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Ideias fundamentais da mecânica 
quântica



Impasses da física clássica no início 
do século XX

Figure 1-2 A cavity in a body connected by a small 
hole to the outside. Radiation incident on the hole is 
completely absorbed after successive reflections on 
the inner surface of the cavity. The hole absorbs like 
a blackbody. In the reverse process, in which radiation 
leaving the hole is built up of contributions emitted 
from the inner surface, the hole emits like a blackbody. 

Another example of a blackbody, which we shall see to be particularly important, 
can be found by considering an object containing a cavity which is connected to the 
outside by a small hole, as in Figure 1-2. Radiation incident upon the hole from 
the outside enters the cavity and is reflected back and forth by the walls of the 
cavity, eventually being absorbed on these walls. If the area of the hole is very small 
compared to the area of the inner surface of the cavity, a negligible amount of the 
incident radiation will be reflected back through the hole. Essentially all the radia-
tion incident upon the hole is absorbed; therefore, the hole must have the properties of 
the surface of a blackbody. Most blackbodies used in laboratory experiments are 
constructed along these lines. 

Now assume that the walls of the cavity are uniformly heated to a temperature 
T. Then the walls will emit thermal radiation which will fill the cavity. The small 
fraction of this radiation incident from the inside upon the hole will pass through 
the hole. Thus the hole will act as an emitter of thermal radiation. Since the hole 
must have the properties of the surface of a blackbody, the radiation emitted by 
the hole must have a blackbody spectrum; but since the hole is merely sampling 
the thermal radiation present inside the cavity, it is clear that the radiation in 
the cavity must also have a blackbody spectrum. In fact, it will have a blackbody 
spectrum characteristic of the temperature T on the walls, since this is the only 
temperature defined for the system. The spectrum emitted by the hole in the cavity 
is specified in terms of the energy flux R T(v). It is more useful, however, to specify 
the spectrum of radiation inside the cavity, called cavity radiation, in terms of an 
energy density, p T (v), which is defined as the energy contained in a  unit  volume 
of the cavity at temperature T in the frequency interval y  to y + dv. It is evident 
that these quantities are proportional to one another; that is 

PT(v) cc R T (v)  (1 -4) 
Hence, the radiation inside a cavity whose walls are at temperature T has the 

same character as the radiation emitted by the surface of a blackbody at temper-
ature T. It is convenient experimentally to produce a blackbody spectrum by means 
of a cavity in a heated body with a hole to the outside, and it is convenient in theo-
retical work to study blackbody radiation by analyzing the cavity radiation because 
it is possible to apply very general arguments to predict the properties of cavity 
radiation. 
Example 1-1. (a) Since Av = c, the constant velocity of light, Wien's displacement law (1-3a) 
can also be put in the form 

2max T = const  (1-3b) 

where Amax  is the wavelength at which the spectral radiancy has its maximum value for a 
particular temperature T. The experimentally determined value of Wien's constant is 2.898 x 
10 -3  m-°K. If we assume that stellar surfaces behave like blackbodies we can get a good 
estimate of their temperature by measuring Amax.  For the sun Amax = 5100 A, whereas for the 
North Star Amax = 3500 A. Find the surface temperature of these stars. (One angstrom = 
1A =10 -10  m.)  
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Radiação eletromagnética de corpos:
a) Todo corpo emite radiação eletromagnética pela superfície. Ele também 

aborve e reflete radiação incidente.
b) Corpo negro: absorve toda a radiação incidente (não reflete nada).  Em 

equilíbrio, ele emite tanto quanto absorve.
c) Realização prática de um corpo negro: um orifício em uma cavidade 

grande; tudo que entra ali é absorvido pelas paredes internas; a 
radiação que sai do orifício é uma amostra da radiação dentro cavidade: 
um “gás” de luz (fótons).

d) espectro universal de um corpo negro: só depende da temperatura.

Quantum Physics of Atoms, Molecules, Solids, Nuclei, 
and Particles, Robert Eisberg, Robert Resnick



Radiação de corpo negro (cont.)
RT (n ): radiância espectral
RT (n ) dn : potência total irradiada com frequência entre n e n + dn, por unidade 
de área da superfície do corpo negro.
rT (n ) dn : densidade de energia da radiação entre n e n + dn.
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Figure 1 -1 The spectral radiancy of a blackbody radiator as a function of the frequency 
of radiation, shown for temperatures of the radiator of 1000 ° K, 1500° K, and 2000 ° K. Note 
that the frequency at which the maximum radiancy occurs (dashed line) increases linearly 
with increasing temperature, and that the total power emitted per square meter of the 
radiator (area under curve) increases very rapidly with temperature. 

intense increases with increasing temperature. Inspection will verify that this frequency in-
creases linearly with temperature. (6) The total power radiated in all frequencies increases with 
increasing temperature, and it does so more rapidly than linearly. The total power radiated 
at a particular temperature is given simply by the area under the curve for that temperature, 
f ô R T (v) dv, since R T (v) dv is the power radiated in the frequency interval from v to v + dv. 

