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Evidências experimentais da existência do spin
1. Experimento de Stern-Gerlach: duas manchas são 

evidência de momento angular j=1/2, mas o momento 
angular orbital só permite valores inteiros l=0,1,2,…

2. Estrutura fina das linhas espectrais: as linhas do 
espectro são grupos de linhas finamentes espaçadas.

3. O efeito Zeeman: campo magnético fraco, os níveis de 
energia se abrem em sub-níveis. Momento angular 
orbital: número ímpar de sub-níveis (efeito Zeeman 
normal). Observam-se números pares em alguns 
casos (efeito Zeeman anômalo).
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Stern-G

erlach
experim

ent.
T

he
m

agnetic
m

om
ents

M MM
ofthe

atom
s

em
itted

from
the

furnace
are

dis-
tributed

random
ly

in
alldirections

ofspace,so
classi-

calm
echanics

predicts
thata

m
easurem

entof
M

can
yield

with
equalprobability

allvalues
included

between
+

M MM
and

M MM
.

O
ne

should
therefore

observe
only

one
large

spot
centered

in
(dashed

lines
in

the
fig-

ure).
In

reality,
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2

ofthe
two

spots,thatisseveralm
illim

eters.
T

he
distance

over
w

hich
the

m
agnetic

field
varies

appreciably
can

be
deduced

from
the

values
of

the
field

in
the

m
iddle

of
the

air-gap
(

10
4

gauss)
and

its
gradient

(
10

5
gauss/cm

),
w

hich
yields

1
m

m
.

In
addition,

the
velocity

of
the

silver
atom

s
leaving

a
furnace

at
an

absolute
tem

perature
of1000

K
is

ofthe
order

of
500

m
/s.

H
owever

well-defined
the

beam
is,

the
dispersion

of
the

velocities
along

is
not

m
uch

less
than

several
m

eters
per

second.
It

is
then

easy
to

find
uncertainties

�
and

�
,w

hich,w
hile

satisfying
(A

-9),are
negligible

on
the

scale
ofthe

experim
ent

being
considered.

A
s

far
as

the
externalvariables

r
and

p
ofeach

atom
are

concerned,
it

is
therefore

not
necessary

to
resort

to
quantum

m
echanics.

It
is

possible
to

reason
in

term
s
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m
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thus
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to
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follow
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conclusion:
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therefore
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angle
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hose
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spectrum
includesonly
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W
hen

we
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thequantum
theory

ofangularm
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entum
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hap.V
I),weshallseethattheseeigenvalues

are
+
~

2
and

~
2;we

shallassum
e

this
here

and
say

that
the

spin
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silver
atom

in
its

ground
state

is
1/2.
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Teoria de Pauli:

a) C.C.O.C. agora contém operadores de spin que agem num espaço “interno”:

b) Para s=1/2, como o elétron:

c) Ao momento angular de spin está associado um momento de dipolo magnético:
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Revisão matemática de spin ½:
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Matrizes de Pauli
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A e B são vetores normais ou 
operadores que comutam com o spin.
Se A e B não comutam entre si, a 
ordem deve ser mantida.

29

s = 1/2 ! |r, " = ±i ou |p, " = ±i

M = 2
µB

~ S

S
2 |"i = 3

4
~2 |"i

Sz |"i = "
~
2
|"i

S+ |+i = 0

S+ |�i = |+i
S� |�i = 0

S� |+i = |�i

S =
~
2
�

�x =

 
0 1

1 0

!
,�y =

 
0 �i

i 0

!
,�x =

 
1 0

0 �1

!

