

2ξr1
a0


(17)
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Da Eq. (17), temos

I =
1
r2

∫ r2

0
dr1r2

1e−
2ξr1
a0 (18)

E

J =

∫ +∞

r2

dr1r1e−
2ξr1
a0 (19)

Temos que ∫
rebrdr =

(
r
b
−

1
b2

)
ebr + C (20)

E ∫
r2ebrdr =

(
r2

b
−

2r
b

+
2
b3

)
ebr + C (21)

Da Eq. (21), a integral (18) fica

I =
1
r2

e−
2ξr2
a0

− (
a0

2ξ

)
r2

2 − 2
(

a0

2ξ

)2

r2 − 2
(

a0

2ξ

)3 +
2
r2

(
a0

2ξ

)3

(22)
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Da Eq. (20), a integral (19) fica

J =

(a0

2ξ

)
r2 +

(
a0

2ξ

)2 e−
2ξr2
a0 (23)

Definindo

α = 16e2
(
ξ

a0

)6

β =
2ξ
a0

(24)

Com as Eqs. (22), (23) e (24) na Eq. (17), temos〈
Φ̃
∣∣∣ e2

r12

∣∣∣Φ̃〉
= α

∫ +∞

0
dr2e−βr2r2

2

 1
r2

e−βr2

− (
1
β

)
r2

2 − 2
(
1
β

)2

r2 − 2
(
1
β

)3 +

+
2
r2

(
1
β

)3

+

(1
β

)
r2 +

(
1
β

)2 e−βr2


Após manipulações e integrações com ajuda da Eq. (6), obtemos〈

Φ̃
∣∣∣ e2

r12

∣∣∣Φ̃〉
=

5
8

(
ξ

a0

)
e2 (25)
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Com as Eqs. (4), (7), (9), (10) e (25), encontramos

Ẽ =

〈
Φ̃
∣∣∣H∣∣∣Φ̃〉〈

Φ̃
∣∣∣Φ̃〉 = −

ξ2e2

a0
+ 2(ξ − Z)

ξe2

a0
+

5
8

(
ξ

a0

)
e2

Após manipulações, obtemos

Ẽ =

(
ξ2 − 2Zξ +

5
8
ξ

)
e2

a0
(26)

Com a Eq. (26) (Z = 2)

dẼ
dξ

= 0 = 2ξ − 2Z +
5
8
⇒ ξ = Z −

5
16

= 1, 6825 (27)

Com a Eq. (27) na Eq. (26), temos

Ẽ ≈ −77, 5 eV (28)

A energia experimental é

Eexp ≈ −79, 0 eV (29)
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Φ̃(r1, r2) = Ne−ξ
r1
a0 e−ξ

r2
a0 (1 + br12)

ξ = 1, 849 b =
0, 364

a0
⇒ Ẽ ≈ −78, 7 eV

E. A. Hylleraas, Z. Phys. 48, 469 (1929).
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Obrigado pela atenção!

A. G. F. (UNICAMP) December 8, 2020 14 / 15
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