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Aula passada
Efeitos de campos elétricos na matéria

• Dipolos induzidos:
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a → polarizabilidade

Polarização: dipolo total por unidade de volume
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ce → susceptibilidade elétrica



Aula passada
• Dipolos permanentes: o campo alinha os 

dipolos

O campo elétrico exerce um torque
sobre o dipolo, que tende a alinhá-lo ao 
campo elétrico:
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Aula passada
Um corpo com uma polarização P(r) é equivalente a 
(produz o mesmo campo elétrico que):
1.Uma densidade volumétrica de carga:

2. E uma densidade superficial de carga em sua superfície:
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Deslocamento elétrico



Eletrostática em meios materiais
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Meios dielétricos lineares



Constante dielétrica
4.4 Linear Dielectrics 187

Dielectric Dielectric
Material Constant Material Constant
Vacuum 1 Benzene 2.28
Helium 1.000065 Diamond 5.7-5.9
Neon 1.00013 Salt 5.9
Hydrogen (H2) 1.000254 Silicon 11.7
Argon 1.000517 Methanol 33.0
Air (dry) 1.000536 Water 80.1
Nitrogen (N2) 1.000548 Ice (-30◦ C) 104
Water vapor (100◦ C) 1.00589 KTaNbO3 (0◦ C) 34,000

TABLE 4.2 Dielectric Constants (unless otherwise specified, values given are for 1 atm,
20◦ C). Data from Handbook of Chemistry and Physics, 91st ed. (Boca Raton: CRC Press,
2010).

Example 4.5. A metal sphere of radius a carries a charge Q (Fig. 4.20). It is
surrounded, out to radius b, by linear dielectric material of permittivity ε. Find
the potential at the center (relative to infinity).

Solution
To compute V , we need to know E; to find E, we might first try to locate the
bound charge; we could get the bound charge from P, but we can’t calculate P
unless we already know E (Eq. 4.30). We seem to be in a bind. What we do know
is the free charge Q, and fortunately the arrangement is spherically symmetric, so
let’s begin by calculating D, using Eq. 4.23:

D = Q
4πr2

r̂, for all points r > a.

(Inside the metal sphere, of course, E = P = D = 0.) Once we know D, it is a
trivial matter to obtain E, using Eq. 4.32:

E =






Q
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FIGURE 4.20
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Esfera condutora (raio a, carga Q), envolta 
por uma camada dielétrica (raio externo b, 
permissividade e )







Exemplo 4.6
Capacitor de placas paralelas (área A, 
separação d), com um dielétrico no meio 
(constante dielétrica er)

190 Chapter 4 Electric Fields in Matter

Example 4.6. A parallel-plate capacitor (Fig. 4.23) is filled with insulating
material of dielectric constant εr . What effect does this have on its capacitance?

Solution
Since the field is confined to the space between the plates, the dielectric will
reduce E, and hence also the potential difference V , by a factor 1/εr . Accordingly,
the capacitance C = Q/V is increased by a factor of the dielectric constant,

C = εr Cvac. (4.37)

This is, in fact, a common way to beef up a capacitor.

Dielectric

FIGURE 4.23

A crystal is generally easier to polarize in some directions than in others,12 and
in this case Eq. 4.30 is replaced by the general linear relation

Px = ε0(χexx Ex + χexy Ey + χexz Ez)

Py = ε0(χeyx Ex + χeyy Ey + χeyz Ez)

Pz = ε0(χezx Ex + χezy Ey + χezz Ez)





, (4.38)

just as Eq. 4.1 was superseded by Eq. 4.3 for asymmetrical molecules. The nine
coefficients, χexx , χexy , . . . , constitute the susceptibility tensor.

Problem 4.18 The space between the plates of a parallel-plate capacitor (Fig. 4.24)
is filled with two slabs of linear dielectric material. Each slab has thickness a, so
the total distance between the plates is 2a. Slab 1 has a dielectric constant of 2, and
slab 2 has a dielectric constant of 1.5. The free charge density on the top plate is σ

and on the bottom plate −σ .