The integral of the spectral radiancy R T(v) over all y— is the total energy emitted 
per unit time per unit area from a blackbody at temperature T. It is called the 
radiancy RT. That is 

co  

RT = J R T (v) dv  (1-1) 
o 

As we have seen in the preceding discussion of Figure 1-1, RT increases rapidly with 
increasing temperature. In fact, this result is called Stefan's law, and it was first stated 
in 1879 in the form of an empirical equation 

RT = aT4  (1-2) 
where 

a = 5.67 x 10 -S  W/m2 -°K4  
is called the Stefan-Boltzmann constant. Figure 1-1 also shows us that the spectrum 
shifts toward higher frequencies as T increases. This result is called Wien's displace- 
ment law 

Vmax G  T  (1-3a) 
where vmax  is the frequency v at which R T (v) has its maximum value for a partic-
ular T. As T increases, Vmax  is displaced toward higher frequencies. All these results 
are in agreement with the familiar experiences discussed earlier, namely that the 
amount of thermal radiation emitted increases rapidly (the poker radiates much more 
heat energy at higher temperatures), and the principal frequency of the radiation 
becomes higher (the poker changes color from dull red to blue-white), with increasing 
temperature. 

Quantum Physics of Atoms, Molecules, Solids, Nuclei, 
and Particles, Robert Eisberg, Robert Resnick

c = velocidade da luz no vácuo



Radiação de corpo negro (cont.)

Quantum Physics of Atoms, Molecules, Solids, Nuclei, 
and Particles, Robert Eisberg, Robert Resnick
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Da física clássica:
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Figure 1-8 The Rayleigh-Jeans prediction (dashed line) compared with the experimental  
results (solid line) for the energy density of a blackbody cavity, showing the serious dis-
crepancy called the ultraviolet catastrophe.  

remains finite, as it obviously must, and, in fact, that the energy density goes to zero 
at very high frequencies. The grossly unrealistic behavior of the prediction of classical 
theory at high frequencies is known in physics a,s the "ultraviolet catastrophe." This 
term is suggestive of the importance of the failure of the theory. 

1 -4 PLANCK'S THEORY OF CAVITY RADIATION  

In trying to resolve the discrepancy between theory and experiment, Planck was led 
to consider the possibility of a violation of the law of equipartition of energy on which 
the theory was based. From Figure 1-8 it is clear that the law gives satisfactory results 
for small frequencies. Thus we can assume 

 

v  , o  kT  (1-18)  

that is, the average total energy approaches kT as the frequency approaches zero. The 
discrepancy at high frequencies could be eliminated if there is, for some reason, a 
cutoff, so that 

I v.^ - 0  (1-19)  

that is, if the average total energy approaches zero as the frequency approaches in-
finity In other words, Planck realized that, in the circumstances that prevail for the 
case of blackbody radiation, the average energy of the standing waves is a function of 
frequency 1(v) having the properties indicated by (1-18) and (1-19). This is in contrast 
to the law of equipartition of energy which assigns to the average energy I a value 
independent of frequency. 

Let us look at the origin of the equipartition law. It arises, basically, from a more 
comprehensive result of classical statistical mechanics called the Boltzmann distribu-
tion. (Arguments leading to the Boltzmann distribution are given in Appendix C for 
students not already familiar with it.) Here we shall use a special form of the Boltzmann 
distribution 

e - g/kT  
P(e)  kT  (1-20)  

in which p(e)de is the probability of finding a given entity of a system with energy  

in the interval between g and g + de, when the number of energy states for the  

entity in that interval is independent of  e. The system is supposed to contain a large  
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n(n ): densidade de número de modos. 

kB = constante de Boltzmann



Radiação de corpo negro (cont.)
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Planck (1900): A energia de cada modo eletromagnético de frequência n é 
quantizada.
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hEi(⌫,T ) = kBT

E = nh⌫ (n = 0, 1, 2, . . .)

Usando física estatística: distribuição de Planck

Excelente acordo com os dados experimentais se:
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Efeito fotoelétrico

https://zapscience.com/what-is-photoelectric-effect

a) Emissão de elétrons pela superfície de metais, 
sob a incidência de luz.

b) Para uma intensidade fixa de luz 
monocromática, a corrente de fotoelétrons 
satura com o aumento da voltagem 
aceleradora V; a corrente máxima é 
proporcional à intensidade.

c) A energia cinética máxima dos fotoelétrons 
(voltagem desaceleradora máxima) só 
depende do metal e da frequência da luz.
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Figure 2-2 Graphs of current i as a function of 
potential difference V from data taken with the 
apparatus of Figure 2-1. The applied potential dif-
ference V is called positive when the cup B in 
Figure 2-1 is positive with respect to the photo-
electric surface A. In curve b the incident light 
intensity has been reduced to one-half that of curve 
a. The stopping potential Vo  is independent of light 
intensity, but the saturation currents l a  and ib  are 
directly proportional to it. 

called photoelectrons. The electrons can be detected as a current if they are attracted 
to the metal cup B by means of a potential difference V applied between A and B. 
The sensitive ammeter G serves to measure this photoelectric current. 

Curve a of Figure 2-2 is a plot of the photoelectric current, in an apparatus like 
that of Figure 2-1, as a function of the potential difference V. If V is made large 
enough, the photoelectric current reaches a certain limiting (saturation) value at 
which all photoelectrons ejected from A are collected by cup B. 

If V is reversed in sign, the photoelectric current does not immediately drop to 
zero, which suggests that the electrons are emitted from A with kinetic energy. Some 
will reach cup B in spite of the fact that the electric field opposes their motion. How-
ever, if this reversed potential difference is made large enough, a value Vo  called 
the stopping potential is reached at which the photoelectric current does drop to zero. 
This potential difference V0 , multiplied by electron charge, measures the kinetic 
energy Kmax  of the fastest ejected photoelectron. That is 

Kmax = eVo  (2-1) 
The quantity Kmax  turns out experimentally to be independent of the intensity of the 
light, as is shown by curve b in Figure 2-2 in which the light intensity has been 
reduced to one-half the value used in obtaining curve a. 

