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Aula passada
Descrição quântica do momento angular de spin ½: espaço E de dimensão 2.
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Fechamento:

Observável associado a Lz→ Sz

Outras componentes (representação matricial na base acima):
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Matrizes de Pauli:
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Aula passada
Componente genérica do spin numa direção arbitrária u:

Representação matricial de Su:
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Qualquer projeção de S tem os mesmos auto-valores:
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Aula passada
Na                                              , os auto-vetores das componentes de S são:
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Para Sx e Sy:

Para Su (convenção de fase diferente da do livro):
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S · û ⌘ Su = Sx cos ✓ sin�+ Sy cos ✓ cos�+ Sz sin ✓

Su =
~
2

 
cos ✓ e

�i� sin ✓

e
i� sin ✓ � cos ✓

!

Auto� valores de Sx, Sy,Sz, Su ! ±~
2

|±ix =
1p
2
[|+i± |�i]

|±iy =
1p
2
[|+i± i |�i]

|+iu = cos
✓

2
|+i+ e

i� sin
✓

2
|�i

|�iu = � sin
✓

2
|+i+ e

i� cos
✓

2
|�i

|+iu = e
�i�/2 cos

✓

2
|+i+ e

i�/2 sin
✓

2
|�i

|�iu = �e
�i�/2 sin

✓

2
|+i+ e

i�/2 cos
✓

2
|�i

|+i , |�i

|+ix , |�ix

|+iu , |�iu

H = �M ·B = ��L ·B = ��B0Sz

Para Su (convenção do livro):

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Aula passada
O estado mais geral possível pode ser preparado por um Stern-Gerlach:

16

|+i , |�i

|+ix , |�ix

|+iu , |�iu

H = �M ·B = ��L ·B = ��B0Sz ⌘ !0Sz

| i = ↵ |+i+ � |�i = |+iu = e
�i�/2 cos

✓

2
|+i+ e

i�/2 sin
✓

2
|�i

tan
✓

2
=

|�|
|↵|

� = arg (�)� arg (↵)

hSxi = u h+|Sx |+iu =
~
2
sin ✓ cos�

hSyi = u h+|Sy |+iu =
~
2
sin ✓ sin�

hSzi = u h+|Sz |+iu =
~
2
cos ✓

hSi = ~
2
û
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Figure 4: Definition of the polar angles and
characterizing a unit vector u.

In the + basis, the matrix representing is diagonal and is written:

( ) = ~
2

1 0

0 1
(A-15)

A-2-b. The other spin observables

With the S and S components of S will be associated the observables and
. The operators and must be represented in the + basis by 2 2

Hermitian matrices.
We shall see in Chapter VI that in quantum mechanics, the three components of

an angular momentum do not commute with each other but satisfy well-defined commu-
tation relations. This will enable us to show that, in the case of a spin 1/2, with which we
are concerned here, the matrices representing and in the basis of the eigenvectors
+ and of are the following:

( ) = ~
2

0 1

1 0
(A-16)

( ) = ~
2

0

0
(A-17)

For the moment, we shall assume this result.
As for the Su component of SSS along the unit vector u, characterized by the polar

angles and (Fig. 4), it is written:

Su = SSS u = S sin cos + S sin sin + S cos (A-18)
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Aula passada
Evolução temporal sob um campo magnético externo:
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Evolução temporal dos valores esperados: precessão de Larmor

CHAPTER IV SIMPLE CASES: SPIN 1/2 AND TWO-LEVEL SYSTEMS
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θ

Figure 2: The silver atom possesses a mag-
netic moment MMM and an angular momentum
S which are proportional. Consequently, the
e�ect of a uniform maguetic field B is to
cause M to turn about B with a constant
angular velocity (Larmor precession).

assume here without proof) that, for a given atomic level, MMM and SSS are proportional3:

MMM = SSS (A-2)

The proportionality constant is called the gyromagnetic ratio of the level under con-
sideration.

Before the atoms traverse the electromagnet, the magnetic moments of the silver
atoms that form the atomic beam are oriented randomly (isotropically). Let us study
the action of the magnetic field on one of these atoms, whose magnetic moment MMM has
a given direction at the entrance of the air-gap. From expression (A-1) for the potential
energy, it is easy to deduce that the resultant of the forces exerted on the atom is:

F = r(MMM B) (A-3)

(this resultant would be equal to zero if the field B were uniform), and that their total
moment relative to the position of the atom is:

� = MMM B (A-4)

The angular momentum theorem can be written:

dSSS
d = � (A-5)

