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Aulas passadas
Vetores: propriedades de transformação sob rotações
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ẑ

r⇥ v = lim
S!0

 H
C(S) v · dl

S

!

Algumas identidades:

r (f + g) = rf +rg (1)
r · (A+B) = r ·A+r ·B (2)
r⇥ (A+B) = r⇥A+r⇥B (3)

r (fg) = grf + frg, (4)
r · (fA) = f (r ·A) +A · (rf) (5)
r⇥ (fA) = f (r⇥A) + (rf)⇥A (⇤⇤) (6)

r · (A⇥B) = (r⇥A) ·B�A · (r⇥B) (⇤⇤) (7)
r⇥ (A⇥B) = A (r ·B)�B (r ·A) + (B ·r)A� (A ·r)B (⇤⇤) (8)

r (A ·B) = A⇥ (r⇥B) +B⇥ (r⇥A) + (A ·r)B+ (B ·r)A (9)

r · (rf) =
@2f

@x2
+

@2f

@y2
+

@2f

@z2
⌘ r2f (10)

r⇥ (rf) = 0 (11)
r · (r⇥A) = 0 (12)
r⇥ (r⇥A) = r (r ·A)�r2

A (13)

r2
A =

✓
@2Ax

@x2
+

@2Ax

@y2
+

@2Ax

@z2

◆
x̂ (14)

1

(matriz ortogonal)



Aulas passadas

Campo escalar:

✓
Ax

Ay

◆
=

✓
cos� sin�
� sin� cos�

◆✓
Ax

Ay

◆

0

@
Ax

Ay

Az

1

A =

0

@
Rxx Rxy Rxz

Ryx Ryy Ryz

Rzx Rzy Rzz

1

A

0

@
Ax

Ay

Az

1

A

R�1 = RT

f (x, y, z, t) ⌘ f (r, t)

Ax (x, y, z, t) ⌘ Ax (r, t)
Ay (x, y, z, t) ⌘ Ay (r, t)
Az (x, y, z, t) ⌘ Az (r, t)

9
=

;) A (r, t)

r · v =
@vx
@x

+
@vy
@y

+
@vz
@z

r · v = 0

r · v 6= 0

r · v = lim
V!0

 H
S(V ) v · dS

V

!

r⇥ v =

✓
@vz
@y

� @vy
@z

◆
x̂+

✓
@vx
@z

� @vz
@x

◆
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Gradiente de f(r,t):
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Divergente de v(r,t):
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ŷ +

@f

@z
ẑ
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ŷ +

✓
@vy
@x

� @vx
@y

◆
ẑ
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1.2 Differential Calculus 17

We have already discussed the gradient. In the following sections we examine the
other two vector derivatives: divergence and curl.

1.2.4 The Divergence

From the definition of ∇ we construct the divergence:
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= ∂vx

∂x
+ ∂vy

∂y
+ ∂vz

∂z
. (1.40)

Observe that the divergence of a vector function6 v is itself a scalar ∇ · v.
Geometrical Interpretation: The name divergence is well chosen, for ∇ · v

is a measure of how much the vector v spreads out (diverges) from the point in
question. For example, the vector function in Fig. 1.18a has a large (positive)
divergence (if the arrows pointed in, it would be a negative divergence), the func-
tion in Fig. 1.18b has zero divergence, and the function in Fig. 1.18c again has a
positive divergence. (Please understand that v here is a function—there’s a differ-
ent vector associated with every point in space. In the diagrams, of course, I can
only draw the arrows at a few representative locations.)

Imagine standing at the edge of a pond. Sprinkle some sawdust or pine needles
on the surface. If the material spreads out, then you dropped it at a point of positive
divergence; if it collects together, you dropped it at a point of negative divergence.
(The vector function v in this model is the velocity of the water at the surface—
this is a two-dimensional example, but it helps give one a “feel” for what the
divergence means. A point of positive divergence is a source, or “faucet”; a point
of negative divergence is a sink, or “drain.”)

(b)(a) (c)

FIGURE 1.18

6A vector function v(x, y, z) = vx (x, y, z) x̂ + vy(x, y, z) ŷ + vz(x, y, z) ẑ is really three functions—
one for each component. There’s no such thing as the divergence of a scalar.
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onde V é um volume que contém o ponto em questão e S(V)
é a superfície que contém V.
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onde S é uma superfície aberta que contém o ponto 
em questão, normal à direção procurada do 
rotacional, e C(S) é a borda da superfície S.
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Notice that the curl of a vector function7 v is, like any cross product, a vector.
Geometrical Interpretation: The name curl is also well chosen, for ∇ × v is

a measure of how much the vector v swirls around the point in question. Thus
the three functions in Fig. 1.18 all have zero curl (as you can easily check for
yourself), whereas the functions in Fig. 1.19 have a substantial curl, pointing in the
z direction, as the natural right-hand rule would suggest. Imagine (again) you are
standing at the edge of a pond. Float a small paddlewheel (a cork with toothpicks
pointing out radially would do); if it starts to rotate, then you placed it at a point
of nonzero curl. A whirlpool would be a region of large curl.