Figure 2-3 shows the stopping potential Vo  as a function of the frequency of the 
light incident on sodium. Note that there is a definite cutoff frequency v o , below 
which no photoelectric effect occurs. These data were taken in 1914 by Millikan 
whose painstaking work on the photoelectric effect won him the Nobel prize in 1923. 
Because the photoelectric effect for visible or near-visible light is largely a surface 
phenomenon, it is necessary in the experiments to avoid oxide films, grease, or other 
surface contaminants. 

There are three major features of the photoelectric effect that cannot be explained 
in terms of the classical wave theory of light: 

1. Wave theory requires that the oscillating electric vector E of the light wave 
increase in amplitude as the intensity of the light beam is increased. Since the force 
applied to the electron is eE, this suggests that the kinetic energy of the photo- 

4  8 
 

12 
Frequency (10 14/sec)  

Figure 2-3 The stopping potential at various 
frequencies for sodium. The points show 
Millikan's data, except that the correction 
mentioned in the caption to Figure 2-1 has 
been recalculated using a recent measure-
ment of the contact potential. The cutoff fre-
quency vo  is 5.6 x 10 14  Hz. 

Quantum Physics of Atoms, Molecules, Solids, Nuclei, 
and Particles, Robert Eisberg, Robert Resnick

— 0 + 
Applied potencial 

yo  difference V 

CO  
N 

PH
O

T
O

N
S

- P
AR

TI
C

LE
LI

K
E

 P
RO

PE
R

T
IE

S
 O

F
 R

AD
IA

TI
O

N 

Figure 2-2 Graphs of current i as a function of 
potential difference V from data taken with the 
apparatus of Figure 2-1. The applied potential dif-
ference V is called positive when the cup B in 
Figure 2-1 is positive with respect to the photo-
electric surface A. In curve b the incident light 
intensity has been reduced to one-half that of curve 
a. The stopping potential Vo  is independent of light 
intensity, but the saturation currents l a  and ib  are 
directly proportional to it. 

called photoelectrons. The electrons can be detected as a current if they are attracted 
to the metal cup B by means of a potential difference V applied between A and B. 
The sensitive ammeter G serves to measure this photoelectric current. 

Curve a of Figure 2-2 is a plot of the photoelectric current, in an apparatus like 
that of Figure 2-1, as a function of the potential difference V. If V is made large 
enough, the photoelectric current reaches a certain limiting (saturation) value at 
which all photoelectrons ejected from A are collected by cup B. 

If V is reversed in sign, the photoelectric current does not immediately drop to 
zero, which suggests that the electrons are emitted from A with kinetic energy. Some 
will reach cup B in spite of the fact that the electric field opposes their motion. How-
ever, if this reversed potential difference is made large enough, a value Vo  called 
the stopping potential is reached at which the photoelectric current does drop to zero. 
This potential difference V0 , multiplied by electron charge, measures the kinetic 
energy Kmax  of the fastest ejected photoelectron. That is 

Kmax = eVo  (2-1) 
The quantity Kmax  turns out experimentally to be independent of the intensity of the 
light, as is shown by curve b in Figure 2-2 in which the light intensity has been 
reduced to one-half the value used in obtaining curve a. 

Figure 2-3 shows the stopping potential Vo  as a function of the frequency of the 
light incident on sodium. Note that there is a definite cutoff frequency v o , below 
which no photoelectric effect occurs. These data were taken in 1914 by Millikan 
whose painstaking work on the photoelectric effect won him the Nobel prize in 1923. 
Because the photoelectric effect for visible or near-visible light is largely a surface 
phenomenon, it is necessary in the experiments to avoid oxide films, grease, or other 
surface contaminants. 

There are three major features of the photoelectric effect that cannot be explained 
in terms of the classical wave theory of light: 

1. Wave theory requires that the oscillating electric vector E of the light wave 
increase in amplitude as the intensity of the light beam is increased. Since the force 
applied to the electron is eE, this suggests that the kinetic energy of the photo- 
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frequencies for sodium. The points show 
Millikan's data, except that the correction 
mentioned in the caption to Figure 2-1 has 
been recalculated using a recent measure-
ment of the contact potential. The cutoff fre-
quency vo  is 5.6 x 10 14  Hz. 



Efeito fotoelétrico (cont.)

Quantum Physics of Atoms, Molecules, Solids, Nuclei, 
and Particles, Robert Eisberg, Robert Resnick
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Figure 2-2 Graphs of current i as a function of 
potential difference V from data taken with the 
apparatus of Figure 2-1. The applied potential dif-
ference V is called positive when the cup B in 
Figure 2-1 is positive with respect to the photo-
electric surface A. In curve b the incident light 
intensity has been reduced to one-half that of curve 
a. The stopping potential Vo  is independent of light 
intensity, but the saturation currents l a  and ib  are 
directly proportional to it. 

called photoelectrons. The electrons can be detected as a current if they are attracted 
to the metal cup B by means of a potential difference V applied between A and B. 
The sensitive ammeter G serves to measure this photoelectric current. 

Curve a of Figure 2-2 is a plot of the photoelectric current, in an apparatus like 
that of Figure 2-1, as a function of the potential difference V. If V is made large 
enough, the photoelectric current reaches a certain limiting (saturation) value at 
which all photoelectrons ejected from A are collected by cup B. 

