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10 Chapter 1 Vector Analysis

1.1.5 How Vectors Transform2

The definition of a vector as “a quantity with a magnitude and direction” is not
altogether satisfactory: What precisely does “direction” mean? This may seem a
pedantic question, but we shall soon encounter a species of derivative that looks
rather like a vector, and we’ll want to know for sure whether it is one.

You might be inclined to say that a vector is anything that has three components
that combine properly under addition. Well, how about this: We have a barrel of
fruit that contains Nx pears, Ny apples, and Nz bananas. Is N = Nx x̂ + Ny ŷ +
Nz ẑ a vector? It has three components, and when you add another barrel with
Mx pears, My apples, and Mz bananas the result is (Nx + Mx ) pears, (Ny + My)

apples, (Nz + Mz) bananas. So it does add like a vector. Yet it’s obviously not
a vector, in the physicist’s sense of the word, because it doesn’t really have a
direction. What exactly is wrong with it?

The answer is that N does not transform properly when you change coordi-
nates. The coordinate frame we use to describe positions in space is of course
entirely arbitrary, but there is a specific geometrical transformation law for con-
verting vector components from one frame to another. Suppose, for instance, the
x, y, z system is rotated by angle φ, relative to x, y, z, about the common x = x
axes. From Fig. 1.15,

Ay = A cos θ, Az = A sin θ,

while

Ay = A cos θ = A cos(θ − φ) = A(cos θ cos φ + sin θ sin φ)

= cos φ Ay + sin φ Az,

Az = A sin θ = A sin(θ − φ) = A(sin θ cos φ − cos θ sin φ)

= − sin φ Ay + cos φ Az .
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FIGURE 1.15

2This section can be skipped without loss of continuity.
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ŷ +

✓
@vy
@x

� @vx
@y

◆
ẑ
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(matriz ortogonal)
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Campo escalar:
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Gradiente de f(r,t):
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• Direção e sentido de maior crescimento de f
• Módulo: taxa de crescimento naquela direção
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Divergente de v(r,t):
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1.2 Differential Calculus 17

We have already discussed the gradient. In the following sections we examine the
other two vector derivatives: divergence and curl.

1.2.4 The Divergence

From the definition of ∇ we construct the divergence:
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Observe that the divergence of a vector function6 v is itself a scalar ∇ · v.
Geometrical Interpretation: The name divergence is well chosen, for ∇ · v

is a measure of how much the vector v spreads out (diverges) from the point in
question. For example, the vector function in Fig. 1.18a has a large (positive)
divergence (if the arrows pointed in, it would be a negative divergence), the func-
tion in Fig. 1.18b has zero divergence, and the function in Fig. 1.18c again has a
positive divergence. (Please understand that v here is a function—there’s a differ-
ent vector associated with every point in space. In the diagrams, of course, I can
only draw the arrows at a few representative locations.)

Imagine standing at the edge of a pond. Sprinkle some sawdust or pine needles
on the surface. If the material spreads out, then you dropped it at a point of positive
divergence; if it collects together, you dropped it at a point of negative divergence.
(The vector function v in this model is the velocity of the water at the surface—
this is a two-dimensional example, but it helps give one a “feel” for what the
divergence means. A point of positive divergence is a source, or “faucet”; a point
of negative divergence is a sink, or “drain.”)

(b)(a) (c)

FIGURE 1.18

6A vector function v(x, y, z) = vx (x, y, z) x̂ + vy(x, y, z) ŷ + vz(x, y, z) ẑ is really three functions—
one for each component. There’s no such thing as the divergence of a scalar.
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onde V é um volume que contém o ponto em questão e S(V)
é a superfície que contém V.
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ẑ

r⇥ v = lim
S!0

 H
C(S) v · dl

S

!

r⇥ v 6= 0

Algumas identidades:

r (f + g) = rf +rg (1)
r · (A+B) = r ·A+r ·B (2)
r⇥ (A+B) = r⇥A+r⇥B (3)

r (fg) = grf + frg, (4)
r · (fA) = f (r ·A) +A · (rf) (5)
r⇥ (fA) = f (r⇥A) + (rf)⇥A (⇤⇤) (6)

r · (A⇥B) = (r⇥A) ·B�A · (r⇥B) (⇤⇤) (7)
r⇥ (A⇥B) = A (r ·B)�B (r ·A) + (B ·r)A� (A ·r)B (⇤⇤) (8)

r (A ·B) = A⇥ (r⇥B) +B⇥ (r⇥A) + (A ·r)B+ (B ·r)A (9)