Example 1.5. Suppose the function sketched in Fig. 1.19a is va = −yx̂ + x ŷ,
and that in Fig. 1.19b is vb = x ŷ. Calculate their curls.

Solution

∇ × va =

∣∣∣∣∣∣

x̂ ŷ ẑ
∂/∂x ∂/∂y ∂/∂z
−y x 0

∣∣∣∣∣∣
= 2ẑ,

and

∇ × vb =

∣∣∣∣∣∣

x̂ ŷ ẑ
∂/∂x ∂/∂y ∂/∂z

0 x 0

∣∣∣∣∣∣
= ẑ.

As expected, these curls point in the +z direction. (Incidentally, they both have
zero divergence, as you might guess from the pictures: nothing is “spreading
out”. . . it just “swirls around.”)

7There’s no such thing as the curl of a scalar.
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Teorema do gradiente:
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Teorema do divergente (teorema de Gauss):

r · v =
@vx
@x

+
@vy
@y

+
@vz
@z

r · v = 0

r · v 6= 0

r⇥ v =

✓
@vz
@y

� @vy
@z

◆
x̂+

✓
@vx
@z

� @vz
@x

◆
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Teoremas fundamentais do cálculo vetorial:

independente do caminho

A normal dS sempre aponta 
pra fora da superfície.
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Rotacional (teorema de Stokes):
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Teoremas fundamentais do cálculo vetorial:

A direção de circulação de C(S) está 
“amarrada” à direção da normal dS
pela regra da mão direita.
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ŷ +

✓
@vy
@x

� @vx
@y

◆
ẑ
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But there is a poisonous snake lurking here that I’d better warn you about:
r̂, θ̂ , and φ̂ are associated with a particular point P , and they change direction
as P moves around. For example, r̂ always points radially outward, but “radially
outward” can be the x direction, the y direction, or any other direction, depend-
ing on where you are. In Fig. 1.37, A = ŷ and B = −ŷ, and yet both of them
would be written as r̂ in spherical coordinates. One could take account of this
by explicitly indicating the point of reference: r̂(θ,φ), θ̂(θ,φ), φ̂(θ,φ), but this
would be cumbersome, and as long as you are alert to the problem, I don’t think it
will cause difficulties.9 In particular, do not naïvely combine the spherical compo-
nents of vectors associated with different points (in Fig. 1.37, A + B = 0, not 2r̂,
and A · B = −1, not +1). Beware of differentiating a vector that is expressed in
spherical coordinates, since the unit vectors themselves are functions of position
(∂ r̂/∂θ = θ̂ , for example). And do not take r̂, θ̂ , and φ̂ outside an integral, as I
did with x̂, ŷ, and ẑ in Eq. 1.53. In general, if you’re uncertain about the validity
of an operation, rewrite the problem using Cartesian coordinates, for which this
difficulty does not arise.

An infinitesimal displacement in the r̂ direction is simply dr (Fig. 1.38a), just
as an infinitesimal element of length in the x direction is dx :

dlr = dr. (1.65)

x

y

z

AB
1−1

FIGURE 1.37

9I claimed back at the beginning that vectors have no location, and I’ll stand by that. The vectors
themselves live “out there,” completely independent of our choice of coordinates. But the notation we
use to represent them does depend on the point in question, in curvilinear coordinates.
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transfer the derivative from A to f (where it becomes a gradient), at the cost of a
minus sign and a boundary term (in this case a surface integral).

You might wonder how often one is likely to encounter an integral involving
the product of one function and the derivative of another; the answer is surpris-
ingly often, and integration by parts turns out to be one of the most powerful tools
in vector calculus.

Problem 1.36

(a) Show that
∫

S
f (∇ × A) · da =

∫

S
[A × (∇ f )] · da +

∮

P
f A · dl. (1.60)

(b) Show that
∫

V
B · (∇ × A) dτ =

∫

V
A · (∇ × B) dτ +

∮

S
(A × B) · da. (1.61)

1.4 CURVILINEAR COORDINATES

1.4.1 Spherical Coordinates

You can label a point P by its Cartesian coordinates (x, y, z), but sometimes it
is more convenient to use spherical coordinates (r, θ,φ); r is the distance from
the origin (the magnitude of the position vector r), θ (the angle down from the
z axis) is called the polar angle, and φ (the angle around from the x axis) is the
azimuthal angle. Their relation to Cartesian coordinates can be read from
Fig. 1.36:

x = r sin θ cos φ, y = r sin θ sin φ, z = r cos θ . (1.62)

