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𝜮 ∙ ෝ𝒑,𝐻 =0

𝐻 = ෝ𝜶 ∙ ෝ𝒑 + 𝛽𝑚

𝜮=
𝝈 0
0 𝝈

ෝ𝜶=
0 𝝈
𝝈 𝟎

𝛽=
1 0
0 −1

1°

𝐻 = 𝜸0𝜸𝑖 ∙ 𝒑 + 𝜸0𝑚

Hamiltoniano de 

Dirac

• Matrizes de Pauli (𝝈);

• Matrizes 4x4 em formato 2x2.

• S =
ℏ

2
𝜮

Matriz Identidade
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𝜮 ∙ ෝ𝒑, ෝ𝜶 ∙ ෝ𝒑 = (𝜮 ∙ ෝ𝒑) ෝ𝜶 ∙ ෝ𝒑 - ෝ𝜶 ∙ ෝ𝒑 (𝜮 ∙ ෝ𝒑)

𝜮 ∙ ෝ𝒑, ෝ𝜶 ∙ ෝ𝒑 = 
𝝈 ∙ ෝ𝒑 0
0 𝝈 ∙ ෝ𝒑

0 𝝈 ∙ ෝ𝒑
𝝈 ∙ ෝ𝒑 𝟎

-
0 𝝈 ∙ ෝ𝒑

𝝈 ∙ ෝ𝒑 𝟎
𝝈 ∙ ෝ𝒑 0
0 𝝈 ∙ ෝ𝒑

𝜮 ∙ ෝ𝒑, ෝ𝜶 ∙ ෝ𝒑 = 
0 𝝈 ∙ ෝ𝒑 𝟐

𝝈 ∙ ෝ𝒑 𝟐 𝟎
-

0 𝝈 ∙ ෝ𝒑 𝟐

𝝈 ∙ ෝ𝒑 𝟐 𝟎

𝜮 ∙ ෝ𝒑, ෝ𝜶 ∙ ෝ𝒑 = 𝜮 ∙ ෝ𝒑, 𝐻 =0

𝛽, 𝜮 ∙ ෝ𝒑 =0 𝛽 é Matriz diagonal

𝜮 ∙ ෝ𝒑=
𝝈 0
0 𝝈

∙ ෝ𝒑

ෝ𝜶 ∙ ෝ𝒑=
0 𝝈
𝝈 𝟎

∙ ෝ𝒑

Projeta as componentes 

na direção do momento.

𝛽𝜮 = 𝜮𝛽 =
𝝈 ∙ ෝ𝒑 0
0 −𝝈 ∙ ෝ𝒑
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𝝈𝑖 , 𝜮𝑗 = 
𝝈𝑖𝝈𝑗 − 𝝈𝑗𝝈𝑖 0

0 𝝈𝑖𝝈𝑗 − 𝝈𝑗𝝈𝑖
= 𝝈𝑖 , 𝝈𝑗 ∙

1 0
0 1

𝝈𝑖 , 𝜮𝑗 = 2 𝑖 𝜀𝑖𝑗𝑘𝝈𝑘

𝜶 ∙ 𝒑 + 𝛽𝑚, 𝐿𝑖 = 𝛼𝑙𝑝𝑙 , 𝜀𝑖𝑗𝑘𝑥𝑗𝑝𝑘
= 𝜀𝑖𝑗𝑘 𝛼𝑙 𝑝𝑙 , 𝑥𝑗 𝑝𝑘
= 𝜀𝑖𝑗𝑘 𝛼𝑙 −𝑖𝛿𝑗𝑙 𝑝𝑘

𝜶 ∙ 𝒑 + 𝛽𝑚, 𝐿𝑖 = −𝑖 𝜀𝑖𝑗𝑘 𝛼𝑗 𝑝𝑘

𝑱 = 𝑳 +
ℏ

2
𝜮 = L+S

𝜶 ∙ 𝒑 + 𝛽𝑚, 𝜮𝑖 = 𝛼𝑘𝑝𝑘 , 𝜮𝑖 = 𝛼𝑘 , 𝜮𝑖 𝑝𝑘
= 2 𝑖 𝜀𝑘𝑖𝑗𝝈𝑗 𝑝𝑘
= 2 𝑖 𝜀𝑖𝑗𝑘𝝈𝑗 𝑝𝑘

2° 𝑱, 𝐻 = 0
Momento angular total

O hamiltoniano não comuta 

com o momento angular.

