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Aplicações dos postulados a casos 
simples: partícula de spin ½ e 

sistemas de dois níveis



O experimento de Stern-Gerlach

A. SPIN 1/2 PARTICLE: QUANTIZATION OF THE ANGULAR MOMENTUM
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Figure 1: Schematic diagram of the Stern-Gerlach experiment. Figure a shows the trajec-
tory of a silver atom emitted from the high-temperature furnace . This atom is deflected
by the gradient of the magnetic field created by the electromagnet and then condenses
at on plate .
Figure b shows a cross section in the plane of the electromagnet ; the lines of
force of the magnetic field are shown in dashed lines. has been assumed to be positive
and , negative. Consequently, the trajectory of figure a corresponds to a negative
component M of the magnetic moment, that is, to a positive component of S ( is
negative for a silver atom).

Of course, since the magnetic field has a conserved flux (divB = 0), it must also have a
component along which varies with the distance from the plane of symmetry.

A-1-b. Classical calculation of the deflection2

Note, first, that the silver atoms, being neutral, are not subjected to the Lorentz
force. On the other hand, they possess a permanent magnetic moment MMM (they are
paramagnetic atoms); the resulting forces are derived from the potential energy:

= MMM B (A-1)

The existence, for an atom, of an electronic magnetic moment MMM and an angular
momentum SSS is due to two causes: the motion of the electrons about the nucleus (the
corresponding rotation of the charges being responsible for the appearance of an orbital
magnetic moment) and the intrinsic angular momentum, or spin, (cf. Chapter IX) of the
electrons, with which is associated a spin magnetic moment. It can be shown (as we shall

2We only give here an outline of the calculation.

395

N 
^ 

N  

M
AG

N
E

TI
C

 D
IP

O
LE

 M
O

M
EN

TS
,  

SP
IN

,  A
N

D
 T

R
AN

SI
TI

O
N

 R
AT

ES
 

Figure 8-5 The Stern-Gerlach apparatus. The field between the two magnet pole pieces  

is indicated by the field lines drawn at the near end of the magnet. The field intensity  

increases most rapidly in the positive z direction (upward). 

8-3 THE STERN-GERLACH EXPERIMENT AND ELECTRON SPIN  

In 1922 Stern and Gerlach measured the possible values of the magnetic dipole  

moment for silver atoms by sending a beam of these atoms through a nonuniform  

magnetic field. A drawing of their apparatus is shown in Figure 8-5. A beam of neutral  

atoms is formed by evaporating silver from an oven. The beam is collimated by a  

diaphragm, and it enters a magnet. The cross-sectional view of the magnet shows that  

it produces a field that increases in intensity in the z direction defined in the figure,  
which is also the direction of the magnetic field itself in the region of the beam. As the  

atoms are neutral overall, the only net force acting on them is the force F  of (8-15),  
which is proportional to µz  .. Since the force acting on each atom of the beam is pro-
portional to its value of pl. , each atom is deflected in passing through the magnetic  

field by an amount which is proportional to pl=. Thus the beam is analyzed into  
components according to the various values of pi.. The deflected atoms strike a  

metallic plate, upon which they condense and leave a visible trace.  

If the orbital magnetic moment vector of the atom has a magnitude µi,  then in 
classical physics the z component µis  of this quantity can have any value from —  µi 
to +µi . The reason is that classically the atom can have any orientation relative to the  

z axis, and so this will also be true of its orbital angular momentum and its magnetic  
dipole moment. The predictions of quantum mechanics, as summarized by (8-11), are  

that µii  can have only the discretely quantized values  
µi s  = — giµbmi  (8-16a) 

where m 1  is one of the integers 
mi =- 1, - 1+1,...,0,...,+1 - 1,+ 1  (8-16b)  

Thus the classical prediction is that the deflected beam would be spread into a con-
tinuous band, corresponding to a continuous distribution of values of pi=  from one 
atom to the next. The quantum mechanical prediction is that the deflected beam 
would be split into several discrete components. Furthermore, quantum mechanics 
predicts that this should happen for all orientations of the analyzing magnet. That is, 
the magnet is essentially acting as a measuring device which investigates the quanti-
zation of the component of the magnetic dipole moment along a z axis, which it  
defines as the direction in which its field increases in intensity most rapidly. Since,  

according to quantum mechanics, A. should be quantized for any choice of the z 
 direction because LZ  is quantized for any choice of that direction, the same results 

should be obtained for all positions of the analyzing magnet. 