3In the case of silver atoms in the ground state (like those of the beam), the angular momentum S
is simply equal to the spin of the outer electron, which is therefore solely responsible for the existence
of the magnetic moment M . This is because the outer electron has a zero orbital angular momentum,
and the resultant orbital and spin angular momenta of the inner electrons are also zero. Moreover the
experimental conditions realized in practice are such that e�ects linked to the spin of the nucleus are
negligible. This is why the silver atom in the ground state, like the electron, has a spin 1/2.
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Analogia com spin ½ num campo 
magnético numa direção genérica
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Repulsão de níveis C. GENERAL STUDY OF TWO-LEVEL SYSTEMS

Energies

W12

– W12

E+

E–

E1

Em

E2

Δ

Figure 11: Variation of the energies + and as a function of the energy di�erence
� = ( 1 2) 2. In the absence of coupling, the levels cross at the origin (dashed
straight lines). Under the e�ect of the non-diagonal coupling , the two perturbed levels
“repel each other” and we obtain an “anti-crossing”: the curves giving + and in
terms of � are branches of a hyperbola (solid lines in the figure) whose asymptotes are
the unperturbed levels.

= �2 + 12 2 (C-16)

When � varies, + and describe the two branches of a hyperbola which is sym-
metrical with respect to the coordinate axes and whose asymptotes are the two straight
lines associated with the unperturbed levels; the minimum separation between the two
branches is 2 12 (solid lines in Figure 11)7.

. E�ect of the coupling on the energy levels
In the absence of coupling, the energies 1 and 2 of the two levels “cross” at

� = 0. It is clear from Figure 11 that under the e�ect of coupling, the two levels “repel
each other”– that is, the energy values move further away from each other. The diagram
in solid lines in Figure 11 is often called, for this reason, an anti-crossing diagram.

Also, we see that, for any �, we always have:

+ 1 2

This is a result that appears rather often in other domains of physics (for example, in
electrical circuit theory): the coupling separates the normal frequencies.

7It is clear from Figure 11 why, when 0:

+ 1 2 if 1 2

+ 2 1 if 1 2
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Acoplamento forte C. GENERAL STUDY OF TWO-LEVEL SYSTEMS

Energies

W12

– W12

E+

E–

E1

Em

E2

Δ

Figure 11: Variation of the energies + and as a function of the energy di�erence
� = ( 1 2) 2. In the absence of coupling, the levels cross at the origin (dashed
straight lines). Under the e�ect of the non-diagonal coupling , the two perturbed levels
“repel each other” and we obtain an “anti-crossing”: the curves giving + and in
terms of � are branches of a hyperbola (solid lines in the figure) whose asymptotes are
the unperturbed levels.

= �2 + 12 2 (C-16)

When � varies, + and describe the two branches of a hyperbola which is sym-
metrical with respect to the coordinate axes and whose asymptotes are the two straight
lines associated with the unperturbed levels; the minimum separation between the two
branches is 2 12 (solid lines in Figure 11)7.

. E�ect of the coupling on the energy levels
In the absence of coupling, the energies 1 and 2 of the two levels “cross” at

� = 0. It is clear from Figure 11 that under the e�ect of coupling, the two levels “repel
each other”– that is, the energy values move further away from each other. The diagram
in solid lines in Figure 11 is often called, for this reason, an anti-crossing diagram.

Also, we see that, for any �, we always have:

+ 1 2

This is a result that appears rather often in other domains of physics (for example, in
electrical circuit theory): the coupling separates the normal frequencies.

7It is clear from Figure 11 why, when 0:

+ 1 2 if 1 2

+ 2 1 if 1 2
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Acoplamento fraco C. GENERAL STUDY OF TWO-LEVEL SYSTEMS

Energies

W12

– W12

E+

E–

E1

Em

E2

Δ

Figure 11: Variation of the energies + and as a function of the energy di�erence
� = ( 1 2) 2. In the absence of coupling, the levels cross at the origin (dashed
straight lines). Under the e�ect of the non-diagonal coupling , the two perturbed levels
“repel each other” and we obtain an “anti-crossing”: the curves giving + and in
terms of � are branches of a hyperbola (solid lines in the figure) whose asymptotes are
the unperturbed levels.

= �2 + 12 2 (C-16)

When � varies, + and describe the two branches of a hyperbola which is sym-
metrical with respect to the coordinate axes and whose asymptotes are the two straight
lines associated with the unperturbed levels; the minimum separation between the two
branches is 2 12 (solid lines in Figure 11)7.

. E�ect of the coupling on the energy levels
In the absence of coupling, the energies 1 and 2 of the two levels “cross” at

� = 0. It is clear from Figure 11 that under the e�ect of coupling, the two levels “repel
each other”– that is, the energy values move further away from each other. The diagram
in solid lines in Figure 11 is often called, for this reason, an anti-crossing diagram.

