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Aula passada
F: espaço vetorial de funções “regulares” de quadrado integrável:

Produto escalar em F:
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 (x, 0) =

Z 1

�1

dkp
2⇡

g (k) eikx

g (k) =

Z 1

�1

dxp
2⇡
 (x, 0) e�ikx


k0 �

�k

2
, k0 +

�k

2

�

g (k) = |g (k)| ei↵(k)

↵ (k) ⇡ ↵ (k0) + ↵0 (k0) (k � k0)

 (x, 0) = ei[k0x+↵(k0)]I (x� x0)

I (x� x0) =

Z 1

�1

dkp
2⇡

|g (k)| ei(k�k0)(x�x0)

x0 = �↵0 (k0)

 (x, t) =

Z 1

�1

dkp
2⇡

g (k) eikx�i~k2t/(2m)

P (x) = | (x, 0)|2 =

p
2/⇡

a
q

1 + 4~2t2

m2a4
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d3r | (r, t)|2 = 1

(', ) =

Z
d3r'⇤ (r) (r) 2 C

Base Expansão Componentes

ui (r)  (r) =
P

i ciui (r) ci = (ui, )

vp (r)  (r) =
R
d3p (p) vp (r)  (p) = (vp, )

⇠r0 (r)  (r) =
R
d3r0 (r0) ⇠r0 (r)  (r0) = (⇠r0 , )

w↵ (r)  (r) =
R
d↵c (↵)w↵ (r) c (↵) = (w↵, )

êi A =
P

i aiêi ai = êi ·A
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Z
d3r'⇤ (r) (r) 2 C

 (r) !  0 (r) = A (r) ,

A [�1 1 (r) + �2 2 (r)] = �1A 1 (r) + �2A 2 (r)

Base Expansão Componentes

ui (r)  (r) =
P

i ciui (r) ci = (ui, )

vp (r)  (r) =
R
d3p (p) vp (r)  (p) = (vp, )

⇠r0 (r)  (r) =
R
d3r0 (r0) ⇠r0 (r)  (r0) = (⇠r0 , )

w↵ (r)  (r) =
R
d↵c (↵)w↵ (r) c (↵) = (w↵, )

êi A =
P

i aiêi ai = êi ·A

Operadores lineares em F:

Produtos de operadores:
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 (r) !  0 (r) = A (r) ,

A [�1 1 (r) + �2 2 (r)] = �1A 1 (r) + �2A 2 (r)

AB (r) = A [B (r)]

[A,B] = AB �BA

Base Expansão Componentes
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i aiêi ai = êi ·A

Comutadores:
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�
~2
2m

@
2
 (x)

@x2
+ ↵� (x) (x) = E (x)

) �
~2
2m

@
2
 (x)

@x2
= E (x) (x < 0 e x > 0)

@
2
 (x)

@x2
= �

2mE

~2  (x) = �k
2
 (x) , k =

p
2mE

~
)  (x) = C1e

ikx
+ C2e

�ikx

 (x) =

⇢
Ae

ikx
+Be

�ikx
x < 0

Ce
ikx

x > 0

 (r, t) 2 C,
Z

d
3
r | (r, t)|2 = 1

(', ) =

Z
d
3
r'

⇤
(r) (r) 2 C

 (r) !  
0
(r) = A (r) ,

A [�1 1 (r) + �2 2 (r)] = �1A 1 (r) + �2A 2 (r)

AB (r) = A [B (r)]

[A,B] = AB �BA

X (r) = x (r)

Y  (r) = y (r)

Z (r) = z (r)

Px (r) =
~
i

@ (r)

@x

Py (r) =
~
i

@ (r)

@y

Pz (r) =
~
i

@ (r)

@z

[X,Px] = [Y, Py] = [Z,Pz] = i~

[X,Y ] = [X,Z] = [Y, Z] = 0

[Px, Py] = [Px, Pz] = [Py, Pz] = 0

[X,Py] = [X,Pz] = . . . = 0

{ui (r) 2 F} i = 1, 2, 3 . . .