1

✓
Ax

Ay

◆
=

✓
cos� sin�
� sin� cos�

◆✓
Ax

Ay

◆

0

@
Ax

Ay

Az

1

A =

0

@
Rxx Rxy Rxz

Ryx Ryy Ryz

Rzx Rzy Rzz

1

A

0

@
Ax

Ay

Az

1

A

R�1 = RT

f (x, y, z, t) ⌘ f (r, t)

Ax (x, y, z, t) ⌘ Ax (r, t)
Ay (x, y, z, t) ⌘ Ay (r, t)
Az (x, y, z, t) ⌘ Az (r, t)

9
=

;) A (r, t)

rf =
@f

@x
x̂+

@f

@y
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ẑ

r · v =
@vx
@x

+
@vy
@y

+
@vz
@z

r · v = 0

r · v 6= 0

r · v = lim
V!0

 H
S(V ) v · dS

V

!

r⇥ v =

✓
@vz
@y

� @vy
@z

◆
x̂+

✓
@vx
@z

� @vz
@x

◆
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ẑ

r · v =
@vx
@x

+
@vy
@y

+
@vz
@z

r · v = 0

r · v 6= 0

r · v = lim
V!0

 H
S(V ) v · dS

V

!

r⇥ v =

✓
@vz
@y

� @vy
@z

◆
x̂+

✓
@vx
@z

� @vz
@x

◆
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Notice that the curl of a vector function7 v is, like any cross product, a vector.
Geometrical Interpretation: The name curl is also well chosen, for ∇ × v is

a measure of how much the vector v swirls around the point in question. Thus
the three functions in Fig. 1.18 all have zero curl (as you can easily check for
yourself), whereas the functions in Fig. 1.19 have a substantial curl, pointing in the
z direction, as the natural right-hand rule would suggest. Imagine (again) you are
standing at the edge of a pond. Float a small paddlewheel (a cork with toothpicks
pointing out radially would do); if it starts to rotate, then you placed it at a point
of nonzero curl. A whirlpool would be a region of large curl.

Example 1.5. Suppose the function sketched in Fig. 1.19a is va = −yx̂ + x ŷ,
and that in Fig. 1.19b is vb = x ŷ. Calculate their curls.

Solution

∇ × va =

∣∣∣∣∣∣

x̂ ŷ ẑ
∂/∂x ∂/∂y ∂/∂z
−y x 0

∣∣∣∣∣∣
= 2ẑ,

and

∇ × vb =

∣∣∣∣∣∣

x̂ ŷ ẑ
∂/∂x ∂/∂y ∂/∂z

0 x 0

∣∣∣∣∣∣
= ẑ.

As expected, these curls point in the +z direction. (Incidentally, they both have
zero divergence, as you might guess from the pictures: nothing is “spreading
out”. . . it just “swirls around.”)

7There’s no such thing as the curl of a scalar.
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ẑ

r⇥ v 6= 0

1



Interpretação física do rotacional

1.2 Differential Calculus 19

z

x
(a)

y

x (b)

y

z

FIGURE 1.19

Notice that the curl of a vector function7 v is, like any cross product, a vector.
Geometrical Interpretation: The name curl is also well chosen, for ∇ × v is

a measure of how much the vector v swirls around the point in question. Thus
the three functions in Fig. 1.18 all have zero curl (as you can easily check for
yourself), whereas the functions in Fig. 1.19 have a substantial curl, pointing in the
z direction, as the natural right-hand rule would suggest. Imagine (again) you are
standing at the edge of a pond. Float a small paddlewheel (a cork with toothpicks
pointing out radially would do); if it starts to rotate, then you placed it at a point
of nonzero curl. A whirlpool would be a region of large curl.