�
2
a = 1

�a�b + �b�a = 0 (a 6= b)

�a�b = i✏
abc
�c (a 6= b)

Tr (�a) = 0

Det (�a) = �1

(� ·A) (� ·B) = A ·B+ i� ·A⇥B

X |r, "i = x |r, "i
Y |r, "i = y |r, "i
Z |r, "i = z |r, "i

S
2 |r, "i = 3

4
~2 |r, "i

Sz |r, "i =
~
2
" |r, "i

hr0, "0|r, "i = �","0�
(3) (r� r0)

X

"

Z
d
3
r |r, "i hr, "| = 1

hr, "| i =  " (r) ! [ ] (r) =

 
 + (r)

 � (r)

!

h |r, "i =  
⇤
" (r) ! [ ]† (r) =

⇣
 
⇤
+ (r)  

⇤
� (r)

⌘

h |'i =
Z

d
3
r
⇥
 
⇤
+ (r)'+ (r) +  

⇤
� (r)'� (r)

⇤

h | i =
Z

d
3
r

h
| + (r)|2 + | � (r)|2

i

[ 0] (r) = JAK [ ] (r)

JSK = ~
2
�

29

s = 1/2 ! |r, " = ±i ou |p, " = ±i

M = 2
µB

~ S

S
2 |"i = 3

4
~2 |"i

Sz |"i = "
~
2
|"i

S+ |+i = 0

S+ |�i = |+i
S� |�i = 0

S� |+i = |�i

S =
~
2
�

�x =

 
0 1

1 0

!
,�y =

 
0 �i

i 0

!
,�z =

 
1 0

0 �1

!

�
2
a = 1

�a�b + �b�a = 0 (a 6= b)

�a�b = i✏
abc
�c (a 6= b)

Tr (�a) = 0

Det (�a) = �1

(� ·A) (� ·B) = A ·B+ i� ·A⇥B

X |r, "i = x |r, "i
Y |r, "i = y |r, "i
Z |r, "i = z |r, "i

S
2 |r, "i = 3

4
~2 |r, "i

Sz |r, "i =
~
2
" |r, "i

hr0, "0|r, "i = �","0�
(3) (r� r0)

X

"

Z
d
3
r |r, "i hr, "| = 1

hr, "| i =  " (r) ! [ ] (r) =

 
 + (r)

 � (r)

!

h |r, "i =  
⇤
" (r) ! [ ]† (r) =

⇣
 
⇤
+ (r)  

⇤
� (r)

⌘

h |'i =
Z

d
3
r
⇥
 
⇤
+ (r)'+ (r) +  

⇤
� (r)'� (r)

⇤

h | i =
Z

d
3
r

h
| + (r)|2 + | � (r)|2

i

[ 0] (r) = JAK [ ] (r)

JSK = ~
2
�

St satisy II
til 73 18

r



Aula passada
1. Espaço de estados E

29

s = 1/2 ! |r, " = ±i ou |p, " = ±i

M = 2
µB

~ S

S
2 |"i = 3

4
~2 |"i

Sz |"i = "
~
2
|"i

S+ |+i = 0

S+ |�i = |+i
S� |�i = 0

S� |+i = |�i

S =
~
2
�

�x =

 
0 1

1 0

!
,�y =

 
0 �i

i 0

!
,�z =

 
1 0

0 �1

!

�
2
a = 1

�a�b + �b�a = 0 (a 6= b)

�a�b = i✏
abc
�c (a 6= b)

Tr (�a) = 0

Det (�a) = �1

(� ·A) (� ·B) = A ·B+ i� ·A⇥B

X |r, "i = x |r, "i
Y |r, "i = y |r, "i
Z |r, "i = z |r, "i

S
2 |r, "i = 3

4
~2 |r, "i

Sz |r, "i =
~
2
" |r, "i

hr0, "0|r, "i = �","0�
(3) (r� r0)

X

"

Z
d
3
r |r, "i hr, "| = 1

hr, "| i =  " (r) ! [ ] (r) =

 
 + (r)

 � (r)

!

h |r, "i =  
⇤
" (r) ! [ ]† (r) =

⇣
 
⇤
+ (r)  

⇤
� (r)

⌘

h |'i =
Z

d
3
r
⇥
 
⇤
+ (r)'+ (r) +  

⇤
� (r)'� (r)

⇤

h | i =
Z

d
3
r

h
| + (r)|2 + | � (r)|2

i

[ 0] (r) = JAK [ ] (r)

JSK = ~
2
�

29

s = 1/2 ! |r, " = ±i ou |p, " = ±i

M = 2
µB

~ S

S
2 |"i = 3

4
~2 |"i

Sz |"i = "
~
2
|"i

S+ |+i = 0

S+ |�i = |+i
S� |�i = 0

S� |+i = |�i

S =
~
2
�

�x =

 
0 1

1 0

!
,�y =

 
0 �i

i 0

!
,�z =

 
1 0

0 �1

!

