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Aulas passadas
Campo magnético de correntes 
estacionárias: lei de Biot-Savart

r · J+
@⇢

@t
= 0

I

S(V )
J · dS = �dQ (V )

dt

r · J = 0

B (r) =
µ0

4⇡

Z
I (r0)⇥ (r� r0)

|r� r0|3
dl0

B (r) =
µ0

4⇡

Z
K (r0)⇥ (r� r0)

|r� r0|3
dS0

B (r) =
µ0

4⇡

Z
J (r0)⇥ (r� r0)

|r� r0|3
dV 0

B (r) =
µ0

4⇡

Z
J (r0)⇥ (r� r0)

|r� r0|3
dV 0 se r · J = 0

r ·B = 0

r⇥B = µ0J (se r · J = 0)

I

C(S)
B · dl = µ0I (S)

r ·B = 0 () B = r⇥A

A0 = A+r� ) r⇥A0 = r⇥A

r2A = �µ0J

A (r) =
µ0

4⇡

Z
J (r0)

|r� r0|dV
0

A (r) =
µ0

4⇡

Z
K (r0)

|r� r0|dS
0

A (r) =
µ0

4⇡

Z
I (r0)

|r� r0|dl
0

I

C(S)
B · dl = µ0I (S)

I

C(S)
A · dl = �B (S)

B (r) =

⇢
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Leis da magnestostática:

r · J+
@⇢

@t
= 0

I

S(V )
J · dS = �dQ (V )

dt

r · J = 0

B (r) =
µ0

4⇡

Z
I (r0)⇥ (r� r0)

|r� r0|3
dl0

B (r) =
µ0

4⇡

Z
K (r0)⇥ (r� r0)

|r� r0|3
dS0

B (r) =
µ0

4⇡

Z
J (r0)⇥ (r� r0)

|r� r0|3
dV 0

r ·B = 0

r⇥B = µ0J (se r · J = 0)

I

C(S)
B · dl = µ0I (S)

6



Aulas passadas
Campos magnéticos atuam sobre 
correntes/cargas em movimento
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FIGURE 5.2

Whatever force accounts for the attraction of parallel currents and the repulsion
of antiparallel ones is not electrostatic in nature. It is our first encounter with a
magnetic force. Whereas a stationary charge produces only an electric field E in
the space around it, a moving charge generates, in addition, a magnetic field B.
In fact, magnetic fields are a lot easier to detect, in practice—all you need is a
Boy Scout compass. How these devices work is irrelevant at the moment; it is
enough to know that the needle points in the direction of the local magnetic field.
Ordinarily, this means north, in response to the earth’s magnetic field, but in the
laboratory, where typical fields may be hundreds of times stronger than that, the
compass indicates the direction of whatever magnetic field is present.

Current

Magnetic field

FIGURE 5.3

F

Wire 1 Wire 2

B

v

I I

FIGURE 5.4

5.1 The Lorentz Force Law 213

y

Q

R

x

z

v

B

F

FIGURE 5.5

B v!

FIGURE 5.6

where m is the particle’s mass and p = mv is its momentum. Equation 5.3 is
known as the cyclotron formula because it describes the motion of a particle in a
cyclotron—the first of the modern particle accelerators. It also suggests a simple
experimental technique for finding the momentum of a charged particle: send it
through a region of known magnetic field, and measure the radius of its trajectory.
This is in fact the standard means for determining the momenta of elementary
particles.

I assumed that the charge moves in a plane perpendicular to B. If it starts out
with some additional speed v‖ parallel to B, this component of the motion is
unaffected by the magnetic field, and the particle moves in a helix (Fig. 5.6). The
radius is still given by Eq. 5.3, but the velocity in question is now the component
perpendicular to B, v⊥.

Example 5.2. Cycloid Motion. A more exotic trajectory occurs if we include
a uniform electric field, at right angles to the magnetic one. Suppose, for instance,
that B points in the x-direction, and E in the z-direction, as shown in Fig. 5.7.
A positive charge is released from the origin; what path will it follow?

