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Aula passada

Princípio da decomposição espectral:
a) Se o estado ep do fóton é um auto-estado do aparato medidor: q=0 (ex ) ou

q=p/2 (ey) → resultados determinísticos.
b) Se o estado ep for uma superposição genérica de auto-estados → só se 

podem descrever os resultados probabilisticamente:
c) O ato de medir modifica o estado do sistema após a medida:

CHAPTER I INTRODUCTION TO THE BASIC IDEAS OF QUANTUM MECHANICS
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Figure 2: A simple measurement experiment relating to the polarization of a light wave.
A beam of light propagates along the direction and crosses successively the polarizer

and the analyzer ; is the angle between and the electric field of the wave
transmitted by . The vibrations transmitted by are parallel to .

The experiment consists of directing a polarized monochromatic plane light wave
onto an analyzer . designates the direction of propagation of this wave and e ,
the unit vector describing its polarization (cf. Fig. 2). The analyzer transmits light
polarized parallel to and absorbs light polarized parallel to .

The classical description of this experiment (a description which is valid for a
su�ciently intense light beam) is the following. The polarized plane wave is characterized
by an electric field of the form:

E(r ) = 0 e e ( ) (A-6)

where 0 is a constant. The light intensity is proportional to 0
2. After its passage

through the analyzer , the plane wave is polarized along :

E (r ) = 0 e e ( ) (A-7)

and its intensity , proportional to 0
2, is given by Malus’ law:

= cos2 (A-8)

[e is the unit vector of the axis and is the angle between e and e ].

What will happen on the quantum level, that is, when is weak enough for the
photons to reach the analyzer one by one? (We then place a photon detector behind
this analyser.) First of all, the detector never registers a “fraction of a photon”. Either
the photon crosses the analyzer or it is entirely absorbed by it. Next (except in special
cases that we shall examine in a moment), we cannot predict with certainty whether a
given incident photon will pass or be absorbed. We can only know the corresponding
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ep é o estado de polarização do fóton
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A função de onda e sua interpretação
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O estado da partícula é descrito por uma função de onda:
A probabilidade de se encontrar a partícula no volume d3r em r no instante t é:

2

En = � Z2e4m

(4⇡✏0)
2 2~2

1

n2
= �13, 6 eV

Z2

n2

rn =
4⇡✏0~2
Ze2m

n2 = 0, 53 Å n2

vn =
Ze2

4⇡✏0~
1

n
= 2, 2⇥ 106 m/s

1

n

I / |E (x)|2

E (r, t) = E0êpe
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#Princípio da decomposição espectral:

a) O resultado da medida de uma quantidade física A pertence a um conjuto de 
auto-valores: {a}={a1,a2,…}.

b) A cada auto-valor ai está associando um auto-estado: fi(r)
c) Se, no instante t0, yi(r,t0) =fi(r), a medida de A dará necessariamente ai .
d) Se                                       a medida de A dará ai com probabilidade:

e) Uma vez obtido ai como resultado da medida de A, o estado da partícula 
passa a ser
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ser de quadrado integrável.
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Aula passada
A equação de Schrödinger: 
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Associações:
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Partícula livre:
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a) A eq. de Schrödinger é linear: vale o princípio de superposição.
b) Dada a função de onda em t=t0, é possível obter a função de onda para 

qualquer instante t: (equação diferencial de primeira ordem no tempo)
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êp = cos ✓êx + sin ✓êy
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A eq. de Schrödinger independente do 
tempo
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CHAPTER I INTRODUCTION TO THE BASIC IDEAS OF QUANTUM MECHANICS
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Figure 5: Variations with respect to of the function to be integrated over in order to
obtain ( 0). In figure (a), is fixed at a value such that 0 1 � , and the
function to be integrated oscillates several times within the interval � . In figure (b),
is fixed such that 0 1 � , and the function to be integrated hardly oscillates, so
that its integral over takes on a relatively large value. Consequently, the center of the
wave packet [point where ( 0) is maximum] is situated at = 0.

largest amplitude (those with close to 0) interfere constructively. This occurs when
the -dependent phases of these waves vary only slightly around = 0. To obtain
the center of the wave packet, one then imposes (stationary phase condition) that the
derivative with respect to of the phase is zero for = 0. In the particular case which
we are studying, the phase of the wave corresponding to is + ( ). Therefore, (0)
is that value of for which the derivative + d d is zero at = 0.