(ui, uj) =

Z
d
3
ru

⇤
i
(r)uj (r) = �i,j

 (r) =
X

i

ciui (r)

' (r) =
X

i

biui (r)
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Aula passada
Operadores posição X, Y, Z:
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 (x, 0) =

Z 1

�1

dkp
2⇡
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g (k) =

Z 1

�1

dxp
2⇡
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g (k) = |g (k)| ei↵(k)
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dkp
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|g (k)| ei(k�k0)(x�x0)
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X (r) = x (r)

Y  (r) = y (r)

Z (r) = z (r)

Base Expansão Componentes

ui (r)  (r) =
P

i ciui (r) ci = (ui, )

vp (r)  (r) =
R
d3p (p) vp (r)  (p) = (vp, )

⇠r0 (r)  (r) =
R
d3r0 (r0) ⇠r0 (r)  (r0) = (⇠r0 , )

w↵ (r)  (r) =
R
d↵c (↵)w↵ (r) c (↵) = (w↵, )

êi A =
P

i aiêi ai = êi ·A

Operadores momento linear Px, Py, Pz:
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 (x, 0) = ei[k0x+↵(k0)]I (x� x0)
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�1
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2⇡

|g (k)| ei(k�k0)(x�x0)
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 (x, t) =
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Z
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 (r) !  0 (r) = A (r) ,

A [�1 1 (r) + �2 2 (r)] = �1A 1 (r) + �2A 2 (r)

AB (r) = A [B (r)]

[A,B] = AB �BA

X (r) = x (r)

Y  (r) = y (r)

Z (r) = z (r)

Px (r) =
~
i

@ (r)

@x

Py (r) =
~
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@ (r)

@y

Pz (r) =
~
i

@ (r)

@z

Comutadores canônicos:

4

[X,Px] = [Y, Py] = [Z,Pz] = i~

[X,Y ] = [X,Z] = [Y, Z] = 0

[Px, Py] = [Px, Pz] = [Py, Pz] = 0

[X,Py] = [X,Pz] = . . . = 0

Base Expansão Componentes

ui (r)  (r) =
P

i ciui (r) ci = (ui, )

vp (r)  (r) =
R
d3p (p) vp (r)  (p) = (vp, )

⇠r0 (r)  (r) =
R
d3r0 (r0) ⇠r0 (r)  (r0) = (⇠r0 , )

w↵ (r)  (r) =
R
d↵c (↵)w↵ (r) c (↵) = (w↵, )

êi A =
P

i aiêi ai = êi ·A
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Expansão de vetores em componentes
Para vetores em 3D, é útil definir suas componentes num sistema cartesiano:

4

�
~2
2m

@
2
 (x)

@x2
+ ↵� (x) (x) = E (x)

) �
~2
2m

@
2
 (x)

@x2
= E (x) (x < 0 e x > 0)

@
2
 (x)

@x2
= �

2mE

~2  (x) = �k
2
 (x) , k =

p
2mE

~
)  (x) = C1e

ikx
+ C2e

�ikx

 (x) =

⇢
Ae

ikx
+Be

�ikx
x < 0

Ce
ikx

x > 0

 (r, t) 2 C,
Z

d
3
r | (r, t)|2 = 1

(', ) =

Z
d
3
r'

⇤
(r) (r) 2 C

 (r) !  
0
(r) = A (r) ,

A [�1 1 (r) + �2 2 (r)] = �1A 1 (r) + �2A 2 (r)

AB (r) = A [B (r)]

[A,B] = AB �BA

X (r) = x (r)

Y  (r) = y (r)

Z (r) = z (r)

Px (r) =
~
i

@ (r)

@x

Py (r) =
~
i

@ (r)

@y

Pz (r) =
~
i

@ (r)

@z

[X,Px] = [Y, Py] = [Z,Pz] = i~

[X,Y ] = [X,Z] = [Y, Z] = 0

[Px, Py] = [Px, Pz] = [Py, Pz] = 0

[X,Py] = [X,Pz] = . . . = 0

A = Axx̂+Ayŷ +Az ẑ

A ! (Ax, Ay, Az)

{ui (r) 2 F} i = 1, 2, 3 . . .

As componentes cartesianas formam uma representação útil do vetor:
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{ui (r) 2 F} i = 1, 2, 3 . . .
Se usarmos um outro sistema de eixos, as componentes 
mudam, mas o vetor é o mesmo:
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ẑ0 5

A !
�
A

0
x
, A

0
y
, A

0
z

�

{ui (r) 2 F} i = 1, 2, 3 . . .

