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Aula passada
Motivação: sistemas com duas contribuições de momentos angulares, J1 e J2, 
que não são conservados individualmente mas cuja soma J=J1+J2 é conservada.

Nesse caso, não é conveniente usar a base de auto-vetores comuns do
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Aula passada
Mas:
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Jz |"1"2i = ("1 + "2) ~ |"1"2i

onde o rótulo k serve para distinguir auto-vetores diferentes com o mesmo j,m. 
Como veremos, ele será desnecessário, pois os operadores acima formam um CCOC.

O problema consiste em, no sub-espaço de dimensão (2j1+1)(2j2+1) 
com j1 e j2 fixos:
a) Achar os valores possíveis de j e quantas vezes cada um aparece 

(para cada j, m varia em –j, -j+1,…,j-1,j).
b) Achar a transformação de uma base para outra.
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Aula passada

Base final:
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Exemplo inicial simples:
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j1 = j2 = 1/2 ! |j1 = 1/2, j2 = 1/2,m1 = ±1/2,m2 = ±1/2i ! {|++i , |+�i , |�+i , |��i}

Jz |"1"2i = ("1 + "2) ~ |"1"2i
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Jz |"1"2i = ("1 + "2) ~ |"1"2i

Base inicial:

1. Jz = J1z+ J2z já é diagonal na base inicial:
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0 0 0 2
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CCCA

|j = 1,m = 1i = |++i

|j = 1,m = 0i = 1p
2
(|+�i+ |�+i)

|j = 1,m = �1i = |��i

|j = 0,m = 0i = 1p
2
(|+�i � |�+i)

(j1 = 1/2)⌦ (j1 = 1/2) = (j = 0)� (j = 1)

j1 = 1/2

j2 = 1/2

)
) j = 1 (1x)

j = 0 (1x)
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2
(|+�i+ |�+i)

|j = 1,m = �1i = |��i

|j = 0,m = 0i = 1p
2
(|+�i � |�+i)

(j1 = 1/2)⌦ (j1 = 1/2) = (j = 0)� (j = 1)

j1 = 1/2

j2 = 1/2

)
) j = 1 (1x)

j = 0 (1x)

J2 é bloco-diagonal.

2. O valor máximo de m é 1. O auto-vetor é único e, portanto, é auto-vetor 
de J2 com j=1.
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m



Aula passada
3. Atue com J-=J1-+J2- e encontre os outros auto-vetores com j=1.
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4. No sub-espaço de m=0 há outro auto-vetor de Jz ortogonal a

Ele é necessariamente auto-vetor de J2 com j=0, pois não outro vetor disponível.
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5. Finalmente, temos:
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O caso geral
Notação: Base inicial
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m1 = �j1,�j1 + 1, . . . , j1 � 1, j1

m2 = �j2,�j2 + 1, . . . , j2 � 1, j2
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m2 = �j2,�j2 + 1, . . . , j2 � 1, j2Base final (“somada”):
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m = �j,�j + 1, . . . , j � 1, j
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m1 = �j1,�j1 + 1, . . . , j1 � 1, j1

m2 = �j2,�j2 + 1, . . . , j2 � 1, j2

dim [E (j1, j2)] = (2j1 + 1) (2j2 + 1)

m = �j,�j + 1, . . . , j � 1, j

|1, 1;m1,m2i ! |j,mi
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|2, 1i =
1
p
2
[|1, 1; 1, 0i+ |1, 1; 0, 1i]
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1
p
6
[|1, 1; 1,�1i+ 2 |1, 1; 0, 0i+ |1, 1;�1, 1i]
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dim [E (j1, j2)] = (2j1 + 1) (2j2 + 1)

m = �j,�j + 1, . . . , j � 1, j

|1, 1;m1,m2i ! |j,mi

|2, 2i = |1, 1; 1, 1i

|2, 1i =
1
p
2
[|1, 1; 1, 0i+ |1, 1; 0, 1i]

|2, 0i =
1
p
6
[|1, 1; 1,�1i+ 2 |1, 1; 0, 0i+ |1, 1;�1, 1i]

|2,�1i =
1
p
2
[|1, 1; 0,�1i+ |1, 1;�1, 0i]

|2,�2i = |1, 1;�1,�1i

|1, 1i =
1
p
2
[|1, 1; 1, 0i � |1, 1; 0, 1i]

|1, 0i =
1
p
2
[|1, 1; 1,�1i � |1, 1;�1, 1i]

|1,�1i =
1
p
2
[|1, 1; 0,�1i � |1, 1;�1, 0i]

|0, 0i =
1
p
3
[|1, 1; 1,�1i � |1, 1; 0, 0i+ |1, 1;�1, 1i]