If V is reversed in sign, the photoelectric current does not immediately drop to 
zero, which suggests that the electrons are emitted from A with kinetic energy. Some 
will reach cup B in spite of the fact that the electric field opposes their motion. How-
ever, if this reversed potential difference is made large enough, a value Vo  called 
the stopping potential is reached at which the photoelectric current does drop to zero. 
This potential difference V0 , multiplied by electron charge, measures the kinetic 
energy Kmax  of the fastest ejected photoelectron. That is 

Kmax = eVo  (2-1) 
The quantity Kmax  turns out experimentally to be independent of the intensity of the 
light, as is shown by curve b in Figure 2-2 in which the light intensity has been 
reduced to one-half the value used in obtaining curve a. 

Figure 2-3 shows the stopping potential Vo  as a function of the frequency of the 
light incident on sodium. Note that there is a definite cutoff frequency v o , below 
which no photoelectric effect occurs. These data were taken in 1914 by Millikan 
whose painstaking work on the photoelectric effect won him the Nobel prize in 1923. 
Because the photoelectric effect for visible or near-visible light is largely a surface 
phenomenon, it is necessary in the experiments to avoid oxide films, grease, or other 
surface contaminants. 

There are three major features of the photoelectric effect that cannot be explained 
in terms of the classical wave theory of light: 

1. Wave theory requires that the oscillating electric vector E of the light wave 
increase in amplitude as the intensity of the light beam is increased. Since the force 
applied to the electron is eE, this suggests that the kinetic energy of the photo- 

4  8 
 

12 
Frequency (10 14/sec)  

Figure 2-3 The stopping potential at various 
frequencies for sodium. The points show 
Millikan's data, except that the correction 
mentioned in the caption to Figure 2-1 has 
been recalculated using a recent measure-
ment of the contact potential. The cutoff fre-
quency vo  is 5.6 x 10 14  Hz. 

Einstein (1905): a luz é composta de quanta (fótons) de energia E=hn. Os 
fótons são absorvidos um a um pelos elétrons.
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Notem que a intensidade da luz está ligada ao número de fótons incidentes, 
não à sua energia. 



Espalhamento Compton (1923)
Espalhamento inelástico de raios-X pelos elétrons de um sólido.
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or  

p = h/.1,  (2-8)  
where A. = c/v is the wavelength of the electromagnetic radiation that the photon  

comprises. It is quite interesting to note that Maxwell's classical wave theory of  

electromagnetic radiation also leads to an equation p = E/c, with p representing the  
momentum content per unit volume of radiation and E representing its energy  

content per unit volume.  
Now the frequency y  of the scattered radiation was observed to be independent of  

the material in the foil. This implies that the scattering does not involve entire atoms.  

Compton assumed that the scattering was due to collisions between the photon and  

an individual electron in the target. He also assumed that the electrons participating  

in this scattering process are free and initially stationary. Some a priori justification  
of these assumptions can be found from considering the fact that the energy of an  

x-ray photon is several orders of magnitude greater than the energy of an ultraviolet  

photon, and from our discussion of the photoelectric effect it is apparent that the  

energy of an ultraviolet photon is comparable to the minimum energy with which  

an electron is bound in a metal.  
Consider, then, a collision between a photon and a free stationary electron, as in  

Figure 2-7. In the diagram on the left, a photon of total relativistic energy E 0  and  
momentum po  is incident on a stationary electron of rest mass energy m oc 2 . In the  
diagram on the right, the photon is scattered at an angle B and moves off with total 

 N relativistic energy E 1  and momentum p i , while the electron recoils at an angle  9  
ci with kinetic energy K and momentum p. Compton applied the conservation of  

momentum and total relativistic energy to this collision problem. Relativistic equa-
tions were used since the photon always moves at relativistic velocities, and the 
recoiling electron does too under most circumstances. 

Momentum conservation requires 
po= pi cos O+p cos 9  

and  
p l  sin 0=p sin 9p  

Squaring these equations, we obtain 
(po — pi cos 0) 2 =p2 cos 2 (p  

and  
pi sin2 B = p2 sin2 cp 
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E0,P0  

V ^ 
X  

  

Electron  
K,p  

   

Before 
 After  

Figure 2-7 Compton's interpretation. A photon of wavelength 2 is incident on a free  

electron at rest. On collision, the photon is scattered at an angle B with increased wave-
length 2', while the electron moves o ff  at angle 'p.  
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Pode ser explicado como uma colisão 
de partículas: fótons por elétrons.
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Figure 2-6 Compton's experimental results. The solid  

vertical line on the left corresponds to the wavelength A,  

that on the right to A'. Results are shown for four differ-
ent angles of scattering 0. Note that the Compton shift, 
AA = — A, for 0 = 90°, agrees well with the theoretical  

prediction h/m oc = 0.0243 A.  

lower frequency y' = E'lh, which implies a longer wavelength 2' = c/v'. This point of  
view accounts qualitatively for the wavelength shift, 02 = A' — 2. Notice that in the  
interaction the x rays are regarded as particles, not as waves, and that, as distin-
guished from their behavior in the photoelectric process, the x-ray photons are scat-
tered rather than absorbed. Let us now analyze a single photon-electron collision  

quantitatively.  
For x radiation of frequency v, the energy of a photon in the incident beam is  

E= hv  
Taking the idea of a photon as a localized bundle of energy quite literally, we shall  

consider it to be a particle of energy E and momentum p. Such a particle must,  
however, have certain quite specialized properties. Consider the equation (see Appen-
dix A) giving the total relativistic energy of a particle in terms of its rest mass m o  
and its velocity y  