Figure 1.36 also shows three unit vectors, r̂, θ̂ , φ̂, pointing in the direction of
increase of the corresponding coordinates. They constitute an orthogonal (mutu-
ally perpendicular) basis set (just like x̂, ŷ, ẑ), and any vector A can be expressed
in terms of them, in the usual way:

A = Ar r̂ + Aθ θ̂ + Aφ φ̂; (1.63)

Ar , Aθ , and Aφ are the radial, polar, and azimuthal components of A. In terms of
the Cartesian unit vectors,

r̂ = sin θ cos φ x̂ + sin θ sin φ ŷ + cos θ ẑ,
θ̂ = cos θ cos φ x̂ + cos θ sin φ ŷ − sin θ ẑ,
φ̂ = − sin φ x̂ + cos φ ŷ,




 (1.64)

as you can check for yourself (Prob. 1.38). I have put these formulas inside the
back cover, for easy reference.

Coordenadas esféricas:
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has the extra advantage of treating all coordinate systems at once. I described the
“straightforward” method only to show you that there is nothing subtle or mys-
terious about transforming to spherical coordinates: you’re expressing the same
quantity (gradient, divergence, or whatever) in different notation, that’s all.

Here, then, are the vector derivatives in spherical coordinates:

Gradient:

∇T = ∂T
∂r

r̂ + 1
r

∂T
∂θ

θ̂ + 1
r sin θ

∂T
∂φ

φ̂. (1.70)

Divergence:

∇ · v = 1
r2

∂

∂r
(r2vr ) + 1

r sin θ

∂

∂θ
(sin θvθ ) + 1

r sin θ

∂vφ

∂φ
. (1.71)

Curl:

∇ × v = 1
r sin θ

[
∂

∂θ
(sin θvφ) − ∂vθ

∂φ

]
r̂ + 1

r

[
1

sin θ

∂vr

∂φ
− ∂

∂r
(rvφ)

]
θ̂

+ 1
r

[
∂

∂r
(rvθ ) − ∂vr

∂θ

]
φ̂. (1.72)

Laplacian:

∇2T = 1
r2

∂

∂r

(
r2 ∂T

∂r

)
+ 1

r2 sin θ

∂

∂θ

(
sin θ

∂T
∂θ

)
+ 1

r2 sin2 θ

∂2T
∂φ2

. (1.73)

For reference, these formulas are listed inside the front cover.

Problem 1.37 Find formulas for r, θ,φ in terms of x, y, z (the inverse, in other
words, of Eq. 1.62).

Problem 1.38 Express the unit vectors r̂, θ̂ , φ̂ in terms of x̂, ŷ, ẑ (that is, derive•
Eq. 1.64). Check your answers several ways (r̂ · r̂ ?= 1, θ̂ · φ̂

?= 0, r̂ × θ̂
?= φ̂, . . .).

Also work out the inverse formulas, giving x̂, ŷ, ẑ in terms of r̂, θ̂ , φ̂ (and θ, φ).

Problem 1.39•

(a) Check the divergence theorem for the function v1 = r 2r̂, using as your volume
the sphere of radius R, centered at the origin.

(b) Do the same for v2 = (1/r 2)r̂. (If the answer surprises you, look back at
Prob. 1.16.)

Problem 1.40 Compute the divergence of the function

v = (r cos θ) r̂ + (r sin θ) θ̂ + (r sin θ cos φ) φ̂.

Check the divergence theorem for this function, using as your volume the inverted
hemispherical bowl of radius R, resting on the xy plane and centered at the origin
(Fig. 1.40).
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so

dl = ds ŝ + s dφ φ̂ + dz ẑ, (1.77)

and the volume element is

dτ = s ds dφ dz. (1.78)

The range of s is 0 → ∞, φ goes from 0 → 2π , and z from −∞ to ∞.
The vector derivatives in cylindrical coordinates are:

Gradient:

∇T = ∂T
∂s

ŝ + 1
s

∂T
∂φ

φ̂ + ∂T
∂z

ẑ. (1.79)

Divergence:
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− ∂vφ

∂z

)
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[
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(1.81)

Laplacian:

∇2T = 1
s

∂
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(
s
∂T
∂s

)
+ 1

s2

∂2T
∂φ2

+ ∂2T
∂z2

. (1.82)

These formulas are also listed inside the front cover.