�
2
a = 1

�a�b + �b�a = 0 (a 6= b)

�a�b = i✏
abc
�c (a 6= b)

Tr (�a) = 0

Det (�a) = �1

(� ·A) (� ·B) = A ·B+ i� ·A⇥B

X |r, "i = x |r, "i
Y |r, "i = y |r, "i
Z |r, "i = z |r, "i

S
2 |r, "i = 3

4
~2 |r, "i

Sz |r, "i =
~
2
" |r, "i

hr0, "0|r, "i = �","0�
(3) (r� r0)

X

"

Z
d
3
r |r, "i hr, "| = 1

hr, "| i =  " (r) ! [ ] (r) =

 
 + (r)

 � (r)

!

h |r, "i =  
⇤
" (r) ! [ ]† (r) =

⇣
 
⇤
+ (r)  

⇤
� (r)

⌘

h |'i =
Z

d
3
r
⇥
 
⇤
+ (r)'+ (r) +  

⇤
� (r)'� (r)

⇤

h | i =
Z

d
3
r

h
| + (r)|2 + | � (r)|2

i

[ 0] (r) = JAK [ ] (r)

JSK = ~
2
�

(ortonormalidade)

(fechamento)

2. Representação |r,e>

29

s = 1/2 ! |r, " = ±i ou |p, " = ±i

M = 2
µB

~ S

S
2 |"i = 3

4
~2 |"i

Sz |"i = "
~
2
|"i

S+ |+i = 0

S+ |�i = |+i
S� |�i = 0

S� |+i = |�i

S =
~
2
�

�x =

 
0 1

1 0

!
,�y =

 
0 �i

i 0

!
,�z =

 
1 0

0 �1

!

�
2
a = 1

�a�b + �b�a = 0 (a 6= b)

�a�b = i✏
abc
�c (a 6= b)

Tr (�a) = 0

Det (�a) = �1

(� ·A) (� ·B) = A ·B+ i� ·A⇥B

X |r, "i = x |r, "i
Y |r, "i = y |r, "i
Z |r, "i = z |r, "i

S
2 |r, "i = 3

4
~2 |r, "i

Sz |r, "i =
~
2
" |r, "i

hr0, "0|r, "i = �","0�
(3) (r� r0)

X

"

Z
d
3
r |r, "i hr, "| = 1

hr, "| i =  " (r) ! [ ] (r) =

 
 + (r)

 � (r)

!

h |r, "i =  
⇤
" (r) ! [ ]† (r) =

⇣
 
⇤
+ (r)  

⇤
� (r)

⌘

h |'i =
Z

d
3
r
⇥
 
⇤
+ (r)'+ (r) +  

⇤
� (r)'� (r)

⇤

h | i =
Z

d
3
r

h
| + (r)|2 + | � (r)|2

i

[ 0] (r) = JAK [ ] (r)

JSK = ~
2
�

Spinores

r



Aula passada

29

s = 1/2 ! |r, " = ±i ou |p, " = ±i

M = 2
µB

~ S

S
2 |"i = 3

4
~2 |"i

Sz |"i = "
~
2
|"i

S+ |+i = 0

S+ |�i = |+i
S� |�i = 0

S� |+i = |�i

S =
~
2
�

�x =

 
0 1

1 0

!
,�y =

 
0 �i

i 0

!
,�z =

 
1 0

0 �1

!