12A medium is said to be isotropic if its properties (such as susceptibility) are the same in all
directions. Thus Eq. 4.30 is the special case of Eq. 4.38 that holds for isotropic media. Physicists tend
to be sloppy with their language, and unless otherwise indicated the term “linear dielectric” implies
“isotropic linear dielectric,” and suggests “homogeneous isotropic linear dielectric.” But technically,
“linear” just means that at any given point, and for E in a given direction, the components of P are
proportional to E—the proportionality factor could vary with position and/or direction.





Problemas de valor de contorno 
com dielétricos
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Problemas de valor de contorno 
com dielétricos



Equação de Poisson em meios 
lineares



Exemplo 4.7: esfera dielétrica num 
campo uniforme

4.4 Linear Dielectrics 193

Example 4.7. A sphere of homogeneous linear dielectric material is placed in
an otherwise uniform electric field E0 (Fig. 4.27). Find the electric field inside the
sphere.

E0

E

FIGURE 4.27

Solution
This is reminiscent of Ex. 3.8, in which an uncharged conducting sphere was
introduced into a uniform field. In that case, the field of the induced charge
canceled E0 within the sphere; in a dielectric, the cancellation (from the bound
charge) is incomplete.

Our problem is to solve Laplace’s equation, for Vin(r, θ) when r ≤ R, and
Vout(r, θ) when r ≥ R, subject to the boundary conditions

(i) Vin = Vout, at r = R,

(ii) ε
∂Vin

∂r
= ε0

∂Vout

∂r
, at r = R,

(iii) Vout → −E0r cos θ, for r % R.






(4.43)

(The second of these follows from Eq. 4.41, since there is no free charge at the
surface.) Inside the sphere, Eq. 3.65 says

Vin(r, θ) =
∞∑

l=0

Al rl Pl(cos θ); (4.44)

outside the sphere, in view of (iii), we have

Vout(r, θ) = −E0r cos θ +
∞∑

l=0

Bl

rl+1
Pl(cos θ). (4.45)

Boundary condition (i) requires that
∞∑

l=0

Al Rl Pl(cos θ) = −E0 R cos θ +
∞∑

l=0

Bl

Rl+1
Pl(cos θ),

3.3 Separation of Variables 143

Notice that Pl(x) is (as the name suggests) an lth-order polynomial in x ; it con-
tains only even powers, if l is even, and odd powers, if l is odd. The factor in front
(1/2l l!) was chosen in order that

Pl(1) = 1. (3.63)

The Rodrigues formula obviously works only for nonnegative integer values
of l. Moreover, it provides us with only one solution. But Eq. 3.60 is second-
order, and it should possess two independent solutions, for every value of l. It
turns out that these “other solutions” blow up at θ = 0 and/or θ = π , and are
therefore unacceptable on physical grounds.13 For instance, the second solution
for l = 0 is

#(θ) = ln
(

tan
θ

2

)
. (3.64)

You might want to check for yourself that this satisfies Eq. 3.60.
In the case of azimuthal symmetry, then, the most general separable solution

to Laplace’s equation, consistent with minimal physical requirements, is

V (r, θ) =
(

Arl + B
rl+1

)
Pl(cos θ).

(There was no need to include an overall constant in Eq. 3.61 because it can be
absorbed into A and B at this stage.) As before, separation of variables yields an
infinite set of solutions, one for each l. The general solution is the linear combi-
nation of separable solutions:

V (r, θ) =
∞∑

l=0

(
Alrl + Bl

rl+1

)
Pl(cos θ). (3.65)

The following examples illustrate the power of this important result.

Example 3.6. The potential V0(θ) is specified on the surface of a hollow sphere,
of radius R. Find the potential inside the sphere.

Solution
In this case, Bl = 0 for all l—otherwise the potential would blow up at the origin.
Thus,

V (r, θ) =
∞∑

l=0

Alrl Pl(cos θ). (3.66)

13In rare cases where the z axis is excluded, these “other solutions” do have to be considered.