Otto Stern e Walther Gerlach (1921-22)
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Figure 1: Schematic diagram of the Stern-Gerlach experiment. Figure a shows the trajec-
tory of a silver atom emitted from the high-temperature furnace . This atom is deflected
by the gradient of the magnetic field created by the electromagnet and then condenses
at on plate .
Figure b shows a cross section in the plane of the electromagnet ; the lines of
force of the magnetic field are shown in dashed lines. has been assumed to be positive
and , negative. Consequently, the trajectory of figure a corresponds to a negative
component M of the magnetic moment, that is, to a positive component of S ( is
negative for a silver atom).

Of course, since the magnetic field has a conserved flux (divB = 0), it must also have a
component along which varies with the distance from the plane of symmetry.

A-1-b. Classical calculation of the deflection2

Note, first, that the silver atoms, being neutral, are not subjected to the Lorentz
force. On the other hand, they possess a permanent magnetic moment MMM (they are
paramagnetic atoms); the resulting forces are derived from the potential energy:

= MMM B (A-1)

The existence, for an atom, of an electronic magnetic moment MMM and an angular
momentum SSS is due to two causes: the motion of the electrons about the nucleus (the
corresponding rotation of the charges being responsible for the appearance of an orbital
magnetic moment) and the intrinsic angular momentum, or spin, (cf. Chapter IX) of the
electrons, with which is associated a spin magnetic moment. It can be shown (as we shall

2We only give here an outline of the calculation.
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A precessão de LarmorCHAPTER IV SIMPLE CASES: SPIN 1/2 AND TWO-LEVEL SYSTEMS
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Figure 2: The silver atom possesses a mag-
netic moment MMM and an angular momentum
S which are proportional. Consequently, the
e�ect of a uniform maguetic field B is to
cause M to turn about B with a constant
angular velocity (Larmor precession).

assume here without proof) that, for a given atomic level, MMM and SSS are proportional3:

MMM = SSS (A-2)

The proportionality constant is called the gyromagnetic ratio of the level under con-
sideration.

Before the atoms traverse the electromagnet, the magnetic moments of the silver
atoms that form the atomic beam are oriented randomly (isotropically). Let us study
the action of the magnetic field on one of these atoms, whose magnetic moment MMM has
a given direction at the entrance of the air-gap. From expression (A-1) for the potential
energy, it is easy to deduce that the resultant of the forces exerted on the atom is:

F = r(MMM B) (A-3)

(this resultant would be equal to zero if the field B were uniform), and that their total
moment relative to the position of the atom is:

� = MMM B (A-4)

The angular momentum theorem can be written:

dSSS
d = � (A-5)

3In the case of silver atoms in the ground state (like those of the beam), the angular momentum S
is simply equal to the spin of the outer electron, which is therefore solely responsible for the existence
of the magnetic moment M . This is because the outer electron has a zero orbital angular momentum,
and the resultant orbital and spin angular momenta of the inner electrons are also zero. Moreover the
experimental conditions realized in practice are such that e�ects linked to the spin of the nucleus are
negligible. This is why the silver atom in the ground state, like the electron, has a spin 1/2.

396

SE B Bj IxB Bz Ixj Bz LxjLyX

If 8IxB7z o Lz Const

RESOLVENDO PARA Ly Ly

Lx Lani Wet we rBz
Ly Lacs wot

III FLIP
Dy 1m ByT IT 5 400K D MEDIA DAS PARTICOLA

At

Wo At I 109



A força sobre a partícula
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Expectativa clássica x observações
CHAPTER IV SIMPLE CASES: SPIN 1/2 AND TWO-LEVEL SYSTEMS
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Figure 3: Spots observed on the plate in the
Stern-Gerlach experiment. The magnetic moments
MMM of the atoms emitted from the furnace are dis-
tributed randomly in all directions of space, so classi-
cal mechanics predicts that a measurement of M can
yield with equal probability all values included between
+ MMM and MMM . One should therefore observe only
one large spot centered in (dashed lines in the fig-
ure). In reality, the result of the experiment is com-
pletely di�erent: two spots, centered at 1 and 2,
are observed. This means that a measurement of M
can yield only two possible results (quantization of the
measurement result).

packets whose width � and momentum dispersion � are negligible. � and �
must satisfy the Heisenberg relation:

� � & ~ (A-8)

Numerically, the mass of a silver atom is equal to 1 8 10 25 kg. � and the velocity
uncertainty � = � must be such that:

� � & ~ 10 9 M K S A (A-9)

Now what are the lengths and velocities involved in the problem? The width of the slit
is about 0.1 mm and the separation 1 2 of the two spots, that is several millimeters.