When moves away from the value 0, ( 0) decreases. This decrease becomes
appreciable if e ( 0)( 0) oscillates approximately once when traverses the domain

, that is, when:

( 0) 1 (C-17)

If is the approximate width of the wave packet, we therefore have:

& 1 (C-18)

We are thus brought back to a classical relation between the widths of two functions
which are Fourier transforms of each other. The important fact is that the product

has a lower bound; the exact value of this bound clearly depends on the precise
definition of the widths and .

A wave packet such as (C-7) thus represents the state of a particle whose probabil-
ity of presence, at the time = 0, is practically zero outside an interval of approximate
width centered at the value 0.
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is fixed such that 0 1 � , and the function to be integrated hardly oscillates, so
that its integral over takes on a relatively large value. Consequently, the center of the
wave packet [point where ( 0) is maximum] is situated at = 0.

largest amplitude (those with close to 0) interfere constructively. This occurs when
the -dependent phases of these waves vary only slightly around = 0. To obtain
the center of the wave packet, one then imposes (stationary phase condition) that the
derivative with respect to of the phase is zero for = 0. In the particular case which
we are studying, the phase of the wave corresponding to is + ( ). Therefore, (0)
is that value of for which the derivative + d d is zero at = 0.

When moves away from the value 0, ( 0) decreases. This decrease becomes
appreciable if e ( 0)( 0) oscillates approximately once when traverses the domain

, that is, when:

( 0) 1 (C-17)

If is the approximate width of the wave packet, we therefore have:

& 1 (C-18)

We are thus brought back to a classical relation between the widths of two functions
which are Fourier transforms of each other. The important fact is that the product

has a lower bound; the exact value of this bound clearly depends on the precise
definition of the widths and .

A wave packet such as (C-7) thus represents the state of a particle whose probabil-
ity of presence, at the time = 0, is practically zero outside an interval of approximate
width centered at the value 0.
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i(kz�!t)

E = h⌫ = ~!

p =
h

�
= ~k

I (x� x0) =

Z
dkp
2⇡

|g (k)| ei(k�k0)(x�x0)

P (x) = | (x, 0)|2 =

p
2/⇡

a
q

1 + 4~2t2

m2a4

exp

"
� 2 (x� v0t)

2

a2
�
1 + 4~2t2

m2a4

�
#

lx X l In lx Yokota

A FUNGate OSCILA Molto A FUNGAL OSCILA POUCO

I X Xo O IA Xo NI APRECIAVEZ



Cos Kx X I Come FUNGIO
DE K

PERIOD ZI La I

SE Xcel

PEREDO ZI I

144,071 Hy Xo 1 40
SE lx X

I SEIX x.kz
EXTENSAT ESPACIAL DE

Hao I n I
DX via

DX Dk I



O princípio de incerteza de Heisenberg
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A transf. de Fourier da função de onda
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Evolução temporal do pacote
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• ONE-DIMENSIONAL GAUSSIAN WAVE PACKET: SPREADING OF THE WAVE PACKET

t < 0 t = 0 t > 0

0
x

ψ (x, t) 2

Figure 1: For negative , the Gaussian wave packet decreases in width as it propagates.
At time = 0, it is a “minimum” wave packet: the product is equal to } 2. Then,
for 0, the wave packet spreads again as it propagates.