J+ |j,mi =

p
j (j + 1)�m (m+ 1)~ |j,m+ 1i

J� |j,mi =

p
j (j + 1)�m (m� 1)~ |j,m� 1i

J+ |2,mi =

p
6�m (m+ 1)~ |2,m+ 1i

J� |2,mi =

p
6�m (m� 1)~ |2,m� 1i

J+ |1,mi =

p
2�m (m+ 1)~ |1,m+ 1i

J� |1,mi =

p
2�m (m� 1)~ |1,m� 1i
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Resultado final (ver a prova nas notas de aula):

1. Os valores possíveis de j são:

2. Cada valor de j só aparece uma vez e o k é desnecessário.
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! C.C.O.C.
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Checando a dimensão do espaço
SOMA DAS DIMENSTES DOS SUB ESPAGOS Ij Jal
Ij jutty jitji 1 j ja DA A DIMENSIO Do

ESPACE ECJ 827 281 1 282 1

Soma It 28 1
p
28,11 2jeti

jeljrid
VER PRVA
NAS NOTAS



Exemplos
j 3 82

j O 1 2 3 4 5 6

DIMENSIO I 3 5 7 971 It 12 49

ji 4 82 312

j 512,72 9 2 11 2

81 312 ja 512

j I 2 3,4

JE I j 2 112 j 112 312



Exemplos
Se j1=inteiro e  j2=inteiro:

Se j1=inteiro e  j2=semi-inteiro (ou vice-versa):

Se j1=semi-inteiro e  j2=semi-inteiro:

TODOS OS J SEO INTEIROS

TODOS OS j SEO SEMI INTER S

TOROS OS j SEO INTEIROS



Exemplo: j1=1 e j2=1
Notação: base antiga                          , base nova

32

m =

8
><

>:

+~ |++i
0⇥ ~ |+�i , |�+i
�~ |��i

Jz = ~

0

BBB@

1 0 0 0

0 0 0 0

0 0 0 0

0 0 0 �1

1

CCCA
; J

2
= ~2

0

BBB@

a 0 0 0

0 b c 0

0 d e 0

0 0 0 f

1

CCCA

J
2
= ~2

0

BBB@

2 0 0 0

0 1 1 0

0 1 1 0

0 0 0 2

1

CCCA

|j = 1,m = 1i = |++i

|j = 1,m = 0i = 1p
2
(|+�i+ |�+i)

|j = 1,m = �1i = |��i

|j = 0,m = 0i = 1p
2
(|+�i � |�+i)

(j1 = 1/2)⌦ (j1 = 1/2) = (j = 0)� (j = 1)

j1 = 1/2

j2 = 1/2

)
) j = 1 (1x)

j = 0 (1x)

|j1, j2,m1,m2i ! |m1,m2i
|j1, j2, k, j,mi ! kk, j,mi

m1 = �j1,�j1 + 1, . . . , j1 � 1, j1

m2 = �j2,�j2 + 1, . . . , j2 � 1, j2

m = �j,�j + 1, . . . , j � 1, j

|1, 1;m1,m2i ! |j,mi

|2, 2i = |1, 1; 1, 1i

|2, 1i = 1p
2
[|1, 1; 1, 0i+ |1, 1; 0, 1i]

|2, 0i = 1p
6
[|1, 1; 1,�1i+ 2 |1, 1; 0, 0i+ |1, 1;�1, 1i]

|2,�1i = 1p
2
[|1, 1; 0,�1i+ |1, 1;�1, 0i]

|2,�2i = |1, 1;�1,�1i

j=2:

j=1: 33

|1, 1i = 1p
2
[|1, 1; 1, 0i � |1, 1; 0, 1i]

|1, 0i = 1p
2
[|1, 1; 1,�1i � |1, 1;�1, 1i]

|1,�1i = 1p
2
[|1, 1; 0,�1i � |1, 1;�1, 0i]

|0, 0i = 1p
3
[|1, 1; 1,�1i � |1, 1; 0, 0i+ |1, 1;�1, 1i]

j=0:

33

|1, 1i = 1p
2
[|1, 1; 1, 0i � |1, 1; 0, 1i]

|1, 0i = 1p
2
[|1, 1; 1,�1i � |1, 1;�1, 1i]

|1,�1i = 1p
2
[|1, 1; 0,�1i � |1, 1;�1, 0i]

|0, 0i = 1p
3
[|1, 1; 1,�1i � |1, 1; 0, 0i+ |1, 1;�1, 1i]
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|j1, j2,m1,m2i ! |m1,m2i

|j1, j2, k, j,mi ! |k, j,mi
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m2 = �j2,�j2 + 1, . . . , j2 � 1, j2

dim [E (j1, j2)] = (2j1 + 1) (2j2 + 1)
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j = |j1 � j2| , |j1 � j2|+ 1, . . . , j1 + j2 � 1, j1 + j2