The distance over which the magnetic field varies appreciably can be deduced from
the values of the field in the middle of the air-gap ( 104 gauss) and its gradient
( 105 gauss/cm), which yields 1 mm. In addition, the velocity of the
silver atoms leaving a furnace at an absolute temperature of 1000 K is of the order of
500 m/s. However well-defined the beam is, the dispersion of the velocities along
is not much less than several meters per second. It is then easy to find uncertainties
� and � , which, while satisfying (A-9), are negligible on the scale of the experiment
being considered. As far as the external variables r and p of each atom are concerned,
it is therefore not necessary to resort to quantum mechanics. It is possible to reason in
terms of quasi-pointlike wave packets moving along classical trajectories. Consequently,
it is correct to claim that measurement of the deflection constitutes a measurement
of M or S .

The results of the experiment thus lead us necessarily to the following conclusion:
if we measure the component S of the intrinsic angular momentum of a silver atom in
its ground state, we can find only one or the other of two values corresponding to the
deflections 1 and 2. We are therefore obliged to reject the classical image of a
vector SSS whose angle with the magnetic field can take on any value: S is a quantized
physical quantity whose discrete spectrum includes only two eigenvalues. When we study
the quantum theory of angular momentum (Chap. VI), we shall see that these eigenvalues
are +~ 2 and ~ 2; we shall assume this here and say that the spin of the silver atom
in its ground state is 1/2.
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Figure 8-6 The deflection pattern recorded on 
the detecting plate in a Stern-Gerlach measure-
ment of the z component of the magnetic dipole 
moment of silver atoms. Maximum deflection oc-
curs at the center of the beam because the atoms 
there pass through the region of maximum field 
gradient, ôB Z/8z. The observed pattern consists of 
two discrete components due to space quantiza-
tion. According to the classical prediction a con-
tinuous band would be expected. 

Stern and Gerlach found that the beam of silver atoms is split into two discrete 
components, one component being bent in the positive z direction and the other bent 
in the negative z direction. Figure 8-6 shows the type of pattern observed on the 
detecting plate. They also found that these results were obtained independent of the 
choice of the z direction. The experiment was repeated using several other species of 
atoms, and in each case investigated it was found that the deflected beam is split into 
two, or more, discrete components. The results are, qualitatively, very direct experi-
mental proof of the quantization of the z component of the magnetic dipole moments 
of atoms and, therefore, of their angular momenta. In other words, the experiments 
showed that the orientation in space of atoms is quantized. The phenomenon is called 
space quantization. 

But the results of the Stern-Gerlach experiment are not quantitatively in agreement 
with (8-16a) and (8-16b), the equations summarizing the predictions of the theory we 
have developed. According to these equations, the number of possible values of j 
is equal to the number of possible values of m l, which is 21 + 1. Since l is an integer, 
this is always an odd number. Also for any value of l one of the possible values of m 1  
is zero. Thus the fact that the beam of silver atoms is split into only two components, 
both of which are deflected, indicates either that something is wrong with the 
Schroedinger theory of the atom, or that the theory is incomplete. 

The theory is not wrong (we shall see later that atoms do have orbital angular 
momenta and magnetic dipole moments with the predicted properties); but, as it 
stands, the Schroedinger theory of the atom is incomplete. This is shown most clearly 
by an experiment performed in 1927 by Phipps and Taylor, who used the Stern-
Gerlach technique on a beam of hydrogen atoms. The experiment is particularly 
significant because the atoms contain a single electron, so the theory we have de-
veloped makes unambiguous predictions. Since the atoms in the beam are in their 
ground state because of the relatively low temperature of the oven, the theory predicts 
that the quantum number / has the value l = 0. Then there is only one possible value 
of m1 , namely mi  = 0, and we expect that the beam will be unaffected by the magnetic 
field since pi. will be equal to zero. However, Phipps and Taylor found that the beam 
is split into two symmetrically deflected components. Thus there is certainly some 
magnetic dipole moment in the atom which we have not hitherto considered. 

One possibility is a magnetic dipole moment associated with motion of charges in 
the nucleus. The magnitude of such a magnetic dipole moment would be of the order 
of ehl2M, where M is the mass of a proton. But the magnetic dipole moment mea-
sured experimentally from the size of the splitting is of the order of Lb = ehl2m, where 
m is the mass of an electron, which is about 2000 times larger. Therefore, the nucleus 
cannot be responsible for the observed magnetic dipole moment. Its source must be 
the electron. 