O hamiltoniano não comuta 

com o momento angular de Spin.
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𝜶 ∙ 𝒑, 𝐿𝑖 +
ℏ

2
𝛴𝑖 = 𝜶 ∙ 𝒑, 𝐿𝑖 +

1

2
𝜶 ∙ 𝒑, 𝛴𝑖

= −𝑖 𝜀𝑖𝑗𝑘 𝛼𝑗 𝑝𝑘+
1

2
2 𝑖 𝜀𝑖𝑗𝑘𝛼𝑗𝑝𝑘

𝜶 ∙ 𝒑, 𝐿𝑖 +
ℏ

2
𝛴𝑖 = 0

𝐴, 𝐵 + 𝐶 = 𝐴, 𝐵 + 𝐴, 𝐶

ℏ=1

𝑱, 𝐻 = 0
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𝑈𝑝 = 𝛽=
1 0
0 −1

= 𝛽†

𝜶=
0 𝝈
𝝈 𝟎

𝑈𝑝𝜶𝑈𝑝
†
= -𝜶

𝑈𝑝𝛽𝑈𝑝
†
= 𝛽

𝑈𝑝
2 = 1

1 0
0 −1

0 𝝈
𝝈 𝟎

1 0
0 −1

= 
1 0
0 −1

0 −𝝈
𝝈 𝟎

= 
0 −𝝈
−𝝈 0

1 0
0 −1

1 0
0 −1

1 0
0 −1

= 
1 0
0 −1

1 0
0 1

= 
1 0
0 −1

1 0
0 −1

1 0
0 −1

= 
1 0
0 1

6

3°
𝒫 = 𝜋𝑈𝑝

Operador Paridade Total

Operador unitário e invariante

sob uma transformação de paridade
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4°
ሚ𝐶 ሚ𝐶−1 =1 ሚ𝐶 𝜸𝜇 ∗ ሚ𝐶−1=−𝜸𝜇 ሚ𝐶= 𝒊𝜸𝟐

𝑖𝜸𝜇𝜕𝜇 + 𝑒𝜸𝜇𝐴𝜇 −𝑚 ෩𝐶 𝜓 𝑥, 𝑡 ∗ = 0

𝜓𝑝𝑎𝑟𝑡í𝑐𝑢𝑙𝑎 𝑥, 𝑡 ≡ 𝜓𝐸>0 𝑥, 𝑡

𝜓𝑎𝑛𝑡𝑖𝑝𝑎𝑟𝑡í𝑐𝑢𝑙𝑎 𝑥, 𝑡 ≡ 𝜓𝐸<0
∗ 𝑥, 𝑡

𝑖 𝜸𝜇𝜕𝜇 − 𝑒𝜸𝜇𝐴𝜇 −𝑚 𝜓 𝑥, 𝑡 = 0

−𝑖 𝜸𝜇 ∗𝜕𝜇 − 𝑒 𝜸𝜇 ∗𝐴𝜇 −𝑚 𝜓 𝑥, 𝑡 ∗ = 0

ሚ𝐶 ሚ𝐶−1 =1 ሚ𝐶 𝜸𝜇 ∗ ሚ𝐶−1=−𝜸𝜇

Klein-Gordon Equação de Dirac com campo eletromagnético

Equação do Pósitron
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ሚ𝐶 ሚ𝐶−1 = 𝑖
0 𝝈𝟐

−𝝈𝟐 𝟎
𝑖

0 𝝈𝟐
−𝝈𝟐 𝟎

= 𝑖2
−𝝈𝟐

2 0

0 −𝝈𝟐
2

=(-1)
−1 0
0 −1

ሚ𝐶 ሚ𝐶−1 = 
1 0
0 1

ሚ𝐶 𝜸𝜇 ∗ ሚ𝐶−1 = 𝑖
0 𝝈𝟐

−𝝈𝟐 𝟎

0 −𝝈𝜇
𝝈𝜇 𝟎

𝑖
0 𝝈𝟐

−𝝈𝟐 𝟎

= 𝑖 2 0 𝝈𝟐
−𝝈𝟐 0

𝝈𝜇𝝈𝟐 0

0 𝝈𝜇𝝈𝟐

= −1
0 𝝈𝜇𝝈2

2

−𝝈𝜇𝝈2
2 0

ሚ𝐶 𝜸𝜇 ∗ ሚ𝐶−1 = −1
0 𝝈𝜇

−𝝈𝜇 0

𝒊𝜸𝟐=
0 𝒊𝝈𝟐

−𝑖𝝈𝟐 𝟎
= ሚ𝐶 𝝈𝟐=

0 −𝑖
𝑖 0

𝜸𝜇 =
0 𝝈𝜇

−𝝈𝜇 0
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