Also, we see that, for any �, we always have:

+ 1 2

This is a result that appears rather often in other domains of physics (for example, in
electrical circuit theory): the coupling separates the normal frequencies.

7It is clear from Figure 11 why, when 0:

+ 1 2 if 1 2

+ 2 1 if 1 2
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Exemplos físicos importantes
A molécula ionizada de H2+:

CHAPTER IV SIMPLE CASES: SPIN 1/2 AND TWO-LEVEL SYSTEMS

e–

p1 p1p2 p2

e–

a b

Figure 13: In the +
2 ion, the electron could logically be localized either around the

proton 1 (fig. a) or around the proton 2 (fig. b). In the ground state of the ion, the
wave function of the electron is a linear superposition of the wave functions associated
with figures a and b. Its probability of presence is symmetrical with respect to the plane
bisecting 1 2.

lowering its potential energy, is responsible for the chemical bond8.

C-3. Dynamical aspect: oscillation of the system between the two unperturbed states

C-3-a. Evolution of the state vector

Let:

( ) = 1( ) 1 + 2( ) 2 (C-22)

be the state vector of the system at the instant . The evolution of ( ) in the presence
of the coupling is given by the Schrödinger equation:

~ d
d ( ) = ( 0 + ) ( ) (C-23)

Let us project this equation onto the basis vectors 1 and 2 . We obtain, using
(C-5) (where we have set 11 = 22 = 0) and (C-22):

~ d
d 1( ) = 1 1( ) + 12 2( )

~ d
d 2( ) = 21 1( ) + 2 2( )

(C-24)

If 12 = 0, these equations form a linear system of homogeneous coupled di�er-
ential equations. The classical method of solving such a system reduces, in fact, to the
application of rule (D-54) of Chapter III: look for the eigenvectors + (eigenvalue +)
and (eigenvalue ) of the operator = 0 + [whose matrix elements are the
coe�cients of equations (C-24)], and decompose (0) in terms of + and :

(0) = + + (C-25)

8A more elaborate study of the ionized molecule +
2 will be presented in Complement GXI.
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Função de onda da molécula de H2+ com menor energia: ligação química

CHAPTER IV SIMPLE CASES: SPIN 1/2 AND TWO-LEVEL SYSTEMS

e–

p1 p1p2 p2

e–

a b

Figure 13: In the +
2 ion, the electron could logically be localized either around the

proton 1 (fig. a) or around the proton 2 (fig. b). In the ground state of the ion, the
wave function of the electron is a linear superposition of the wave functions associated
with figures a and b. Its probability of presence is symmetrical with respect to the plane
bisecting 1 2.

lowering its potential energy, is responsible for the chemical bond8.

C-3. Dynamical aspect: oscillation of the system between the two unperturbed states

C-3-a. Evolution of the state vector

Let:

( ) = 1( ) 1 + 2( ) 2 (C-22)

be the state vector of the system at the instant . The evolution of ( ) in the presence
of the coupling is given by the Schrödinger equation:

~ d
d ( ) = ( 0 + ) ( ) (C-23)

Let us project this equation onto the basis vectors 1 and 2 . We obtain, using
(C-5) (where we have set 11 = 22 = 0) and (C-22):

~ d
d 1( ) = 1 1( ) + 12 2( )

~ d
d 2( ) = 21 1( ) + 2 2( )

(C-24)

If 12 = 0, these equations form a linear system of homogeneous coupled di�er-
ential equations. The classical method of solving such a system reduces, in fact, to the
application of rule (D-54) of Chapter III: look for the eigenvectors + (eigenvalue +)
and (eigenvalue ) of the operator = 0 + [whose matrix elements are the
coe�cients of equations (C-24)], and decompose (0) in terms of + and :

(0) = + + (C-25)

8A more elaborate study of the ionized molecule +
2 will be presented in Complement GXI.
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A molécula de benzeno

C. GENERAL STUDY OF TWO-LEVEL SYSTEMS

C-2-c. Important application: the phenomenon of quantum resonance

When 1 = 2 = , the corresponding energy of 0 is two-fold degenerate. As
we have just seen, the coupling 12 lifts this degeneracy and, in particular, gives rise to
a level whose energy is lowered by 12 . In other words, if the ground state of a physical
system is two-fold degenerate (and su�ciently far from all the other levels), any (purely
non-diagonal) coupling between the two corresponding states lowers the energy of the
ground state of the system, which thus becomes more stable.