This leads us to some reasonable assumptions, which are also supported by other 
evidence to be discussed shortly. We assume that an electron has an intrinsic (built-in) 
magnetic dipole moment µs , due to the fact that it has an intrinsic angular momentum 
S called its spin. From a classical point of view, we can think, at least crudely, of the 
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CHAPTER IV SIMPLE CASES: SPIN 1/2 AND TWO-LEVEL SYSTEMS
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Figure 4: Definition of the polar angles and
characterizing a unit vector u.

In the + basis, the matrix representing is diagonal and is written:

( ) = ~
2

1 0

0 1
(A-15)

A-2-b. The other spin observables

With the S and S components of S will be associated the observables and
. The operators and must be represented in the + basis by 2 2

Hermitian matrices.
We shall see in Chapter VI that in quantum mechanics, the three components of

an angular momentum do not commute with each other but satisfy well-defined commu-
tation relations. This will enable us to show that, in the case of a spin 1/2, with which we
are concerned here, the matrices representing and in the basis of the eigenvectors
+ and of are the following:

( ) = ~
2

0 1

1 0
(A-16)

( ) = ~
2

0

0
(A-17)

For the moment, we shall assume this result.
As for the Su component of SSS along the unit vector u, characterized by the polar

angles and (Fig. 4), it is written:

Su = SSS u = S sin cos + S sin sin + S cos (A-18)
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Preparação de estados
CHAPTER IV SIMPLE CASES: SPIN 1/2 AND TWO-LEVEL SYSTEMS
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Figure 5: When we pierce a hole in the plate at the position of the spot 1, the atoms
that pass through this hole are all in the spin state + . The Stern-Gerlach apparatus is
then acting like a polarizer.

B-1-a. Preparation of the states + and

Let us assume that we pierce a hole in the plate of the apparatus represented
in Figure 1-a, at the position of the spot centered at 1 (Fig. 3). The atoms which
are deflected downward continue to condense about 2, while some of those which are
deflected upward pass through the plate (Fig. 5). Each of the atoms of the beam
which propagates to the right of the plate is a physical system on which we have just
performed a measurement of the observable , the result being +~ 2. According to the
fifth postulate of Chapter III, this atom is in the eigenstate corresponding to this result,
that is, in the state + (since alone constitutes a C.S.C.O., the measurement result
su�ces to determine the state of the system after this measurement). The device in
Figure 5 thus produces a beam of atoms which are all in the spin state + . This device
acts like an “atomic polarizer”, since it acts the same way on atoms as an ordinary
polarizer does on photons.

Of course, if we pierced the plate around 2 and not around 1, we would obtain
a beam all of whose atoms would be in the spin state .

B-1-b. Preparation of the states , ,

The observable also constitutes a C.S.C.O. since none of its eigenvalues is
degenerate. To prepare one of its eigenstates, we must simply select, after a measurement
of , the atoms for which this measurement has yielded the corresponding eigenvalue.
In practice, if we rotate the apparatus of Figure 5 through an angle of + 2 about ,
we obtain a beam of atoms whose spin state is + (Fig. 6).

This method can be generalized: by placing the Stern-Gerlach apparatus so that
the axis of the magnetic field is parallel to an arbitrary unit vector u, and piercing the
plate either at 1 or at 2, we can prepare silver atoms in the spin state + or 4.

B-1-c. Preparation of the most general state

We indicated above that the most general (normalized) ket of the spin state space
is of the form:

= + + (B-1)
4The direction of the atomic beam is no longer necessarily , but this is not important in what

concerns us here.
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B. ILLUSTRATION OF THE POSTULATES IN THE CASE OF A SPIN 1/2
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Figure 6: When the apparatus of Figure 5 is rotated through 90 about , we obtain a
polarizer which prepares atoms in the spin state + .

with:
2 + 2 = 1 (B-2)

Is it possible to prepare atoms whose spin state is described by the corresponding ket
?

We are going to show that there exists, for all , a unit vector u such that
is collinear with the ket + u. We therefore choose two complex numbers and which
satisfy relation (B-2) but which are arbitrary in every other respect. Taking (B-2) into
account, we find that there necessarily exists an angle such that:

cos 2 =

sin 2 =
(B-3)

If, in addition, we impose:

0 (B-4)

the equation tan 2 = determines uniquely. We already know that only the di�erence
of the phases of and enters into the physical predictions. Let us therefore set:

= Arg Arg (B-5)
= Arg + Arg (B-6)

We thus have:

Arg = 1
2 + 1

2
Arg = 1

2
1
2

(B-7)

With this notation, the ket can be written:

= e 2 cos 2 e 2 + + sin 2 e 2 (B-8)
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