Example 1.5. Suppose the function sketched in Fig. 1.19a is va = −yx̂ + x ŷ,
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∂/∂x ∂/∂y ∂/∂z

0 x 0

∣∣∣∣∣∣
= ẑ.
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ẑ

r ·V =
1

r

@ (rVr)

@r
+

1

r

@V✓

@✓
+

@Vz

@z

r⇥V =


1

r

@Vz

@✓
� @V✓

@z

�
r̂+


@Vr

@z
� @Vz

@r

�
✓̂ +


1

r

@ (rV✓)

@r
� 1

r

@Vr

@✓

�
ẑ
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onde S é uma superfície aberta que contém o ponto 
em questão, normal à direção procurada do 
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ẑ

r⇥ v 6= 0

1



Identidades importantes

(﹡﹡) ⇒ A ordem é importante!
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ẑ

Em coordenadas cilíndricas:

rf =
@f

@r
r̂+

1

r

@f

@✓
✓̂ +

@f

@z
ẑ
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integral is independent of path and is determined entirely by the end points. It will
be our business in due course to characterize this special class of vectors. (A force
that has this property is called conservative.)

Example 1.6. Calculate the line integral of the function v = y2 x̂ + 2x(y + 1) ŷ
from the point a = (1, 1, 0) to the point b = (2, 2, 0), along the paths (1) and (2)
in Fig. 1.21. What is

∮
v · dl for the loop that goes from a to b along (1) and

returns to a along (2)?

Solution
As always, dl = dx x̂ + dy ŷ + dz ẑ. Path (1) consists of two parts. Along the
“horizontal” segment, dy = dz = 0, so

(i) dl = dx x̂, y = 1, v · dl = y2 dx = dx, so
∫

v · dl =
∫ 2

1 dx = 1.

On the “vertical” stretch, dx = dz = 0, so

(ii) dl = dy ŷ, x = 2, v · dl = 2x(y + 1) dy = 4(y + 1) dy, so
∫

v · dl = 4
∫ 2

1
(y + 1) dy = 10.

By path (1), then,
∫ b

a
v · dl = 1 + 10 = 11.

Meanwhile, on path (2) x = y, dx = dy, and dz = 0, so
dl = dx x̂ + dx ŷ, v · dl = x2 dx + 2x(x + 1) dx = (3x2 + 2x) dx,

and
∫ b

a
v · dl =

∫ 2

1
(3x2 + 2x) dx = (x3 + x2)

∣∣2
1 = 10.

(The strategy here is to get everything in terms of one variable; I could just as well
have eliminated x in favor of y.)

24 Chapter 1 Vector Analysis

Laplacian of a vector, in preference to Eq. 1.43, which makes explicit reference
to Cartesian coordinates.)

Really, then, there are just two kinds of second derivatives: the Laplacian
(which is of fundamental importance) and the gradient-of-divergence (which
we seldom encounter). We could go through a similar ritual to work out third
derivatives, but fortunately second derivatives suffice for practically all physical
applications.

A final word on vector differential calculus: It all flows from the operator ∇,
and from taking seriously its vectorial character. Even if you remembered only
the definition of ∇, you could easily reconstruct all the rest.

Problem 1.26 Calculate the Laplacian of the following functions:

(a) Ta = x2 + 2xy + 3z + 4.

(b) Tb = sin x sin y sin z.

(c) Tc = e−5x sin 4y cos 3z.

(d) v = x2 x̂ + 3xz2 ŷ − 2xz ẑ.

Problem 1.27 Prove that the divergence of a curl is always zero. Check it for func-
tion va in Prob. 1.15.

Problem 1.28 Prove that the curl of a gradient is always zero. Check it for function
(b) in Prob. 1.11.

1.3 INTEGRAL CALCULUS

1.3.1 Line, Surface, and Volume Integrals

In electrodynamics, we encounter several different kinds of integrals, among
which the most important are line (or path) integrals, surface integrals (or
flux), and volume integrals.

(a) Line Integrals. A line integral is an expression of the form
∫ b

a
v · dl, (1.48)

where v is a vector function, dl is the infinitesimal displacement vector (Eq. 1.22),
and the integral is to be carried out along a prescribed path P from point a to point
b (Fig. 1.20). If the path in question forms a closed loop (that is, if b = a), I shall
put a circle on the integral sign: ∮

v · dl. (1.49)

At each point on the path, we take the dot product of v (evaluated at that point)
with the displacement dl to the next point on the path. To a physicist, the most
familiar example of a line integral is the work done by a force F: W =

∫
F · dl.