E = moc2/,I 1 — v2/c2  

Since the velocity of a photon equals c, and since its energy content E = by is finite,  
it is apparent that the rest mass of a photon must be zero. Thus a photon can be  

considered to be a particle of zero rest mass, and of total relativisitic energy E which  
is entirely kinetic. The momentum of a photon can be evaluated from the general re-
lation between the total relativistic energy E, momentum p, and rest mass m o . This is  

E2  = c 2p2  + (m0 c 2) 2 
 

(2-6)  
For a photon the second term on the right is zero, and we have  

p = E/c = by/c  (2-7)  



Difração de elétrons
Em 1924, de Broglie fez um enorme salto conceitual. Se a luz pode 
se comportar como partículas, talvez a matéria também possa se 
comportar como ondas! Usando as mesmas relações de Compton:
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Isso foi confirmado por Davisson e Germer em 1926 e por G. P. 
Thomson em 1927: difração de elétrons por cristais.
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Figure 3-4 Top: The experimental arrangement for Debye-Scherrer di ffraction of x rays 
or electrons by a polycrystalline material. Bottom left: Debye-Scherrer pattern of x-ray 
diffraction by zirconium oxide crystals. Bottom right: Debye-Scherrer pattern of electron 
diffraction by gold crystals. 

wavelengths, both matter and radiation have both particle and wave aspects. The 
particle aspects are emphasized when their emission or absorption is studied, and the 
wave aspects are emphasized when their behavior in moving through a system is 
studied. But the wave aspects of their motion become more difficult to observe as 
their wavelengths become shorter. Once again we see the central role played by 
Planck's constant h. If h were zero then in A = h/p we would obtain A = 0 in all cir-
cumstances. All material particles would then always have a wavelength smaller 
than any characteristic dimension, and diffraction effects could never be observed. 
Although the value of h is definitely not zero, it is small. It is the smallness of h that 
obscures the existence of matter waves in the macroscopic world, for we must have 
very small momenta to obtain measurable wavelengths. For ordinary macroscopic 
particles the mass is so large that the momentum is always sufficiently large to make 
the de Broglie wavelength small enough to be beyond the range of experimental 
detection, and classical mechanics reigns supreme. In the microscopic world the 
masses of material particles are so small that their momenta are small even when 
their velocities are quite high. Thus their de Broglie wavelengths are large enough to 
be comparable to characteristic dimensions of systems of interest, such as atoms, and 
the wavelike properties are experimentally observable in their motion. But we should 
not forget that in their interaction, for instance when they are detected, their particle-
like properties dominate even when their wavelengths are large. 
Example 3-2. In the experiments with helium atoms referred to earlier, a beam of atoms 
of nearly uniform speed of 1.635 x 10 5  cm/sec was obtained by allowing helium gas to escape 
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Fig. 2a, can be achieved by allowing for a gaussian variation of the
slit widths over the grating, with a mean open gap width centred at
s0 ¼ 38 nm with a full-width at half-maximum of 18 nm. That best-
fit value for the most probable open gap width s0 is significantly
smaller than the 55 ! 5 nm specified by the manufacturer (T. A.
Savas and H. Smith, personal communication). This trend is
consistent with results obtained in the diffraction of noble gases
and He clusters, where the apparently narrower slit was interpreted
as being due to the influence of the van der Waals interaction with
the SiNx grating during the passage of the molecules15. This effect is
expected to be even more pronounced for C60 molecules owing to
their larger polarizability. The width of the distribution seems also
justified in the light of previous experiments with similar gratings:
both the manufacturing process and adsorbents could account
for this fact (ref. 16, and T. A. Savras and H. Smith, personal
communication). Recently, we also observed interference of C70

molecules.
Observation of quantum interference with fullerenes is interest-

ing for various reasons. First, the agreement between our measured
and calculated interference contrast suggests that not only the
highly symmetric, isotopically pure 12C60 molecules contribute to
the interference pattern but also the less symmetric isotopomeric
variants 12C59

13C and 12C58
13C2 which occur with a total natural

abundance of about 50%. If only the isotopically pure 12C60

molecules contributed to the interference, we would observe a
much larger background.

Second, we emphasize that for calculating the de Broglie wave-
length, l ¼ h=Mv, we have to use the complete mass M of the object.
Thus, each C60 molecule acts as a whole undivided particle during its
centre-of-mass propagation.

Last, the rather high temperature of the C60 molecules implies
broad distributions, both of their kinetic energy and of their internal
energies. Our good quantitative agreement between experiment and
theory indicates that the latter do not influence the observed
coherence. All these observations support the view that each C60

molecule interferes with itself only.

In quantum interference experiments, coherent superposition
only arises if no information whatsoever can be obtained, even in
principle, about which path the interfering particle took. Interac-
tion with the environment could therefore lead to decoherence. We
now analyse why decoherence has not occurred in our experiment
and how modifications of our experiment could allow studies of
decoherence using the rich internal structure of fullerenes.

In an experiment of the kind reported here, ‘which-path’ infor-
mation could be given by the molecules in scattering or emission
processes, resulting in entanglement with the environment and a
loss of interference. Among all possible processes, the following are
the most relevant: decay of vibrational excitations via emission of
infrared radiation, emission or absorption of thermal blackbody
radiation over a continuous spectrum, Rayleigh scattering, and
collisions.

When considering these effects, one should keep in mind that
only those scattering processes which allow us to determine the path
of a C60 molecule will completely destroy in a single event the
interference between paths through neighbouring slits. This
requires l p d; that is, the wavelength l of the incident or emitted
radiation has to be smaller than the distance d between neighbour-
ing slits, which amounts to 100 nm in our experiment. When this
condition is not fulfilled decoherence is however also possible via
multi-photon scattering7,8,17.

