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Aulas passadas
Em meios dielétricos, dipolos podem ser permanentes 
ou induzidos por campos externos.

Polarização: dipolo total por unidade de volume
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Aulas passadas
Um corpo com uma polarização P(r) é equivalente a 
(produz o mesmo campo elétrico que):
1.Uma densidade volumétrica de carga:

2. E uma densidade superficial de carga em sua superfície:
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Aulas passadas
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Separando as cargas em cargas ligadas ou de 
polarização e o resto (cargas livres):

Levando na lei de Gauss:
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Definimos o deslocamento elétrico:
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Aulas passadas
Leis da eletrostática em meios materiais

1

|r� r0| =
1

r

1q
1� 2 (r0/r) cos ✓ + (r0/r)2

1p
1� 2sx+ s2

=
1X

l=0

slPl (x) (|s| < 1)

1

|r� r0| =
1

r

1X

l=0

✓
r0

r

◆l

Pl (cos ✓)

p = ↵E

P =
�p

�V

) P = �e"oE

N = p⇥E

�B (r) = n̂ ·P (r)

⇢B (r) = �r ·P (r)

r ·D = ⇢F

r⇥E = 0

5

Falta informação:
1.Ou P(r) é dada (p. ex., corpos com polarização 
permanente)
2.Ou o meio é linear:
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Aulas passadas
Condições de contorno na presença de dielétricos:
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Aulas passadas
Problemas de valor de contorno na presença de dielétricos 
lineares. Em cada região com constante dielétrica e
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“Casar” os campos em regiões 
diferentes com as condições de 
contorno.
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Exemplo 4.7: esfera dielétrica num 
campo uniforme

4.4 Linear Dielectrics 193

Example 4.7. A sphere of homogeneous linear dielectric material is placed in
an otherwise uniform electric field E0 (Fig. 4.27). Find the electric field inside the
sphere.

E0

E

FIGURE 4.27

Solution
This is reminiscent of Ex. 3.8, in which an uncharged conducting sphere was
introduced into a uniform field. In that case, the field of the induced charge
canceled E0 within the sphere; in a dielectric, the cancellation (from the bound
charge) is incomplete.

Our problem is to solve Laplace’s equation, for Vin(r, θ) when r ≤ R, and
Vout(r, θ) when r ≥ R, subject to the boundary conditions

(i) Vin = Vout, at r = R,

(ii) ε
∂Vin

∂r
= ε0

∂Vout

∂r
, at r = R,

(iii) Vout → −E0r cos θ, for r % R.






(4.43)

(The second of these follows from Eq. 4.41, since there is no free charge at the
surface.) Inside the sphere, Eq. 3.65 says
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outside the sphere, in view of (iii), we have
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3.3 Separation of Variables 143

Notice that Pl(x) is (as the name suggests) an lth-order polynomial in x ; it con-
tains only even powers, if l is even, and odd powers, if l is odd. The factor in front
(1/2l l!) was chosen in order that

Pl(1) = 1. (3.63)

The Rodrigues formula obviously works only for nonnegative integer values
of l. Moreover, it provides us with only one solution. But Eq. 3.60 is second-
order, and it should possess two independent solutions, for every value of l. It
turns out that these “other solutions” blow up at θ = 0 and/or θ = π , and are
therefore unacceptable on physical grounds.13 For instance, the second solution
for l = 0 is

#(θ) = ln
(

tan
θ

2

)
. (3.64)

You might want to check for yourself that this satisfies Eq. 3.60.
In the case of azimuthal symmetry, then, the most general separable solution

to Laplace’s equation, consistent with minimal physical requirements, is
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(
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)
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(There was no need to include an overall constant in Eq. 3.61 because it can be
absorbed into A and B at this stage.) As before, separation of variables yields an
infinite set of solutions, one for each l. The general solution is the linear combi-
nation of separable solutions:
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The following examples illustrate the power of this important result.

Example 3.6. The potential V0(θ) is specified on the surface of a hollow sphere,
of radius R. Find the potential inside the sphere.

Solution
In this case, Bl = 0 for all l—otherwise the potential would blow up at the origin.
Thus,
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13In rare cases where the z axis is excluded, these “other solutions” do have to be considered.

P = �e"oE , D = "E

"

"0
= "r = 1 + �e

�D? = �F

�E
k = 0

�V = 0

r ·D = ⇢F , r ·E =
⇢F
✏

r⇥E = 0 , E = �rV

r2V = �⇢F
✏

(i)V
�
r = R�, ✓

�
= V

�
r = R+, ✓

�
,

(ii)V (r ! 1, ✓) ! �E0z = �E0r cos ✓,

(iii)Dr

�
r = R�� = Dr

�
r = R+

�
,

(iv)E✓

�
r = R�� = E✓

�
r = R+

�
.