Solution
Let’s think it through qualitatively, first. Initially, the particle is at rest, so the mag-
netic force is zero, and the electric field accelerates the charge in the z-direction.
As it picks up speed, a magnetic force develops which, according to Eq. 5.1, pulls
the charge around to the right. The faster it goes, the stronger Fmag becomes;
eventually, it curves the particle back around towards the y axis. At this point the
charge is moving against the electrical force, so it begins to slow down—the mag-
netic force then decreases, and the electrical force takes over, bringing the particle
to rest at point a, in Fig. 5.7. There the entire process commences anew, carrying
the particle over to point b, and so on.

Now let’s do it quantitatively. There being no force in the x-direction, the posi-
tion of the particle at any time t can be described by the vector (0, y(t), z(t)); the
velocity is therefore
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Aulas passadas
Potencial vetor:
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Liberdade ou invariância de calibre:
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Equação de Poisson no calibre de Coulomb:
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Aulas passadas
Solução geral das equações da magnetostática
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A expansão multipolar na magnetostática
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6

Aula passada (r>>a,b):



1

|r� r0| =
1

r

1q
1� 2 (r0/r) cos ✓ + (r0/r)2

1p
1� 2sx+ s2

=
1X

l=0

slPl (x) (|s| < 1)

1

|r� r0| =
1

r

1X

l=0

✓
r0

r

◆l

Pl (cos �)

p = ↵E

P =
�p

�V

) P = �e"oE

N = p⇥E

�B (r) = n̂ ·P (r)

⇢B (r) = �r ·P (r)

⇢ (r) = ⇢B (r) + ⇢F (r) = �r ·P (r) + ⇢F (r)

r ·E =
⇢B + ⇢F

"0
=

�r ·P+ ⇢F
"0

) r · ("0E+P) = ⇢F

D = "0E+P ) r ·D = ⇢F

r ·D = ⇢F

r⇥E = 0

P = �e"oE , D = "E

"

"0
= "r = 1 + �e

�D? = �F

�Ek = 0

�V = 0

F = qv ⇥B

dF = dI⇥B

dI = Idl = Idl

dI = KdS

dI = JdV

5

V (0, y) = V0 (y) =
1X

n=1

Cn sin kny

Cn =
2

a

Z a

0
sin

⇣n⇡y
a

⌘
V0 (y)

V (r, ✓) =
1X

l=0

✓
Alr

l +
Bl

r(l+1)

◆
Pl (cos ✓)

V (r, ✓) = �E0

✓
r � R3

r2

◆
cos ✓

�ind (✓) = "0 E?|fora = �"0
@V

@r

����
r=0+

= 3"0E0 cos ✓

V (r) =
Q

4⇡"0

1

r
, E (r) =

Q

4⇡"0

r̂

r3

1

|r� r0| =
1

r

1q
1� 2 (r0/r) cos ✓ + (r0/r)2

1p
1� 2sx+ s2

=
1X

l=0

slPl (x) (|s| < 1)

1

|r� r0| =
1

r

1X

l=0

✓
r0

r

◆l

Pl (cos �)

cos � = r̂ · r̂0

cos � = r̂ · r̂0 = r · r0

rr0

cos � = r̂ · r̂0 = r̂ · r0

r0

p = ↵E

P =
�p

�V
) P = �e"oE

N = p⇥E

�B (r) = n̂ ·P (r)

⇢B (r) = �r ·P (r)

⇢ (r) = ⇢B (r) + ⇢F (r) = �r ·P (r) + ⇢F (r)

r ·E =
⇢B + ⇢F

"0
=

�r ·P+ ⇢F
"0

) r · ("0E+P) = ⇢F

D = "0E+P ) r ·D = ⇢F

r ·D = ⇢F

r⇥E = 0

6

Lei de Ampère Definição do potencial vetor
r⇥B = µ0J r⇥A = BH

C(S) B · dl =
R
S µ0J · dS = µ0I (S)

H
C(S) A · dl =

R
S B · dS = �B (S)

