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A. INTRODUCTION
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Figure 2: In the neighborhood of a minimum, any potential ( ) can be approximated by
a parabolic potential (dashed line). In the potential ( ), a classical particle of energy
oscillates between 1 and 2.

The coe�cients of this expansion are given by:
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and the linear term in ( 0) is zero since 0 corresponds to a minimum of ( ).
The force derived from the potential ( ) is, in the neighborhood of 0:

= d
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Since = 0 represents a minimum, the coe�cient is positive.
The point = 0 corresponds to a stable equilibrium position for the particle:
is zero for = 0; moreover, for ( 0) su�ciently small, and ( 0)

have opposite signs since is positive.
If the amplitude of the motion of the particle about 0 is su�ciently small for

the term in ( 0)3 of (A-9) [and therefore, the corresponding term in ( 0)2

of (A-11)] to be negligible compared to the preceding ones, we have a harmonic
oscillator since the dynamical equation can then be approximated by:
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The corresponding angular frequency is related to the second derivative of ( )
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Oscilador harmônico unidimensional: movimento 
em torno de mínimos quadrátricos.

Descrição clássica:
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Solução geral:
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Energia total (cinética + potencial) é conservada:
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Hamiltoniana clássica:

17

E± = Em ±
q

�2 + |W12|2

Em =
eE1 + eE2

2

� =
eE1 � eE2

2

| +i = cos
✓

2
|'1i+ e

i� sin
✓

2
|'2i

| �i = � sin
✓

2
|'1i+ e

i� cos
✓

2
|'2i

tan ✓ =
|W12|
�

, ✓ 2 [0,⇡)

e
i� =

W21

|W21|
) � = arg (W21) = � arg (W12) 2 [0, 2⇡)

H = �M ·B = ��S ·B = �� (BxSx +BySy +BzSz)

H = ��~
2

 
Bz Bx � iBy

Bx + iBy �Bz

!

� = ��~
2
Bz

W12 = ��~
2

(Bx � iBy)
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Descrição quântica:
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Operadores de criação e destruição:

Hamiltoniana em termos dos operadores de criação e destruição: 18
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Operador número:
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Espectro de N e de H: discreto e não degenerado
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Atuação de a e a+ nos auto-vetores:
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Forma matricial dos operadores na 
base de auto-estados de H, |fn>
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Figure 4.9 Shapes of the first three wave functions of the harmonic oscillator.

4.8.4 The Matrix Representation of Various Operators
Here we look at the matrix representation of several operators in the N -space. In particular, we
focus on the representation of the operators 
a, 
a†, 
X , and 
P . First, since the states � nO are joint
eigenstates of 
H and 
N , it is easy to see from (4.130) and (4.132) that 
H and 
N are represented
within the 
� nO� basis by infinite diagonal matrices:
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As for the operators 
a, 
a†, 
X , 
P , none of them are diagonal in the N -representation, since
they do not commute with 
N . The matrix elements of 
a and 
a† can be obtained from (4.143)
and (4.144):
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Now, let us find the N -representation of the position and momentum operators, 
X and 
P .
From (4.122) we can show that 
X and 
P are given in terms of 
a and 
a† as follows:
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Their matrix elements are given by
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The matrices corresponding to 
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As mentioned in Chapter 2, the momentum operator is Hermitian, but not equal to its own
complex conjugate: (4.182) shows that 
P† � 
P and 
P` � � 
P . As for 
X , however, it is both
Hermitian and equal to its complex conjugate: from (4.181) we have that 
X† � 
X` � 
X .
Finally, we should mention that the eigenstates �nO are represented by infinite column ma-

trices; the first few states can be written as
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The set of states 
� nO� forms indeed a complete and orthonormal basis.

4.8.5 Expectation Values of Various Operators

Let us evaluate the expectation values for 
X2 and 
P2 in the N -representation:
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O estado fundamental é um estado de 
incerteza mínima

Função de onda do estado fundamental:
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Funções de onda dos auto-estados
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Polinômios de Hermite
Os primeiros 10 polinômios de Hermite:



Propriedades matemáticas dos Hn(x)
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Função geratriz:
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Relações de recorrência:
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Funções de onda dos auto-estados
Os primeiros auto-estados:

As densidades de probabilidade:

n=10

Note que n dá o número de nós da auto-função !n(x)
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