F = qv ⇥B

dF = Idl ⇥B = Idl⇥B

dF = KdS ⇥B

dF = JdV ⇥B

r · J+
@⇢

@t
= 0

I

S(V )
J · dS = �dQ (V )

dt

r · J = 0

B (r) =
µ0

4⇡

Z
I (r0)⇥ (r� r

0)

|r� r0|3
dl0

B (r) =
µ0

4⇡

Z
K (r0)⇥ (r� r

0)

|r� r0|3
dS0

B (r) =
µ0

4⇡

Z
J (r0)⇥ (r� r

0)

|r� r0|3
dV 0

B (r) =
µ0

4⇡

Z
J (r0)⇥ (r� r

0)

|r� r0|3
dV 0 se r · J = 0

7

P = �e"oE , D = "E

"

"0
= "r = 1 + �e

�D? = �F

�E
k = 0

�V = 0

r ·D = ⇢F , r ·E =
⇢F
✏

r⇥E = 0 , E = �rV

r2V = �⇢F
✏
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Não há cargas livres:
Simetria azimutal:
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Aplicando a condição (ii) e exigindo que V(r,q) seja 
finito para r<R: 
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Eext = E0ẑ , Vext = �E0z

r > R

e

r < R

(i)V
�
r = R�, ✓

�
= V

�
r = R+, ✓

�
,

(ii)V (r ! 1, ✓) ! �E0z = �E0r cos ✓,

(iii)Dr

�
r = R�� = Dr

�
r = R+

�
,

(iv)E✓

�
r = R�� = E✓

�
r = R+

�
.

VD (r, ✓) =
1X

l=0

Alr
lPl (cos ✓)

VF (r, ✓) = �E0r cos ✓ +
1X

l=0

B0
l

r(l+1)
Pl (cos ✓)

F = qv ⇥B

dF = I⇥B dl = I dl⇥B

dF = K⇥B dS

dF = J⇥B dV

r · J+
@⇢

@t
= 0

8

Impondo as outras condições de contorno, achamos 
todos Al e Bl’. Apenas A1 e B1’ são não nulos:
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= ✏r = 1 + �e

�D? = �F

�E
k = 0

�V = 0

r ·D = ⇢F , r ·E =
⇢F
✏

r⇥E = 0 , E = �rV

r2V = �⇢F
✏

r2V = 0

Eext = E0ẑ , Vext = �E0z

r > R

e

r < R

(i)V
�
r = R�, ✓

�
= V

�
r = R+, ✓

�
,

(ii)V (r ! 1, ✓) ! �E0z = �E0r cos ✓,

(iii)Dr

�
r = R�� = Dr

�
r = R+

�
,

(iv)E✓

�
r = R�� = E✓

�
r = R+

�
.

VD (r, ✓) =
1X

l=0

Alr
lPl (cos ✓)

VF (r, ✓) = �E0r cos ✓ +
1X

l=0

B0
l

r(l+1)
Pl (cos ✓)

VD (r, ✓) = � 3E0

✏/✏0 + 2
r cos ✓ = � 3E0

✏/✏0 + 2
z

VF (r, ✓) = �E0r cos ✓ +

✓
✏/✏0 � 1

✏/✏0 + 2

◆
E0

R3

r2
cos ✓

F = qv ⇥B
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Exemplo 4.8
Uma carga q distante de d de um semi-espaço
infinito dielétrico (z<0,permissividade e).
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x

y

z

d

q

θ

r

FIGURE 4.28

Solution
The surface bound charge on the xy plane is of opposite sign to q, so the force
will be attractive. (In view of Eq. 4.39, there is no volume bound charge.) Let us
first calculate σb, using Eqs. 4.11 and 4.30.15

σb = P · n̂ = Pz = ε0χe Ez,

where Ez is the z-component of the total field just inside the dielectric, at z = 0.
This field is due in part to q and in part to the bound charge itself. From Coulomb’s
law, the former contribution is

− 1
4πε0

q
(r2 + d2)

cos θ = − 1
4πε0

qd
(r2 + d2)3/2

,

where r =
√

x2 + y2 is the distance from the origin. The z component of the field
of the bound charge, meanwhile, is −σb/2ε0 (see footnote after Eq. 2.33). Thus

σb = ε0χe

[
− 1

4πε0

qd
(r2 + d2)3/2

− σb

2ε0

]
,

which we can solve for σb:

σb = − 1
2π

(
χe

χe + 2

)
qd

(r2 + d2)3/2
. (4.50)

Apart from the factor χe/(χe + 2), this is exactly the same as the induced charge
on an infinite conducting plane under similar circumstances (Eq. 3.10).16 Evi-
dently the total bound charge is

qb = −
(

χe

χe + 2

)
q. (4.51)

15This method mimics Prob. 3.38.
16For some purposes a conductor can be regarded as the limiting case of a linear dielectric, with
χe → ∞. This is often a useful check—try applying it to Exs. 4.5, 4.6, and 4.7.
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Recapitulando o caso do plano 
condutor aterrado

z>0

z

x

r ·E =
⇢

"0
r⇥E = 0

r ·E =
⇢

"0
r⇥E = 0 () E = �rV

) r2V = � ⇢

"0

E?
b � E?

a =
�

"0

Ek
b = Ek

a

Vb = Va

E (r) =
q

4⇡"0

r̂

r2

E?
fora =

�

"0

P =
�2

2"0
=

"0
�
E?

fora

�2

2

⇢ (r) em V

V (r) em S (V )

⇢ (r) em V

Qi em Si (V ) (i = 1, 2, . . .)