B A

µ0J B

µ0I (S) �B (S)

r⇥A = B r⇥B = µ0JH
C(S) A · dl =

R
S B · dS = �B (S)

H
C(S) B · dl =

R
S µ0J · dS = µ0I (S)

A ⌦ B

B ⌦ µ0J

�B (S) ⌦ µ0I (S)

I

C(S)
B · dl = µ0I (S)

I

C(S)
A · dl = �B (S)

B (r) =

⇢
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r2

Bdip (r) =
µ0

4⇡

[3 (m · r̂) r̂�m]

r3

m = Iabẑ
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FIGURE 5.55

Adip(r) = µ0

4π

m sin θ

r2
φ̂, (5.87)

and hence

Bdip(r) = ∇ × A = µ0m
4πr3

(2 cos θ r̂ + sin θ θ̂). (5.88)

Surprisingly, this is identical in structure to the field of an electric dipole
(Eq. 3.103)! (Up close, however, the field of a physical magnetic dipole—a
small current loop—looks quite different from the field of a physical electric
dipole—plus and minus charges a short distance apart. Compare Fig. 5.55 with
Fig. 3.37.)

Problem 5.34 Show that the magnetic field of a dipole can be written in coordinate-•
free form:

Bdip(r) = µ0

4π

1
r 3

[
3(m · r̂)r̂ − m

]
. (5.89)

Problem 5.35 A circular loop of wire, with radius R, lies in the xy plane (centered
at the origin) and carries a current I running counterclockwise as viewed from the
positive z axis.

(a) What is its magnetic dipole moment?

(b) What is the (approximate) magnetic field at points far from the origin?

(c) Show that, for points on the z axis, your answer is consistent with the exact field
(Ex. 5.6), when z # R.

Problem 5.36 Find the exact magnetic field a distance z above the center of a square
loop of side w, carrying a current I . Verify that it reduces to the field of a dipole,
with the appropriate dipole moment, when z # w.

Campo e potencial de dipolo magnético



Problema 5.35: O momento de dipolo de
um disco carregado girante



Razão entre o momento de dipolo 
e o momento angular



O momento de dipolo magnético 
de partículas elementares

Algumas partículas elementares tem um momento 
angular intrínseco (spin) e também um momento de 
dipolo magnético intrínseco:

I

C(S)
B · dl = µ0I (S)

I

C(S)
A · dl = �B (S)

B (r) =

⇢
µ0nI ẑ ⇢ < R,

0 ⇢ > R.

Adip (r) =
µ0

4⇡

m⇥ r̂

r2

Bdip (r) =
µ0

4⇡

[3 (m · r̂) r̂�m]

r3

m = I

Z

S
dS

m = Iabẑ

�B? = 0

�Bk = µ0K⇥ n̂

�A = 0 se r ·A = 0

Elétron :
|m|
|L| ⇡ 2⇥ e

2me

Próton :
|m|
|L| ⇡ 5.59⇥ e

2mp

Neutron :
|m|
|L| ⇡ 3.83⇥ e

2mp

M =
�m

�V

dA (r) =
µ0

4⇡

dm⇥ r̂

r2

JB = r⇥M

KB = M⇥ n̂

r ·B = 0

r⇥B = µ0 (JB + JF )

= µ0 (r⇥M+ JF )

H =
B

µ0
�M

r ·B = 0

r⇥H = JF (se r · JF = 0)
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FIGURE 5.48

Just as the electric field suffers a discontinuity at a surface charge, so the mag-
netic field is discontinuous at a surface current. Only this time it is the tangential
component that changes. For if we apply Eq. 5.50, in integral form,

∮
B · da = 0,

to a wafer-thin pillbox straddling the surface (Fig. 5.49), we get

B⊥
above = B⊥

below. (5.74)

As for the tangential components, an Amperian loop running perpendicular to the
current (Fig. 5.50) yields

∮
B · dl =

(
B‖

above − B‖
below

)
l = µ0 Ienc = µ0 Kl,

or

B‖
above − B‖

below = µ0 K . (5.75)

B⊥
above

B⊥
below

K

FIGURE 5.49
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