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Aulas passadas
Definição geral de momento angular: 3 operadores tais que
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Módulo quadrado do momento angular:

Assim, escolheremos J2 e, por exemplo, Jz , para formar 
um par de operadores que comutam.
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Aulas passadas
Auto-vetores simultâneos de J2, Jz : 20
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onde k distingue entre os auto-vetores diferentes com mesmo (j,m).
Os valores possíveis de (j,m) são:
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Para cada j, há 2j+1 valores possíveis de m.



Aula passada

Ação universal dos operadores J na base padrão:

Base padrão:
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Momento angular orbital: L = R x P

Operadores L na representação de posição (em coordenadas esféricas r,q,f):
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Auto-funções simultâneas de L2 e Lz:

m e l só podem assumir valores inteiros. 21
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Os Ylm(q,f) são chamados de harmônicos esféricos.
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Ortonormalização:
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Expansão de funções de (q,f):
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Fechamento:
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Complexo conjugado:
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Inversão espacial: r→-r
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Expansão numa base padrão
Suponha dada uma função de estado:

21

 (r, ✓,�) = Rkl (r)Ylm (✓,�)

Yll (✓,�) =
(�1)l

2ll!

r
(2l + 1)!

4⇡
(sin ✓)l eil�

Ylm (✓,�) =

"
L�

~
p

l (l + 1)�m (m� 1)

#(l�m)

Yll (✓,�)

Z 2⇡

0
d�

Z ⇡

0
sin ✓d✓Y ⇤

l0m0 (✓,�)Ylm (✓,�) = �l,l0�m,m0

f (✓,�) =
1X

l=0

lX

m=�l

cl,mYlm (✓,�)

cl,m =

Z 2⇡

0
d�

Z ⇡

0
sin ✓d✓Y ⇤

l0m0 (✓,�) f (✓,�)

1X

l=0

lX

m=�l

Y
⇤
lm (✓0,�0)Ylm (✓,�) =

1

sin ✓
� (✓ � ✓

0) � (�� �
0)

Y
⇤
l,m (✓,�) = (�1)m Yl,�m (✓,�)

Yl,m (⇡ � ✓,�+ ⇡) = (�1)l Yl,m (✓,�)

hLxi = 0

hLyi = 0

⌦
L
2
x

↵
=

~2
2

⇥
l (l + 1)�m

2
⇤

⌦
L
2
y

↵
=

~2
2

⇥
l (l + 1)�m

2
⇤

�Lx =
p

l (l + 1)�m2
~p
2

�Ly =
p

l (l + 1)�m2
~p
2

 (r, ✓,�) NORMALIZADA

EXPAND IR NUMA BASE PADRE Ik l in

in É I.ee 147tkems EEECremlkiem

EM TERMOS DE FUNGAI DE ONDA

Chio alk im Reen Tem0,0

Rkeh e Yen10,07 ESTAT NORMAL IZADOS SEPARADAMENTE

Ide done Yet 10,0 tenfold See 8mm

n'darkie n Ruelas fake note eve as e's
SFO OS MESMOS



147 É E e cremlkem In ICnemi 1
EM COORDE NADA S

4140197 Eemenem Reek Yama 9

ONE
Creme idifdofmodo Recite 99746,90



Probabilidades de medidas de L2 e Lz
Método 1: Supondo que temos uma base padrão Rkl(r).
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Método 2: Sem a suposição de que temos uma base Rkl(r), podemos expandir 
apenas a parte angular, já que o momento angular só age nos ângulos.
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• EXERCISES

Consider a molecule which is formed by unaligned atoms whose relative distances
are assumed to be invariant (a rigid rotator). J is the sum of the angular momenta
of the atoms with respect to the center of mass of the molecule, situated at a fixed
point ; the axes constitute a fixed orthonormal frame. The three principal
inertial axes of the system are denoted by , and , with the ellipsoid of
inertia assumed to be an ellipsoid of revolution about (a symmetrical rotator).
The rotational energy of the molecule is then:

= 1
2

2

�
+

2 + 2

where , and are the components of J along the unit vectors w , w and
w of the moving axes , , attached to the molecule, and � and are
the corresponding moments of inertia. We grant that:

2 + 2 + 2 = 2 + 2 + 2 = J2

( ) Derive the commutation relations of , , from the results of .
( ) We introduce the operators = . Using the general arguments of

Chapter VI, show that one can find eigenvectors common to J2 and , of
eigenvalues ( + 1)~2 and ~, with = + 1 1

( ) Express the Hamiltonian of the rotator in terms of J2 and 2. Find its
eigenvalues.

( ) Show that one can find eigenstates common to J2, and , to be denoted
by [the respective eigenvalues are ( + 1)~2, ~, ~]. Show that
these states are also eigenstates of .

( ) Calculate the commutators of and with J2, , . Derive from them
the action of and on . Show that the eigenvalues of are
at least 2(2 + 1)-fold degenerate if = 0, and (2 + 1)-fold degenerate if

= 0.
( ) Draw the energy diagram of the rigid rotator ( is an integer since J is a sum

of orbital angular momenta; cf. Chapter X). What happens to this diagram
when � = (spherical rotator)?

5. A system whose state space is r has for its wave function:

( ) = ( + + )e r2 2

where , which is real, is given and is a normalization constant.

The observables and L2 are measured; what are the probabilities of finding 0
and 2~2? Recall that:

0
1 ( ) = 3

4 cos

797

COMPLEMENT FVI •

If one also uses the fact that:

1
1 ( ) = 3

8 sin e

is it possible to predict directly the probabilities of all possible results of measure-
ments of L2 and in the system of wave function ( )?

6. Consider a system of angular momentum = 1. A basis of its state space
is formed by the three eigenvectors of : + 1 , 0 , 1 , whose eigenvalues are,
respectively, +~, 0, and ~, and which satisfy:

= ~ 2 1
+ 1 = 1 = 0

This system, which possesses an electric quadrupole moment, is placed in an electric field
gradient, so that its Hamiltonian can be written:

= 0
~ ( 2 2)

where and are the components of L along the two directions and of the
plane that form angles of 45 with and ; 0 is a real constant.

Write the matrix representing in the + 1 0 1 basis. What are the
stationary states of the system, and what are their energies? (These states are to
be written 1 , 2 , 3 , in order of decreasing energies.)

At time = 0, the system is in the state:

(0) = 1
2

[ + 1 1 ]

What is the state vector ( ) at time ? At , is measured; what are the
probabilities of the various possible results?

Calculate the mean values ( ), ( ) and ( ) at . What is the motion
performed by the vector L ?

At , a measurement of 2 is performed.

( ) Do times exist when only one result is possible?
( ) Assume that this measurement has yielded the result ~2. What is the state of

the system immediately after the measurement? Indicate, without calculation,
its subsequent evolution.

7. Consider rotations in ordinary three-dimensional space, to be denoted by Ru( ),
where u is the unit vector which defines the axis of rotation and is the angle of rotation.

Show that, if is the transform of under an infinitesimal rotation of angle ,
then:

OM = OM + u OM
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