Ordinarily, the value of a line integral depends critically on the path taken from
a to b, but there is an important special class of vector functions for which the line

v

v

v
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Coordenadas curvilíneas
Coordenadas esféricas:
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But there is a poisonous snake lurking here that I’d better warn you about:
r̂, θ̂ , and φ̂ are associated with a particular point P , and they change direction
as P moves around. For example, r̂ always points radially outward, but “radially
outward” can be the x direction, the y direction, or any other direction, depend-
ing on where you are. In Fig. 1.37, A = ŷ and B = −ŷ, and yet both of them
would be written as r̂ in spherical coordinates. One could take account of this
by explicitly indicating the point of reference: r̂(θ,φ), θ̂(θ,φ), φ̂(θ,φ), but this
would be cumbersome, and as long as you are alert to the problem, I don’t think it
will cause difficulties.9 In particular, do not naïvely combine the spherical compo-
nents of vectors associated with different points (in Fig. 1.37, A + B = 0, not 2r̂,
and A · B = −1, not +1). Beware of differentiating a vector that is expressed in
spherical coordinates, since the unit vectors themselves are functions of position
(∂ r̂/∂θ = θ̂ , for example). And do not take r̂, θ̂ , and φ̂ outside an integral, as I
did with x̂, ŷ, and ẑ in Eq. 1.53. In general, if you’re uncertain about the validity
of an operation, rewrite the problem using Cartesian coordinates, for which this
difficulty does not arise.

An infinitesimal displacement in the r̂ direction is simply dr (Fig. 1.38a), just
as an infinitesimal element of length in the x direction is dx :

dlr = dr. (1.65)
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9I claimed back at the beginning that vectors have no location, and I’ll stand by that. The vectors
themselves live “out there,” completely independent of our choice of coordinates. But the notation we
use to represent them does depend on the point in question, in curvilinear coordinates.
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transfer the derivative from A to f (where it becomes a gradient), at the cost of a
minus sign and a boundary term (in this case a surface integral).

You might wonder how often one is likely to encounter an integral involving
the product of one function and the derivative of another; the answer is surpris-
ingly often, and integration by parts turns out to be one of the most powerful tools
in vector calculus.

Problem 1.36

(a) Show that
∫

S
f (∇ × A) · da =

∫

S
[A × (∇ f )] · da +

∮

P
f A · dl. (1.60)

(b) Show that
∫

V
B · (∇ × A) dτ =

∫

V
A · (∇ × B) dτ +

∮

S
(A × B) · da. (1.61)

1.4 CURVILINEAR COORDINATES

1.4.1 Spherical Coordinates

You can label a point P by its Cartesian coordinates (x, y, z), but sometimes it
is more convenient to use spherical coordinates (r, θ,φ); r is the distance from
the origin (the magnitude of the position vector r), θ (the angle down from the
z axis) is called the polar angle, and φ (the angle around from the x axis) is the
azimuthal angle. Their relation to Cartesian coordinates can be read from
Fig. 1.36:

x = r sin θ cos φ, y = r sin θ sin φ, z = r cos θ . (1.62)

Figure 1.36 also shows three unit vectors, r̂, θ̂ , φ̂, pointing in the direction of
increase of the corresponding coordinates. They constitute an orthogonal (mutu-
ally perpendicular) basis set (just like x̂, ŷ, ẑ), and any vector A can be expressed
in terms of them, in the usual way:

A = Ar r̂ + Aθ θ̂ + Aφ φ̂; (1.63)

Ar , Aθ , and Aφ are the radial, polar, and azimuthal components of A. In terms of
the Cartesian unit vectors,

r̂ = sin θ cos φ x̂ + sin θ sin φ ŷ + cos θ ẑ,
θ̂ = cos θ cos φ x̂ + cos θ sin φ ŷ − sin θ ẑ,
φ̂ = − sin φ x̂ + cos φ ŷ,




 (1.64)

as you can check for yourself (Prob. 1.38). I have put these formulas inside the
back cover, for easy reference.
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(∂ r̂/∂θ = θ̂ , for example). And do not take r̂, θ̂ , and φ̂ outside an integral, as I
did with x̂, ŷ, and ẑ in Eq. 1.53. In general, if you’re uncertain about the validity
of an operation, rewrite the problem using Cartesian coordinates, for which this
difficulty does not arise.