At T ! 900 K, as in our experiment, each C60 molecule has on
average a total vibrational energy of Ev ! 7 eV (ref. 18) stored in 174
vibrational modes, four of which may emit infrared radiation at
lvib ! 7–19 "m (ref. 10) each with an Einstein coefficient of
Ak ! 100 s # 1 (ref. 18). During its time of flight from the grating
towards the detector (t ! 6 ms) a C60 molecule may thus emit on
average 2–3 such photons.

In addition, hot C60 has been observed19 to emit continuous
blackbody radiation, in agreement with Planck’s law, with a mea-
sured integrated emissivity of e ! 4:5 ð ! 2:0Þ $ 10 # 5 (ref. 18). For
a typical value of T ! 900 K, the average energy emitted during the
time of flight can then be estimated as only Ebb ! 0:1 eV. This
corresponds to the emission of (for example) a single photon at
l ! 10 "m. Absorption of blackbody radiation has an even smaller
influence as the environment is at a lower temperature than the
molecule. Finally, since the mean free path for neutral C60 exceeds
100 m in our experiment, collisions with background molecules can
be neglected.

As shown above, the wavelengths involved are too large for single
photon decoherence. Also, the scattering rates are far too small to
induce sufficient phase diffusion. This explains the decoupling of
internal and external degrees of freedom, and the persistence of
interference in our present experiment.

A variety of unusual decoherence experiments would be possible
in a future extension of the experiment, using a large-area inter-
ferometer. A three-grating Mach–Zehnder interferometer6 seems to
be a particularly favourable choice, since for a grating separation of
up to 1 m we will have a molecular beam separation of up to 30 "m,
much larger than the wavelength of a typical thermal photon. In this
case, the environment obtains ‘which-path’ information even
through a single thermal photon, and the interference contrast
should thus be completely destroyed. The parameters that could be
controlled continuously in such an experiment would then be the
internal temperature of the fullerenes, the temperature of the
environment, the intensity and frequency of external laser radiation,
the interferometer size, and the background pressure of various
gases.

An improved interferometer could have other applications. For
example, in contrast to previous atom-optical experiments20–22

which were limited to the interaction with only a few lines in the
whole spectrum, interferometry with fullerenes would enable us to
study these naturally occurring and ubiquitous thermal processes
and wavelength-dependent decoherence mechanisms for (we
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Figure 2 Interference pattern produced by C60 molecules. a, Experimental recording
(open circles) and fit using Kirchhoff diffraction theory (continuous line). The expected
zeroth and first-order maxima can be clearly seen. Details of the theory are discussed in
the text. b, The molecular beam profile without the grating in the path of the molecules.

influence of the van der Waals force quite clearly. The high fringe
visibility up to the fourth interference order can only be explained
by an effective slit narrowing32 by a factor of about two due to the
molecule–wall interaction, even for gratings as thin as 100 atomic
monolayers. The relative importance of the molecule–wall inter-
action is discussed in the Methods and Supplementary Fig. S2.

The high sensitivity of fluorescence detection now also allows us
to extend far-field diffraction to more complex molecules. In Fig. 4
we compare specifically the interference pattern of the fluoro-
alkylated phthalocyanine F24PcH2 with that of PcH2, both starting
from the new laser micro-evaporation source (Fig. 1a), which
allows us to record the interference patterns with a material con-
sumption 100 times smaller than when using a Knudsen cell.

To account for the higher polarizability of F24PcH2, this exper-
iment was performed with wider slits (75 nm) than those used
for Fig. 3 (s¼ 50 nm). Again, we see clear quantum interference.
We retrieve one-dimensional projections from the two-dimensional
diffraction patterns by vertically integrating over a part of the
velocity distribution (Fig. 4c,d). The solid lines in these diagrams
represent the textbook-like diffraction of plane waves at a grating.
They also include an incoherent average over the known source
extension as well as over the detected velocity range. We find
agreement between the numerical model and our experiment if
we fit a van der Waals constant of C3¼ 16 meV nm3 for PcH2
and C3¼ 98 meV nm3 for F24PcH2 in the interaction with the
SiNx walls. Details of the modelling are available in the Methods
and the Supplementary Information.

The uncertainty in this fit is estimated to be !50%. Precision
measurements of C3 will become possible in the future with a more
accurate determination of the open slit width across the entire
grating, better velocity selection, systematic variation of the grating
thickness, and a more rigorous theoretical description of the
molecule–wall interaction. To obtain the numerical fit of Fig. 4d it
was necessary to convolute the calculated interference pattern with a
Gaussian with a standard deviation of 3 mm. This smearing may be

attributed either to surface diffusion or to a low contribution of frag-
mented molecules within the molecular beam. Diffusion would in fact
be consistent with the design specifications of this molecule: F24PcH2
is fluorinated to reduce its binding to the surroundings, to facilitate
evaporation. Note that in contrast to Fig. 3 the patterns of Fig. 4
show high contrast only to the first diffraction order. This is related
to the larger grating slit width used in this experiment.

Compared to our previous molecular far-field experiments6, we
have improved the source economy by a factor of 1,000, reduced
the grating thickness (and the corresponding van der Waals phase
shift) by a factor of 16, and increased the detection efficiency to
the level of single molecules. Fluorescence imaging with nanometre
accuracy is orders of magnitude more sensitive than the ionization
methods used in previous work, and it should be possible to detect
many natural and functionalized organic molecules, and also
quantum dots, with this method. Scanning tunnelling microscopy
has been used for single-molecule interference imaging33, but our
approach offers recording speeds that can be up to 1,000 times
faster over an imaging area that is 105 times larger. Although the
effects of the van der Waals force are still evident for membranes
as thin as 10 nm, it should be possible to reduce or even eliminate
these effects in future experiments by using gratings made of
double-layer graphene or made of light34.

