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Aulas passadas

Definicao geral de momento angular: 3 operadores tais que

Ty, J,] = il
gy, J.] = ihJ,
S, Jz] = ihJ,
Modulo quadrado do momento angular: ~ J* = J2 + J2 + J?
[J%,J;] =0

Assim, escolheremos J? e, por exemplo, J_, para formar
um par de operadores que comutam.
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Auto-vetores simultdneos de J?, J. :

J? |k, j,m) = j (j +1) h* |k, 5, m)
J, |k,j,m) =mh|k,j,m)

onde k distingue entre os auto-vetores diferentes com mesmo (j,m).
Os valores possiveis de (j,m) sao:

I 3 .5
=0,=,1,=,2,—,...
J 727727727

m:_ja_j_l_la"'?j_lvj

Para cada j, ha 2j+1 valores possiveis de m.
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Base padrdo: [k =1,2,...,9(j)] (K, ,m'|k,j,m) = Ok 0; i Om.m
+5  9(J)

SN Sk Gom) (ke gym| = 1

7 m=—j k=1

Acao universal dos operadores J na base padrao:

T2 |k, j,m) = 3 (§ +1) B* |k, j,m)

Jz |k, j,m) = mhlk, j,m)
Jilk,im)=+/3iG+1) —m(m+ 1|k, j,m+1)
J_ |k, j,m) =/§ (G +1) —m(m—1)h|k,j,m—1)
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Momento angular orbital: L=R x P

Operadores L na representac¢ao de posi¢ao (em coordenadas esféricas r,6,¢):

L, =ih <sin9 0  cos¢ 0 >

00  tanf 0¢
L, =1ih (— (:089886 + S::Z (;1)
Ly = he™? (ige i tailﬁ aagb)
L= ing.
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Auto-funcdes simultdneas de L’ e L.:

_[ ! g(sinﬁg)—l- ! 82]10(7“,9,@:1(”1)““9’@

sin 6 00 00 SinQHW
i (r.0,6) = mi (10,0
m e [ s6 podem assumir valores inteiros.
p o
¥ (r,0,8) = Ryt (7) Yim (6, ¢) %o (9,8) = 35, &
\} u‘
Yy (0,9) = (L) \/(2[ +1)! (sin )" e ’
Il ’ — 2”‘ e
(I—m)
Yim (0,9) = L- Yy, (6, )

Os V,,(6,¢) sao chamados de harmonicos esféricos.
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Ortonormalizagdo: /O% d¢ /OW sin 0d0Yy7,,: (0, ¢) Yo (0, 0) = 01,0 0 v

Expansdo de fungBes de (6,¢): f(0,¢) = Z Z CtmYim (0, 0)

=0 m=-—1
2 T
i — /0 d /O sin 0d0Yg, s (8,6) f (6, 9)

O

l
Fechamento: > D Y (0',¢") Yim (6, 6) =

=0 m=-—1

1
sin 0

0(0—0)6(¢—¢)
Complexo conjugado: Y, (0,¢) = (=1)"" Y _, (6, ¢)

Inversdo espacial: r—-r Yi, (1 — 0,6 +7) = (=1)' Y1, (6, ¢)



Expansao numa base padrao
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Probabilidades de medidas de > e L.

Método 1: Supondo que temos uma base padrao R(r).
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Método 2: Sem a suposi¢ao de que temos uma base R,,(7), podemos expandir
apenas a parte angular, ja que o momento angular so age nos angulos.

pApA  (n e,qﬂ PODEUOS EKPANDIE A PARTE AJGULAR:

“\’(/\elq))_i i a, (~) 7, (9,9

2=° m=-1%
X?s

2 m~
T
ONDE* A9 (A = g M9 39 lCP) ¥ (~ 2
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Exemplos
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5. A system whose state space is &, has for its wave function:

2 2 * D\ ~
b(z,y,2) = N(w+y+2)e ™ /@ ~c + c ~2% e

where «, which is real, is given and N is a normalization constant.

a. The observables L, and L? are measured; what are the probabilities of finding 0 = ma

and 2h2%? Recall that: o
LrQ =y Fx (Q:|)M“‘D\
3

Y (0, o) = UECOSQ — (5O = \TE\/' o(@ﬁb)

b. If one also uses the fact that:
+1 3 +i Weée’qb \WE k *\/i 11
Y7 (0, ¢) = F4/ = sinfe™"¥
om VRIS \ié“ E\/u | 7, "J-ZO

is it possible to predict directly the probabilities of all pos&ble results of measure-
ments of L? and L, in the system of wave function ¢ (x,y, z)?
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Cb(al )= I q"(Q,qS)
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