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O oscilador harmônico unidimensional



Pequenas oscilações em torno de 
mínimos locais de potenciais

A. INTRODUCTION
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Figure 2: In the neighborhood of a minimum, any potential ( ) can be approximated by
a parabolic potential (dashed line). In the potential ( ), a classical particle of energy
oscillates between 1 and 2.

The coe�cients of this expansion are given by:
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and the linear term in ( 0) is zero since 0 corresponds to a minimum of ( ).
The force derived from the potential ( ) is, in the neighborhood of 0:

= d
d = 2 ( 0) 3 ( 0)2 + (A-11)

Since = 0 represents a minimum, the coe�cient is positive.
The point = 0 corresponds to a stable equilibrium position for the particle:
is zero for = 0; moreover, for ( 0) su�ciently small, and ( 0)

have opposite signs since is positive.
If the amplitude of the motion of the particle about 0 is su�ciently small for

the term in ( 0)3 of (A-9) [and therefore, the corresponding term in ( 0)2

of (A-11)] to be negligible compared to the preceding ones, we have a harmonic
oscillator since the dynamical equation can then be approximated by:

d2

d 2 2 ( 0) (A-12)

The corresponding angular frequency is related to the second derivative of ( )
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Método dos operadores de criação e 
destruição (ou de escada)
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O operador N (número)
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Auto-valores do operador N
Lema 1: Os auto-valores são positivos ou zero: n ≥ 0
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Lema 2a: 
a. Se existir um auto-valor n=0, os auto-vetores correspondentes são 

destruídos por a.
b. Se um vetor é destruído por a, ele é auto-vetor com n=0. 
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Lema 2b: Dado um auto-vetor          com auto-valor n>0, então,             é auto-
vetor com auto-valor n-1.
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Lema 3a: Para qualquer n,              é não nulo.
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Lema 3b: Dado um auto-vetor          , então,               é auto-vetor com auto-valor 
n+1.
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Os auto-valores de N são inteiros não 
negativos: 0, 1, 2, 3,… 

I NEO POPE SER NAT INTEIRO SUPONHA

OVE SEJA V 2,6 I 142 7

all c 19 7

214 7 019 7

a 191 c II A NAO RODE

NO CASO V ME IN

all 140
aint pin all to



CHAPTER V THE ONE-DIMENSIONAL HARMONIC OSCILLATOR

Now let us consider the series of vectors:

(B-31)

According to lemma II, each of the vectors of this series (with 0 ) is
non-zero and an eigenvector of with the eigenvalue (cf. Fig. 3). The proof is by
iteration: is non-zero by hypothesis; is non-zero (since 0) and corresponds
to the eigenvalue 1 of ...; is obtained when acts on 1 , an eigenvector
of with the strictly positive eigenvalue + 1, since and [cf. (B-30)].

Now let act on the ket . Since 0 according to (B-30), the action
of on (an eigenvector of with the eigenvalue 0) yields a non-zero
vector (lemma II ). Moreover, again according to lemma II, +1 is an eigenvector
of with the eigenvalue 1, which is strictly negative according to (B-30). If
is non-integral, we can therefore construct a non-zero eigenvector of with a strictly
negative eigenvalue. Since this is impossible, according to lemma I, the hypothesis of
non-integral must be rejected.

What now happens if:

= (B-32)

with a positive integer or zero? In the series of vectors (B-31), is non-zero and
an eigenvector of with the eigenvalue 0. According to lemma II (§ ( )), we therefore
have:

+1 = 0 (B-33)

The series of vectors obtained by repeated action of the operator on is therefore
limited when is integral. It is then never possible to obtain a non-zero eigenvector of

which corresponds to a negative eigenvalue.
In conclusion, can only be a non-negative integer.
Lemma III can then be used to show that the spectrum of indeed includes

all positive or zero integers. We have already constructed an eigenvector of with an
eigenvalue of zero ( ). All we must do is let ( ) act on such a vector in order to
obtain an eigenvector of of eigenvalue , where is an arbitrary positive integer.

0 1

αn φ i

v – n v – n + 1

n – 1 n + 1n

v – 1 v 

2

v α φ iv φ ivαn – 1 φ iv

Figure 3: Letting act several times on the ket , we can construct eigenvectors of
with eigenvalues 1, 2 etc...
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Degenerescência do espectro
1. O estado fundamental é não degenerado:
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2. Todos os estados são não degenerados: PROVA POR INDUGEO
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