As a first example of this phenomenon, we shall cite the resonance stabilization of
the benzene molecule C6H6. Experiments show that the six carbon atoms are situated at
the vertices of a regular hexagon, and we would expect the ground state to include three
double bonds between neighboring carbon atoms. Figures 12-a and 12-b represent two
possible dispositions of these bonds. The nuclei are assumed here to be fixed because of
their high masses. Thus, the electronic states 1 and 2 , associated with Figures 12-
a and 12-b respectively, are di�erent. If the structure of Figure 12-a were the only
one possible, the ground state of the electronic system would have an energy of =

1 1 , where is the Hamiltonian of the electrons in the potential created by
the nuclei. But the bonds can also be placed as shown in Figure 12-b. By symmetry,
we have 2 2 = 1 1 , and we could conclude that the ground state of the
molecule is doubly degenerate. However, the non-diagonal matrix element 2 1 of
the Hamiltonian is not zero. This coupling between the states 1 and 2 gives rise
to two distinct levels, one of which has an energy lower than . The benzene molecule
is therefore more stable than we would have expected. Moreover, in its true ground
state, the configuration of the molecule cannot be represented either by Figure 12-a or
by Figure 12-b: this state is a linear superposition of 1 and 2 [the coe�cients of
this superposition having, as in (C-20), the same modulus]. This is what is symbolized
by the double arrow of Figure 12, commonly used by chemists.

Figure 12: Two possible configurations of the
double bonds in a benzene molecule.

Another example is that of the (ionized) molecule +
2 , composed of two protons

p1 and p2 and one electron. The two protons, because of their large masses, can be
considered to be fixed. Let us call the distance between them and 1 and 2 , the
states where the electron is localized around p1 or around p2, its wave function being
that of the hydrogen atom it would form with p1 or p2 (Fig. 13). As above, the diagonal
elements 1 1 and 2 2 of the Hamiltonian are equal because of symmetry; we
shall denote them by ( ). The two states 1 and 2 are not, however, stationary
states, since the matrix element 1 2 is not zero. Here again, we obtain an energy
level lower than ( ) and, in the ground state, the wave function of the electron is
a linear combination of those of Figures 13-a and 13-b. The electron is thus no longer
localized about one of the two protons alone, and it is this delocalization which, by
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A molécula de amônia NH3
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CHAPTER IV SIMPLE CASES: SPIN 1/2 AND TWO-LEVEL SYSTEMS

sin2 θ

0

πħ/(E+ – E–)

t

12(t)

Figure 14: Variation with respect to time of the probability P12( ) of finding the system
in the state 2 when it was initially in the state 1 . When the states 1 and 2
have the same unperturbed energy, the probability P12( ) can attain the value 1.

C-3-c. Discussion

Relation (C-31) shows that the probability P12( ) oscillates over time with a fre-
quency of ( + ) , which is simply the unique Bohr frequency of the system. P12( )
varies between zero and a maximum value which, according to (C-31), is equal to sin2 .
This maximum value is attained for all values of such that = (2k + 1) 2( + ),
with k = 0 1 2 , ... (Fig. 14).

The oscillation frequency ( + ) , as well as the maximum value sin2 of
P12( ), are functions of 12 and 1 2, whose main features we are now going to
describe.

When 1 = 2, ( + ) is equal to 2 12 , and sin2 takes on its greatest
possible value, that is, 1: at certain times, = (2 + 1) ~ 2 12 , the system (which
started from the state 1 ) is in the state 2 . Therefore, any coupling between two
states of equal energy causes the system to oscillate completely from one state to the
other with a frequency proportional to the coupling9.

When 1 2 increases, so does ( + ) , while sin2 decreases. For a weak
coupling ( 1 2 12 ), + di�ers very little from 1 2, and sin2 becomes
very small. This last result is not surprising since, in the case of a weak coupling, the
state 1 is very close to the stationary state + [cf. formulas (C-21)]: the system,
having started in the state 1 , evolves very little over time.

C-3-d. Example of oscillation between two states

Let us return to the example of the +
2 molecule. We shall assume that, at a certain

time, the electron is localized about proton p1: it is, for example, in the state shown
in Figure 13-a. According to the results of the preceding section, we know that it will
oscillate between the two protons with a frequency equal to the Bohr frequency associated

9The same phenomenon is found in other domains of physics. Consider, for example, two identical
pendulums (1) and (2), suspended from the same support and having the same frequency. Let us assume
that at time = 0, pendulum (1) is set in motion. The coupling is ensured by their common support. We
then know (cf. Complement HV) that, after a certain time (which decreases if the coupling is increased),
we arrive at a situation where only pendulum (2) oscillates, with the initial amplitude of pendulum (1).
Then the motion is transferred back to pendulum (1), and so on.
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