(ui, uj) =

Z
d
3
ru

⇤
i
(r)uj (r) = �i,j

 (r) =
X

i

ciui (r) , ci 2 C

' (r) =
X

i

biui (r)

ci = (ui, )

bi = (ui,')

X

i

u
⇤
i
(r0)ui (r) = � (r� r0)

(', ) =

X

i

b
⇤
i
ci

( , ) =

X

i

|ci|
2

{w↵ (r) /2 F} ↵ 2 R, ↵ 2 [a, b]

(w↵, w↵0) =

Z
d
3
rw

⇤
↵
(r)w↵0 (r) = � (↵� ↵

0
)

 (r) =

Z
c (↵)w↵ (r) d↵

' (r) =

Z
b (↵)w↵ (r) d↵

c (↵) = (w↵, )

b (↵) = (w↵,')

Z
d↵w

⇤
↵
(r0)w↵ (r) = � (r� r0)

(', ) =

Z
b
⇤
(↵) c (↵) d↵

( , ) =

Z
|c (↵)|

2
d↵

vp0 (r) =
e
ip0·r/~

(2⇡~)3/2

⇠r0 = � (r� r0)
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Os dois conjuntos diferentes de componentes são chamados de duas 
representações diferentes do mesmo objeto.



Bases discretas em F
Uma base ortonormal discreta em F é um conjunto enumerável de funções em F
tais que:
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[X,Px] = [Y, Py] = [Z,Pz] = i~

[X,Y ] = [X,Z] = [Y, Z] = 0

[Px, Py] = [Px, Pz] = [Py, Pz] = 0

[X,Py] = [X,Pz] = . . . = 0

{ui (r)} i = 1, 2, 3 . . .

(ui, uj) = �i,j
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Base Expansão Componentes
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w↵ (r)  (r) =
R
d↵c (↵)w↵ (r) c (↵) = (w↵, )

êi A =
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i aiêi ai = êi ·A
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êi A =
P
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b) Funções delta:
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c) Bases contínuas gerais:
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Resumo
CHAPTER II THE MATHEMATICAL TOOLS OF QUANTUM MECHANICS

Table (II-4)

Discrete basis (r) Continuous basis (r)

Ortho-
normalization

relation

( ) = ( ) = ( )

Closure
relation

(r) (r ) = (r r ) d (r) (r ) = (r r )

Expansion
of a wave

function (r)
(r) = (r) (r) = d ( ) (r)

Expression
for the

components
of (r)

= ( ) = d3 (r) (r) ( )=( )= d3 (r) (r)

Scalar product ( ) = ( ) = d ( ) ( )

Square of the
norm

( ) = 2 ( ) = d ( ) 2

B. State space. Dirac notation

B-1. Introduction

In Chapter I, we stated the following postulate: the quantum state of a particle is
defined, at a given instant, by a wave function (r). The probabilistic interpretation of
this wave function requires that it be square-integrable. This requirement led us to study
the F -space (§ A). We then found, in particular, that the same function (r) can be
represented by several distinct sets of components, each one corresponding to the choice
of a basis [table (II-5)]. This result can be interpreted in the following manner: , or

(p), or ( ), characterizes the state of a particle just as well as the wave function (r)
[if the basis being used has been specified previously]. Furthermore, (r) itself appears,
in table (II-5), on the same footing as , (p) and ( ): the value (r0) which the
wave function takes on at a point r0 of space can be considered as its component with
respect to a specific function r0(r) of a particular basis (the function basis).
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d) Bases mistas: air Wales

ORTOGONALIDADE Ui Uj Sig
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FECHAMENTO
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Exemplo: soluções da Eq. de Schr. 
independente do tempo

• STATIONARY STATES OF A PARTICLE IN ONE-DIMENSIONAL SQUARE POTENTIALS

2-c. Bound states: square well potential

. Well of finite depth

 V0

V(x)

x

I II III

0
a
2

+
a
2

Figure 4: Square well potential.

We shall limit ourselves to studying the case 0 0 (the case 0 was
included in the calculations of the preceding section 2-b- ).

In regions I 2 , II 2 6 6 2 , and III 2 shown in Fig. 4, we
have respectively:

I( ) = 1 e + 1 e (36-a)

II( ) = 2 e + 2 e (36-b)

III( ) = 3 e + 3 e (36-c)

with

= 2
~2 (37)

= 2 ( + 0)
~2 (38)

Since ( ) must be bounded in region I, we must have:

1 = 0 (39)

The matching conditions at = 2 then give:

2 = e( + ) 2 +
2 1

2 = e ( + ) 2
2 1 (40)

and those at = 2:

71

E>0: estados do contínuo

Ei<0: estados ligados, discretos
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Base Expansão Componentes
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O conjunto de todas as soluções 
acima forma uma base mista em 1D.

Incidência pela esquerda:

Incidência pela direita:
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