An infinitesimal displacement in the r̂ direction is simply dr (Fig. 1.38a), just
as an infinitesimal element of length in the x direction is dx :
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9I claimed back at the beginning that vectors have no location, and I’ll stand by that. The vectors
themselves live “out there,” completely independent of our choice of coordinates. But the notation we
use to represent them does depend on the point in question, in curvilinear coordinates.
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has the extra advantage of treating all coordinate systems at once. I described the
“straightforward” method only to show you that there is nothing subtle or mys-
terious about transforming to spherical coordinates: you’re expressing the same
quantity (gradient, divergence, or whatever) in different notation, that’s all.

Here, then, are the vector derivatives in spherical coordinates:

Gradient:

∇T = ∂T
∂r

r̂ + 1
r

∂T
∂θ

θ̂ + 1
r sin θ

∂T
∂φ

φ̂. (1.70)

Divergence:

∇ · v = 1
r2

∂

∂r
(r2vr ) + 1

r sin θ

∂

∂θ
(sin θvθ ) + 1

r sin θ

∂vφ

∂φ
. (1.71)

Curl:

∇ × v = 1
r sin θ

[
∂

∂θ
(sin θvφ) − ∂vθ

∂φ

]
r̂ + 1

r

[
1

sin θ

∂vr

∂φ
− ∂

∂r
(rvφ)

]
θ̂

+ 1
r

[
∂

∂r
(rvθ ) − ∂vr

∂θ

]
φ̂. (1.72)

Laplacian:

∇2T = 1
r2

∂

∂r

(
r2 ∂T

∂r

)
+ 1

r2 sin θ

∂

∂θ

(
sin θ

∂T
∂θ

)
+ 1

r2 sin2 θ

∂2T
∂φ2

. (1.73)

For reference, these formulas are listed inside the front cover.

Problem 1.37 Find formulas for r, θ,φ in terms of x, y, z (the inverse, in other
words, of Eq. 1.62).

Problem 1.38 Express the unit vectors r̂, θ̂ , φ̂ in terms of x̂, ŷ, ẑ (that is, derive•
Eq. 1.64). Check your answers several ways (r̂ · r̂ ?= 1, θ̂ · φ̂

?= 0, r̂ × θ̂
?= φ̂, . . .).

Also work out the inverse formulas, giving x̂, ŷ, ẑ in terms of r̂, θ̂ , φ̂ (and θ, φ).

Problem 1.39•

(a) Check the divergence theorem for the function v1 = r 2r̂, using as your volume
the sphere of radius R, centered at the origin.

(b) Do the same for v2 = (1/r 2)r̂. (If the answer surprises you, look back at
Prob. 1.16.)

Problem 1.40 Compute the divergence of the function

v = (r cos θ) r̂ + (r sin θ) θ̂ + (r sin θ cos φ) φ̂.

Check the divergence theorem for this function, using as your volume the inverted
hemispherical bowl of radius R, resting on the xy plane and centered at the origin
(Fig. 1.40).
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so

dl = ds ŝ + s dφ φ̂ + dz ẑ, (1.77)

and the volume element is

dτ = s ds dφ dz. (1.78)

The range of s is 0 → ∞, φ goes from 0 → 2π , and z from −∞ to ∞.
The vector derivatives in cylindrical coordinates are:

Gradient:

∇T = ∂T
∂s

ŝ + 1
s

∂T
∂φ

φ̂ + ∂T
∂z

ẑ. (1.79)

Divergence:

∇ · v = 1
s

∂

∂s
(svs) + 1

s
∂vφ

∂φ
+ ∂vz

∂z
. (1.80)

Curl:

∇ × v =
(

1
s

∂vz

∂φ
− ∂vφ

∂z

)
ŝ +

(
∂vs

∂z
− ∂vz

∂s

)
φ̂ + 1

s

[
∂

∂s
(svφ) − ∂vs

∂φ

]
ẑ.

(1.81)

Laplacian:

∇2T = 1
s

∂

∂s

(
s
∂T
∂s

)
+ 1

s2

∂2T
∂φ2

+ ∂2T
∂z2

. (1.82)

These formulas are also listed inside the front cover.

Problem 1.42 Express the cylindrical unit vectors ŝ, φ̂, ẑ in terms of x̂, ŷ, ẑ (that is,
derive Eq. 1.75). “Invert” your formulas to get x̂, ŷ, ẑ in terms of ŝ, φ̂, ẑ (and φ).
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e tal que:
• D(r) e C(r) caem a zero no infinito (r→ ∞) mais 

rapidamente que 1/r2;
• F(r) cai a zero no infinito (r→ ∞).
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