Therefore, the average momentum of the wave packet (~ 0) and its momentum dispersion
(~ ) do not vary in time. We shall see later (cf. Chap. III) that this arises from the
fact that the momentum is a constant of the motion for a free particle. Physically, it
is clear that since the free particle encounters no obstacle, the momentum distribution
cannot change.

The existence of a momentum dispersion = ~ = ~ means that the velocity
of the particle is only known to within = = ~ . Imagine a group of classical
particles starting at time = 0 from the point = 0, with a velocity dispersion equal
to . At time , the dispersion of their positions will be = = ~ ; this
dispersion increases linearly with , as shown in Figure 2. Let us draw on the same graph
the curve which gives the evolution in time of ( ); when becomes infinite, ( )
practically coincides with [the branch of the hyperbola which represents ( ) has
for its asymptotes the straight lines which correspond to ]. Thus, we can say that,
when is very large, there exists a quasi-classical interpretation of the width . On
the other hand, when approaches 0, ( ) takes on values which di�er more and more
from . The quantum particle must indeed constantly satisfy the Heisenberg relation

> ~ 2 which, since is fixed, imposes a lower limit on . This corresponds
to what can be seen in Figure 2.

Comments:

(i) The spreading of a packet of free waves is a general phenomenon which is not
limited to the special case studied here. It can be shown that, for an arbitrary free
wave packet, the variation in time of its width has the shape shown in Figure 2
(cf. exercise 4 of Complement LIII).

(ii) In Chapter I, a simple argument led us in (C-17) to 1, without making any
particular hypothesis about ( ). We simply assumed that ( ) has a peak of width
whose shape is that of Figure 3 of Chapter I (which is indeed the case in this complement).
Then how did we obtain 1 (for example, for a Gaussian wave packet when
is large)?

Of course, this is only an apparent contradiction. In Chapter I, in order to find
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i(kz�!t)

E = h⌫ = ~!

p =
h

�
= ~k

P (x) = | (x, 0)|2 =

p
2/⇡

a
q

1 + 4~2t2

m2a4

exp

"
� 2 (x� v0t)

2

a2
�
1 + 4~2t2

m2a4

�
#

v0t



Potenciais unidimensionais
D. PARTICLE IN A TIME-INDEPENDENT SCALAR POTENTIAL

‘‘Square’’
potential

Real
potential

Force F

0

0

0

x

x

x

a

b

c

Figure 7: Square potential (fig. a) which schematically represents a real potential (fig. b)
for which the force has the shape shown in figure c.

Comment:

The force exerted on the particle is ( ) = d ( )
d . In Figure 7-c, we have

depicted this force, obtained from the potential ( ) of Figure 7-b. It can be
seen that this particle, in all the regions where the potential is constant, is not
subjected to any force. Its velocity is then constant. It is only in the frontier zones
between these plateaus that a force acts on the particle and, depending on the
case, accelerates it or slows it down.

D-2-b. Optical analogy

We are going to consider the stationary states (§ D-1) of a particle in a one-
dimensional “square” potential.

In a region where the potential has a constant value , the eigenvalue equation
(D-9) is written:

~2

2
d2

d 2 + ( ) = ( ) (D-16)

or:
d2

d 2 + 2
~2 ( ) ( ) = 0 (D-17)

Now, in optics, there exists a completely analogous equation. Consider a trans-
parent medium whose index depends neither on r nor on time. In this medium, there
can be electromagnetic waves whose electric field E(r ) is independent of and and
has the form:

E(r ) = e ( ) e � (D-18)
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V(x)Condições matemáticas satisfeitas pela 
função de onda:
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Potenciais unidimensionais
Problemas resolvidos (F 589 - Estrutura da Matéria):
a) Potencial degrau (complemento HI-2a)
b) Barreira de potencial (complemento HI-2b)
c) Poço quadrado (complemento HI-2c)
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Exemplo: tunelamento pela função 
delta de Dirac
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