Problem 1.42 Express the cylindrical unit vectors ŝ, φ̂, ẑ in terms of x̂, ŷ, ẑ (that is,
derive Eq. 1.75). “Invert” your formulas to get x̂, ŷ, ẑ in terms of ŝ, φ̂, ẑ (and φ).
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2

FIGURE 1.43
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e tal que:
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2.2 DIVERGENCE AND CURL OF ELECTROSTATIC FIELDS

2.2.1 Field Lines, Flux, and Gauss’s Law

In principle, we are done with the subject of electrostatics. Equation 2.8 tells us
how to compute the field of a charge distribution, and Eq. 2.3 tells us what the
force on a charge Q placed in this field will be. Unfortunately, as you may have
discovered in working Prob. 2.7, the integrals involved in computing E can be
formidable, even for reasonably simple charge distributions. Much of the rest of
electrostatics is devoted to assembling a bag of tools and tricks for avoiding these
integrals. It all begins with the divergence and curl of E. I shall calculate the
divergence of E directly from Eq. 2.8, in Sect. 2.2.2, but first I want to show you
a more qualitative, and perhaps more illuminating, intuitive approach.

Let’s begin with the simplest possible case: a single point charge q, situated at
the origin:

E(r) = 1
4πε0

q
r2

r̂. (2.10)

To get a “feel” for this field, I might sketch a few representative vectors, as in
Fig. 2.12a. Because the field falls off like 1/r2, the vectors get shorter as you go
farther away from the origin; they always point radially outward. But there is a

(a)

E

(b)

E

FIGURE 2.12

Motivação: o campo elétrico de uma 
carga pontual
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But the volume integral,
∫

∇ · v dτ , is zero, if we are really to believe Eq. 1.84.
Does this mean that the divergence theorem is false? What’s going on here?

The source of the problem is the point r = 0, where v blows up (and where,
in Eq. 1.84, we have unwittingly divided by zero). It is quite true that ∇ · v = 0
everywhere except the origin, but right at the origin the situation is more com-
plicated. Notice that the surface integral (Eq. 1.85) is independent of R; if the
divergence theorem is right (and it is), we should get

∫
(∇ · v) dτ = 4π for any

sphere centered at the origin, no matter how small. Evidently the entire contribu-
tion must be coming from the point r = 0! Thus, ∇ · v has the bizarre property
that it vanishes everywhere except at one point, and yet its integral (over any
volume containing that point) is 4π . No ordinary function behaves like that. (On
the other hand, a physical example does come to mind: the density (mass per unit
volume) of a point particle. It’s zero except at the exact location of the particle, and
yet its integral is finite—namely, the mass of the particle.) What we have stum-
bled on is a mathematical object known to physicists as the Dirac delta function.
It arises in many branches of theoretical physics. Moreover, the specific problem
at hand (the divergence of the function r̂/r2) is not just some arcane curiosity—it
is, in fact, central to the whole theory of electrodynamics. So it is worthwhile to
pause here and study the Dirac delta function with some care.

1.5.2 The One-Dimensional Dirac Delta Function

The one-dimensional Dirac delta function, δ(x), can be pictured as an infinitely
high, infinitesimally narrow “spike,” with area 1 (Fig. 1.45). That is to say:

δ(x) =
{

0, if x != 0
∞, if x = 0

}
(1.86)

and11

∫ ∞

−∞
δ(x) dx = 1. (1.87)

x

δ(x)

Area 1

a

FIGURE 1.45

11Notice that the dimensions of δ(x) are one over the dimensions of its argument; if x is a length, δ(x)

carries the units m−1.
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FIGURE 1.46

Technically, δ(x) is not a function at all, since its value is not finite at x = 0; in the
mathematical literature it is known as a generalized function, or distribution. It
is, if you like, the limit of a sequence of functions, such as rectangles Rn(x), of
height n and width 1/n, or isosceles triangles Tn(x), of height n and base 2/n
(Fig. 1.46).

If f (x) is some “ordinary” function (that is, not another delta function—in
fact, just to be on the safe side, let’s say that f (x) is continuous), then the product
f (x)δ(x) is zero everywhere except at x = 0. It follows that

f (x)δ(x) = f (0)δ(x). (1.88)

(This is the most important fact about the delta function, so make sure you under-
stand why it is true: since the product is zero anyway except at x = 0, we may as
well replace f (x) by the value it assumes at the origin.) In particular

∫ ∞

−∞
f (x)δ(x) dx = f (0)

∫ ∞

−∞
δ(x) dx = f (0). (1.89)

Under an integral, then, the delta function “picks out” the value of f (x) at x = 0.
(Here and below, the integral need not run from −∞ to +∞; it is sufficient that
the domain extend across the delta function, and −ε to +ε would do as well.)

Of course, we can shift the spike from x = 0 to some other point, x = a
(Fig. 1.47):

xa

δ(x − a)

Area 1

FIGURE 1.47
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