The diffraction of single molecules at a grating is an unambigu-
ous demonstration of the wave–particle duality of quantum
physics35,36. It is only explicable in quantum terms, independent
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Figure 3 | Build-up of quantum interference. a–e, Selected frames from a
false-colour movie recorded with an EMCCD camera showing the build-up
of the quantum interference pattern for PcH2 molecules. Images were
recorded before deposition of the molecules (a) and 2 min (b), 20 min (c),
40 min (d) and 90 min (e) after deposition. Scale bars, 20mm (a–e). The
colour bar ranges from 25 to 120 photons in a–d and from 220 to 650
photons in e. a–d are taken from Supplementary Movie 1, and the wide-field
view in e is taken with the same objective as Supplementary Movie 2. The
movie frame rate was 0.1 Hz for the first 20 min (a–c). Thereafter it was
reduced to 0.05 Hz to allow for another dynamic equilibrium of bleaching and
the arrival of fresh molecules. Collimation slit S (Fig. 1) was cut into a 50-nm-
thick SiN membrane and had dimensions of 1mm (width) and 100mm
(height). Diffraction grating G was cut into a 10-nm-thick SiN membrane
(width, 5mm; height, 100mm), with period d¼ 100 nm. Width of the
individual slits: s¼ 50 nm. L1¼ 702 mm, L2¼ 564 mm. The arrow pointing
downwards indicates the direction of the gravitational acceleration g.
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Figure 4 | Comparison of interference patterns for PcH2 and F24PcH2.
a,b, False-colour fluorescence images of the quantum interference patterns
of PcH2 (a) and F24PcH2 (b). We can deduce both the mass and the velocity
of the molecules from these images, because diffraction spreads out the
molecular beam in the horizontal direction, and the effects of gravity mean
that the height h on the screen (left axes) depends on the velocity v of the
molecule (right axes). The colour bar ranges from 220 to 400 photons in a,
and from 220 to 600 photons in b. The true fluorescence of both
molecules starts at wavelengths above 700 nm. c,d, One-dimensional
diffraction curves obtained by integrating the fluorescence images in a and b
between h¼2160mm and h¼2240mm (dashed yellow lines in a and b),
which corresponds to velocity spread Dv/v¼0.27. All imaging settings are
specified in Supplementary Table S1. Collimation slit S (Fig. 1) was 3mm
wide (defined by a pair of steel razor blades with 300 nm edge width).
Diffraction grating G was cut into a 10-nm-thick SiN membrane and had
dimensions of 3mm (width) and 100mm (height), with period d¼ 100 nm
(width of individual slits s¼ 75 nm). L1¼ 566 mm, L2¼ 564 mm.
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with photo-bleaching (SHRIMP)30. Even if the pointspread function
of an optical emitter is bound to Abbé’s diffraction limit, it is still
possible to determine its barycentre with nanometre accuracy, if
the signal-to-noise ratio is high enough and as long as the point-
spread functions of neighbouring molecules do not overlap.

The phthalocyanine molecule PcH2 (Fig. 1d) and its derivative
F24PcH2 (Fig. 1e) were selected because they are stable molecules
and efficient dyes, even in vacuum. The molecular sample on W2
was illuminated under a shallow angle so that the excitation laser
did not enter the imaging optics. Fluorescence was collected by a
microscope objective, filtered, and imaged onto the single-photon-
sensitive electron-multiplying charge-coupled device (EMCCD)
camera. (See Supplementary Table S3 for full details of the
imaging optics.)

Figure 2 shows a typical fluorescence image of surface-deposited
phthalocyanine molecules. We detect !1× 105 fluorescence
photons per molecule before abrupt bleaching or desorption is
observed from one frame to the next, in support of the claim that
we monitor single molecules and not aggregates. By fitting a two-
dimensional Gaussian to each molecular image we can determine
its position with an accuracy of 10 nm. This would even fulfil the
detector requirements of matter–wave near-field interferometry31.

The high detection efficiency exceeds that of electron-impact
quadrupole mass spectrometry by more than a factor of 104. This
large gain allows us, for the first time, to optically visualize the
real-time build-up of a two-dimensional quantum interference
pattern from stochastically arriving single molecules, as shown in
Fig. 3. This series was recorded with an effusive source (Fig. 1b)
heated to 750 K. A typical velocity of 150 m s21 then corresponds
to a de Broglie wavelength of LdB¼ 5.2 pm. The actual velocity dis-
tribution is reconstructed from the molecular height distribution on
the detection screen and turns out to be slightly faster and narrower

than thermal. The pictures represent a balance of the continuous
accumulation of molecules and intermittent bleaching by the
imaging laser (3 s per frame for Fig. 3a–d). Figure 3 shows the
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Figure 2 | Single-molecule imaging of PcH2 with subwavelength accuracy.
Plots show photon numbers at various position at six different time points
(starting at the back), as extracted from the frames of a movie recorded
with an EMCCD camera. Two molecules are localized on the quartz surface
next to one another. After frame IV, molecule 2 either bleaches or desorbs
again. Our experiments indicate that bleaching typically occurs after the
detection of !1× 105 photons. We detect each molecule with a signal-to-
noise ratio of !20, which enables us to determine the barycentre of their
pointspread function with an accuracy of !10 nm. Most molecules remain
immobilized on the nanoscale and the interference pattern persists even
over days.
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Figure 1 | Set-up for laser-evaporation, diffraction and nano-imaging of complex molecules. a, Thermolabile molecules are ejected by laser micro-evaporation.
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(C48H26F24N8O8, m¼ 1,298 AMU, N¼ 114, e). The mass, atomic number and internal complexity of F24PcH2 are approximately twice those of PcH2.
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Modelo de Bohr

Broglie wavelength 

the Bohr equation becomes 

or 

p=h/.l 

hr/A = nh/2R 

2irr = n2  n = 1, 2, 3, ... (4-24) 
Thus the allowed orbits are those in which the circumference of the orbit can contain 
exactly an integral number of de Broglie wavelengths. 

