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Aula passada
Momento angular orbital:
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Regras de comutação:
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Definição geral de momento angular: 3 operadores tais que
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Aula passada
Módulo quadrado do momento angular:

Assim, escolheremos J2 e, por exemplo, Jz , para formar 
um par de operadores que comutam.

Operadores “escada”:

19

'0 (x) =
⇣
m!

⇡~

⌘1/4
e
�m!

2~ x2

h'n|V (X) |'ni = h'n|
P

2

2m
|'ni

Hn (�x) = (�1)n Hn (x)


d
2

dx2
� 2x

d

dx
+ 2n

�
Hn (x) = 0

e
��2+2�x =

1X

n=0

�
n

n!
Hn (x)

H
0
n (x) = 2nHn�1 (x)

Hn (x) = 2xHn�1 (x)� 2 (n� 1)Hn�2 (x)

Hn (x) =

✓
2x� d

dx

◆
Hn�1 (x)

Z +1

�1
Hm (x)Hn (x) e

�x2

dx =
p
⇡2nn!�m,n

Lx = Y Pz � ZPy

Ly = ZPx �XPz

Lz = XPy � Y Px

[Lx, Ly] = i~Lz

[Ly, Lz] = i~Lx

[Lz, Lx] = i~Ly

[Jx, Jy] = i~Jz
[Jy, Jz] = i~Jx
[Jz, Jx] = i~Jy

J
2 = J

2
x + J

2
y + J

2
z⇥

J
2
, Ji

⇤
= 0

J± = Jx ± iJy

(J±)
† = J⌥

J�J+ = J
2
x + J

2
y � ~Jz

J+J� = J
2
x + J

2
y + ~Jz

J
2 =

1

2
(J+J� + J�J+) + J

2
z

[Jz, J+] = ~J+
[Jz, J�] = �~J�
[J+, J�] = 2~Jz⇥
J
2
, J±

⇤
= 0

19

'0 (x) =
⇣
m!

⇡~

⌘1/4
e
�m!

2~ x2

h'n|V (X) |'ni = h'n|
P

2

2m
|'ni

Hn (�x) = (�1)n Hn (x)


d
2

dx2
� 2x

d

dx
+ 2n

�
Hn (x) = 0

e
��2+2�x =

1X

n=0

�
n

n!
Hn (x)

H
0
n (x) = 2nHn�1 (x)

Hn (x) = 2xHn�1 (x)� 2 (n� 1)Hn�2 (x)

Hn (x) =

✓
2x� d

dx

◆
Hn�1 (x)

Z +1

�1
Hm (x)Hn (x) e

�x2

dx =
p
⇡2nn!�m,n

Lx = Y Pz � ZPy

Ly = ZPx �XPz

Lz = XPy � Y Px

[Lx, Ly] = i~Lz

[Ly, Lz] = i~Lx

[Lz, Lx] = i~Ly

[Jx, Jy] = i~Jz
[Jy, Jz] = i~Jx
[Jz, Jx] = i~Jy

J
2 = J

2
x + J

2
y + J

2
z⇥

J
2
, Ji

⇤
= 0

J± = Jx ± iJy

(J±)
† = J⌥

J�J+ = J
2
x + J

2
y � ~Jz

J+J� = J
2
x + J

2
y + ~Jz

J
2 =

1

2
(J+J� + J�J+) + J

2
z

[Jz, J+] = ~J+
[Jz, J�] = �~J�
[J+, J�] = 2~Jz⇥
J
2
, J±

⇤
= 0

Regras de comutação dos operadores “escada”:
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Aula passada
Auto-vetores simultâneos de J2, Jz : 20
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Aula passada

Ação universal dos operadores J na base padrão:

Base padrão:
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O momento angular orbital
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Usando coordenadas esféricas
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, 1,

3

2
, 2,

5

2
, . . .

m = �j,�j + 1, . . . , j � 1, j

x = r sin ✓ cos�

y = r sin ✓ sin�

z = r cos ✓

r 2 [0,+1) ,

✓ 2 [0,⇡] ,

� 2 [0, 2⇡) .

r =

p
x2 + y2 + z2

tan ✓ =

p
x2 + y2

z

tan� =
y

x

p
l (l + 1)~ m~

p
l (l + 1)�m2~
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Propriedades importantes dos 
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Ortonormalização:
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l=2, m=-2, -1, 0, +1, +2

Vetor clássico de módulo
Com componente z:
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 (r, ✓,�) = Rkl (r)Ylm (✓,�)
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⌦
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