V (r) =
q

4⇡"0

2

4 1q
x2 + y2 + (z � a)2

� 1q
x2 + y2 + (z + a)2

3

5 , (z � 0)

3

r ·E =
⇢

"0
r⇥E = 0

r ·E =
⇢

"0
r⇥E = 0 () E = �rV

) r2V = � ⇢

"0

E?
b � E?

a =
�

"0

Ek
b = Ek

a

Vb = Va

E (r) =
q

4⇡"0

r̂

r2

E?
fora =

�

"0

P =
�2

2"0
=

"0
�
E?

fora

�2

2

⇢ (r) em V

V (r) em S (V )

⇢ (r) em V

Qi em Si (V ) (i = 1, 2, . . .)

V (r) =
q

4⇡"0

2

4 1q
x2 + y2 + (z � a)2

� 1q
x2 + y2 + (z + a)2

3

5 , (z � 0)

E (r) =
q

4⇡"0

"
r� aẑ

|r� aẑ|3
� r+ aẑ

|r+ aẑ|3

#
, (z � 0)

3



Recapitulando o caso do plano 
condutor aterrado

z>0

z

x

Carga induzida no plano

r ·E =
⇢

"0
r⇥E = 0

r ·E =
⇢

"0
r⇥E = 0 () E = �rV

) r2V = � ⇢

"0

E?
b � E?

a =
�

"0

Ek
b = Ek

a

Vb = Va

E (r) =
q

4⇡"0

r̂

r2

E?
fora =

�

"0

P =
�2

2"0
=

"0
�
E?

fora

�2

2

⇢ (r) em V

V (r) em S (V )

⇢ (r) em V

Qi em Si (V ) (i = 1, 2, . . .)

V (r) =
q

4⇡"0

2

4 1q
x2 + y2 + (z � a)2

� 1q
x2 + y2 + (z + a)2

3

5 , (z � 0)

E (r) =
q

4⇡"0

"
r� aẑ

|r� aẑ|3
� r+ aẑ

|r+ aẑ|3

#
, (z � 0)

� (x, y) = "0 ẑ ·E|z=0+ = � qa

2⇡

1

(x2 + y2 + a2)3/2

3

A carga total induzida é –q.

V (r) =
q

4⇡✏0

2

4 1q
x2 + y2 + (z � a)2

� 1q
x2 + y2 + (z + a)2

3

5 , (z � 0)

E (r) =
q

4⇡✏0

"
r� aẑ

|r� aẑ|3
� r+ aẑ

|r+ aẑ|3

#
, (z � 0)

� (x, y) = ✏0 ẑ ·E|z=0+ = � qa

2⇡

1

(x2 + y2 + a2)3/2

Z
� (x, y) dxdy = � qa

2⇡

Z
dxdy

(x2 + y2 + a2)3/2
= �q

r2V =
@2V

@x2
+

@2V

@y2
+

@2V

@z2
= 0

V (x, y, z) = X (x)Y (y)Z (z)

@2V

@x2
+

@2V

@y2
= 0

V (x, y) = X (x)Y (y) ) 1

X (x)
X 00 (x) = � 1

Y (y)
Y 00 (y) = const. = k2

X (x) = Aekx +Be�kx

Y (y) = C sin ky +D cos ky

V (x, y) =
�
Aekx +Be�kx

�
(C sin ky +D cos ky)

V (x ! 1, y) = 0 ) V (x, y) = e�kx (C sin ky +D cos ky)

V (x, y = 0) = 0 ) V (x, y) = Ce�kx sin ky

V (x, y = a) = 0 ) Vn (x, y) = Cne
�knx sin kny, kn =

na

⇡
(n = 1, 2, 3, . . .)

V (x, y) =
1X

n=1

Cne
�knx sin kny

V (0, y) = V0 (y) =
1X

n=1

Cn sin kny

Cn =
2

a

Z a

0
sin

⇣n⇡y
a

⌘
V0 (y)

V (r, ✓) =
1X

l=0

✓
Alr

l +
Bl

r(l+1)

◆
Pl (cos ✓)

V (r ! 1, ✓) ! �E0z + const. = �E0r cos ✓ + const.

V (R, ✓) = const. ⌘ V0, 8✓
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