Imagine the electron to be moving in a circular orbit at constant speed, with the 
associated wave following the electron. The wave, of wavelength A, is then wrapped 
repeatedly around the circular orbit. The resultant wave that is produced will have 
zero intensity at any point unless the wave at each traversal is exactly in phase at that 
point with the wave in other traversals. If the waves in each traversal are exactly in 
phase, they join on perfectly in orbits that accommodate integral numbers of de 
Broglie wavelengths, as illustrated in Figure 4-17. But the condition that this happens 
is just the condition that (4-24) be satisfied. If this equation were violated, then in a 
large number of traversals the waves would interfere with each other in such a way 
that their average intensity would be zero. Since the average intensity of the waves, 
`Pa, is supposed to be a measure of where the particle is located, we interpret this as 
meaning that an electron cannot be found in such an orbit. 

This wave picture gives no suggestion of progressive motion. Rather, it suggests 
standing waves, as in a stretched string of a given length. In a stretched string only 
certain wavelengths, or frequencies of vibration, are permitted. Once such modes are 
excited, the vibration goes on indefinitely if there is no damping. To get standing 
waves, however, we need oppositely directed traveling waves of equal amplitude. For 
the atom this requirement is presumably satisfied by the fact that the electron can 
traverse an orbit in either direction and still have the magnitude of angular momen-
tum required by Bohr. The de Broglie standing wave interpretation, illustrated in 
Figure 4-17, therefore provides a satisfying basis for Bohr's quantization rule and, 
for this case, of the more general Wilson-Sommerfeld rule. 

There is another example of a system in which the origin of the Wilson-Sommerfeld 
quantization rule can be understood in terms of the requirement that the de Broglie 

Figure 4-17 Illustrating standing de Broglie waves set up in the first three Bohr orbits. 
The locations of the nodes can, of course, be found anywhere on each orbit provided that 
their spacings are as shown. 
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A física clássica não podia explicar a estabilidade dos átomos: elétrons orbitando em 
torno de um núcleo estão acelerados e irradiariam ondas eletromagnéticas, 
perdendo energia e colapsando no núcleo. Bohr (1913) propôs uma saída baseado 
em ideias ondulatórias: 
• as órbitas circulares seriam quantizadas e os elétrons não irradiariam. 
• apenas quando mudassem de uma órbita para outra haveria emissão de radiação.
• a circunferência da órbita “abriga” um número inteiro de comprimentos de onda 

de de Broglie.
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Modelo de Bohr (cont.)
Usando raciocínios, de resto clássicos, para átomos de um elétron:
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Força elétrica é a força centrípeta

Energia mecânica total é cinética + elétrica

Bohr obteve, entre outras coisas,  o espectro de energias quantizadas: 2
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Modelo de Bohr (cont.)
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Figure 4 -12 Top: The energy-level diagram for hydrogen with the quantum number n for 
each level and some of the transitions that appear in the spectrum. An infinite number of 
levels is crowded in between the levels marked n = 4 and n = GO. Bottom: The 
corresponding spectral lines for the three series indicated. Within each series the spectral 
lines follow a regular pattern, approaching the series limit at the shortwave end of the se-
ries. As drawn here, neither the wavelength nor frequency scale is linear, being chosen 
as they are merely for clarity of illustration. A linear wavelength scale would more nearly 
represent the actual appearance of the photographic plate obtained from a spectroscope. 
The Brackett and Pfund series, which are not shown, lie in the far infared part of the 
spectrum. 

E = hv, where E is one of the discrete amounts of energy which can be absorbed by 
the atom. The process of absorbing electromagnetic radiation is then just the inverse 
of the normal emission process, and the lines of the absorption spectrum will have 
exactly the same wavelengths as the lines of the emission spectrum. Normally the 
atom is always initially in the ground state n = 1, so that only absorption processes 
from n = 1 to n > 1 can occur. Thus, only the absorption lines which correspond 
(for hydrogen) to the Lyman series will normally be observed. However, if the gas con-
taining the absorbing atoms is at a very high temperature, then, owing to collisions, 
some of the atoms will initially be in the first excited state n = 2, and absorption 
lines corresponding to the Balmer series will be observed. 

Example 4-7. Estimate the temperature of a gas containing hydrogen atoms at which the 
Balmer series lines will be observed in the absorption spectrum. 
■ The Boltzmann probability distribution (see Appendix C) shows that the ratio of the num-

ber n2  of atoms in the first excited state to the number n 1  of atoms in the ground state, in a 
large sample in thermal equilibrium at temperature T, is 

n2  e -E2/kT  

n1  a -Ei/kT 

where k is Boltzmann's constant, k = 1.38 x 10 -23  joule/°K = 8.62 x 10 -5  eV/°K. For 
hydrogen atoms the energies of these two states are given in the energy-level diagram of Fig- 
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Excelente concordância com os experimentos:
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