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Problem 1.62 The integral•

a ≡
∫

S
da (1.106)

is sometimes called the vector area of the surface S. If S happens to be flat, then
|a| is the ordinary (scalar) area, obviously.

(a) Find the vector area of a hemispherical bowl of radius R.

(b) Show that a = 0 for any closed surface. [Hint: Use Prob. 1.61a.]

(c) Show that a is the same for all surfaces sharing the same boundary.

(d) Show that

a = 1
2

∮
r × dl, (1.107)

where the integral is around the boundary line. [Hint: One way to do it is to draw
the cone subtended by the loop at the origin. Divide the conical surface up into
infinitesimal triangular wedges, each with vertex at the origin and opposite side dl,
and exploit the geometrical interpretation of the cross product (Fig. 1.8).]

(e) Show that
∮

(c · r) dl = a × c, (1.108)

for any constant vector c. [Hint: Let T = c · r in Prob. 1.61e.]

Problem 1.63•
(a) Find the divergence of the function

v = r̂
r
.

First compute it directly, as in Eq. 1.84. Test your result using the divergence theo-
rem, as in Eq. 1.85. Is there a delta function at the origin, as there was for r̂/r 2? What
is the general formula for the divergence of rn r̂? [Answer: ∇ · (rn r̂) = (n + 2)rn−1,
unless n = −2, in which case it is 4πδ3(r); for n < −2, the divergence is ill-defined
at the origin.]

(b) Find the curl of rn r̂. Test your conclusion using Prob. 1.61b. [Answer:
∇ × (rn r̂) = 0]

Problem 1.64 In case you’re not persuaded that ∇2(1/r) = −4πδ3(r) (Eq. 1.102
with r′ = 0 for simplicity), try replacing r by

√
r 2 + ϵ2, and watching what happens

as ϵ → 0.16 Specifically, let

D(r, ϵ) ≡ − 1
4π

∇2 1√
r 2 + ϵ2

.

16This problem was suggested by Frederick Strauch.
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To demonstrate that this goes to δ3 (r) as ϵ → 0:

(a) Show that D(r, ϵ) = (3 ϵ 2 /4 π)(r 2 + ϵ 2 )−5 /2 .

(b) Check that D(0, ϵ) → ∞, as ϵ → 0.

(c) Check that D(r, ϵ) → 0, as ϵ → 0, for all r ̸= 0.

(d) Check that the integral of D(r, ϵ) over all space is 1.