�
2
a = 1

�a�b + �b�a = 0 (a 6= b)

�a�b = i✏
abc
�c (a 6= b)

Tr (�a) = 0

Det (�a) = �1

(� ·A) (� ·B) = A ·B+ i� ·A⇥B

X |r, "i = x |r, "i
Y |r, "i = y |r, "i
Z |r, "i = z |r, "i

S
2 |r, "i = 3

4
~2 |r, "i

Sz |r, "i =
~
2
" |r, "i

hr0, "0|r, "i = �","0�
(3) (r� r0)

X

"

Z
d
3
r |r, "i hr, "| = 1

hr, "| i =  " (r) ! [ ] (r) =

 
 + (r)

 � (r)

!

h |r, "i =  
⇤
" (r) ! [ ]† (r) =

⇣
 
⇤
+ (r)  

⇤
� (r)

⌘

h |'i =
Z

d
3
r
⇥
 
⇤
+ (r)'+ (r) +  

⇤
� (r)'� (r)

⇤

h | i =
Z

d
3
r

h
| + (r)|2 + | � (r)|2

i

[ 0] (r) = JAK [ ] (r)

JSK = ~
2
�

Produto escalar:

Normalização:

32

h |'i =

Z
d
3
r
⇥
 
⇤
+ (r)'+ (r) +  

⇤
� (r)'� (r)

⇤

h | i =

Z
d
3
r

h
| + (r)|2 + | � (r)|2

i

h | i =

Z
d
3
r

h
| + (r)|2 + | � (r)|2

i
= 1

[ 
0
] (r) = JAK [ ] (r)

JSK = ~
2
�

JPK = 1
~
i
r

JS ·PK = ~
2

~
i

 
@

@z

@

@x
� i

@

@y

@

@x
+ i

@

@y
�

@

@z

!

V (x) =

(
0 x < 0,

V0 + !0Sz x > 0.

!0 = ��B0

[ ] (x) =

 
A+e

ikx
+B+e

�ikx

A�e
ikx

+B�e
�ikx

!
(x < 0)

E > V0 + ~!0/2

E < V0 � ~!0/2

V0 � ~!0/2 < E < V0 + ~!0/2

(a) [ ] (x) =

 
C+e

ik
0
+x

C�e
ik

0
�x

!
(x > 0)

(b) [ ] (x) =

 
D+e

�⇢+x

D�e
�⇢�x

!
(x > 0)

(c) [ ] (x) =

 
D+e

�⇢+x

C�e
ik

0
�x

!
(x > 0)

": V0 +
~!0

2

": V0 �
~!0

2



3. Operadores A 147 14 x 36 LEADERS
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a) Operadores de spin: só atuam como matrizes 
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b) Operadores orbitais:
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c) Operadores mistos: POR EXEMPLO LzSz
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4. A representação |p,e>
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Cálculos de probabilidades
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Exemplo: feixe de nêutrons incidente 
num ferromagneto

COMPLEMENT BIX •

The last term represents the interaction between the spin magnetic moment ~
2 � and

the magnetic field B(R ) = r A(R ).
Show, using the properties of the Pauli matrices, that this Hamiltonian can also

be written in the following form (“the Pauli Hamiltonian”):

= 1
2 � [P A(R )] 2 + (R )

4. We intend to study the reflection of a monoenergetic neutron beam which is per-
pendicularly incident on a block of a ferromagnetic material. We call the direction
of propagation of the incident beam and the surface of the ferromagnetic material,
which fills the entire 0 region (see Figure 1). Let each incident neutron have an
energy and a mass The spin of the neutrons is = 1 2 and their magnetic moment
is written M = S ( is the gyromagnetic ratio and S is the spin operator).

z

y

x
O

B0

incident neutrons

Figure 1

The potential energy of the neutrons is the sum of two terms:

the first one corresponds to the interaction with the nucleons of the substance.
Phenomenologically, it is represented by a potential ( ), defined by ( ) = 0 for

0, ( ) = 0 0 for 0.

the second term corresponds to the interaction of the magnetic moment of each
neutron with the internal magnetic field B0 of the material (B0 is assumed to be
uniform and parallel to ). Thus we have = 0 for 0, = 0 for 0
(with 0 = 0). Throughout this exercise we shall confine ourselves to the case:

0 ~ 0
2 0

Determine the stationary states of the particle that correspond to a positive incident
momentum and a spin which is either parallel or antiparallel to .

We assume in this question that 0 ~ 0 2 0 + ~ 0 2. The incident
neutron beam is unpolarized. Calculate the degree of polarization of the reflected
beam. Can you imagine an application of this e�ect?
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