�
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2
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! C.C.O.C.
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J+ |j,mi =

p
j (j + 1)�m (m+ 1)~ |j,m+ 1i

J� |j,mi =

p
j (j + 1)�m (m� 1)~ |j,m� 1i
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p
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J� |2,mi =

p
6�m (m� 1)~ |2,m� 1i

J+ |1,mi =

p
2�m (m+ 1)~ |1,m+ 1i

J� |1,mi =
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2�m (m� 1)~ |1,m� 1i
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! C.C.O.C.
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Exemplo: j1=l e j2=1/2

J=l+1/2:
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|1, 1i = 1p
2
[|1, 1; 1, 0i � |1, 1; 0, 1i]

|1, 0i = 1p
2
[|1, 1; 1,�1i � |1, 1;�1, 1i]

|1,�1i = 1p
2
[|1, 1; 0,�1i � |1, 1;�1, 0i]

|0, 0i = 1p
3
[|1, 1; 1,�1i � |1, 1; 0, 0i+ |1, 1;�1, 1i]

|l, 1/2;m, "i ! |J = l ± 1/2,Mi

|l + 1/2,Mi = 1p
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J=l-1/2:
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|1, 1i = 1p
2
[|1, 1; 1, 0i � |1, 1; 0, 1i]

|1, 0i = 1p
2
[|1, 1; 1,�1i � |1, 1;�1, 1i]

|1,�1i = 1p
2
[|1, 1; 0,�1i � |1, 1;�1, 0i]

|0, 0i = 1p
3
[|1, 1; 1,�1i � |1, 1; 0, 0i+ |1, 1;�1, 1i]

|l, 1/2;m, "i ! |J = l ± 1/2,Mi

|l + 1/2,Mi = 1p
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Notação: base antiga                          , base nova
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! C.C.O.C.
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j = |j1 � j2| , |j1 � j2|+ 1, . . . , j1 + j2 � 1, j1 + j2

�
J
2
1 , J

2
2 , J

2
, Jz

 
! C.C.O.C.

|1, 1;m1,m2i ! |j,mi

|2, 2i = |1, 1; 1, 1i

|2, 1i =
1
p
2
[|1, 1; 1, 0i+ |1, 1; 0, 1i]

|2, 0i =
1
p
6
[|1, 1; 1,�1i+ 2 |1, 1; 0, 0i+ |1, 1;�1, 1i]

|2,�1i =
1
p
2
[|1, 1; 0,�1i+ |1, 1;�1, 0i]

|2,�2i = |1, 1;�1,�1i

|1, 1i =
1
p
2
[|1, 1; 1, 0i � |1, 1; 0, 1i]

|1, 0i =
1
p
2
[|1, 1; 1,�1i � |1, 1;�1, 1i]

|1,�1i =
1
p
2
[|1, 1; 0,�1i � |1, 1;�1, 0i]

|0, 0i =
1
p
3
[|1, 1; 1,�1i � |1, 1; 0, 0i+ |1, 1;�1, 1i]

J+ |j,mi =

p
j (j + 1)�m (m+ 1)~ |j,m+ 1i

J� |j,mi =

p
j (j + 1)�m (m� 1)~ |j,m� 1i

J+ |2,mi =

p
6�m (m+ 1)~ |2,m+ 1i

J� |2,mi =

p
6�m (m� 1)~ |2,m� 1i

J+ |1,mi =

p
2�m (m+ 1)~ |1,m+ 1i

J� |1,mi =

p
2�m (m� 1)~ |1,m� 1i
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1
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Tabelas de coef. de Clebsch-Gordan4.3 Addition of Angular Momenta 115

Table 4.1 The non-vanishing Clebsch–Gordan coefficients for the addition of angular
momenta j ′ and j ′′ with 3-components m′ and m′′ to give angular momentum j with
3-component m, for several low values of j ′ and j ′′.

j ′ j ′′ j m m′ m′′ C j ′ j ′′( j m ; m′ m′′)
1
2

1
2 1 +1 +1

2 +1
2 1

1
2

1
2 1 0 ±1

2 ∓1
2 1/

√
2

1
2

1
2 1 −1 −1

2 −1
2 1

1
2

1
2 0 0 ±1

2 ∓1
2 ±1

√
2

1 1
2

3
2 ±3

2 ±1 ±1
2 1

1 1
2

3
2 ±1

2 ±1 ∓1
2

√
1/3

1 1
2

3
2 ±1

2 0 ±1
2

√
2/3

1 1
2

1
2 ±1

2 ±1 ∓1
2 ±√

2/3

1 1
2

1
2 ±1

2 0 ±1
2 ∓√

1/3
1 1 2 ±2 ±1 ±1 1

1 1 2 ±1 ±1 0 1/
√

2

1 1 2 ±1 0 ±1 1/
√

2

1 1 1 ±1 ±1 0 ±1/
√

2

1 1 1 ±1 0 ±1 ∓1/
√

2

1 1 0 0 ±1 ∓1 1/
√

3

1 1 0 0 0 0 −1/
√

3

If for instance we measure the values S3 and L3 of the 3-component of the
electron’s spin and orbital angular momentum3 in the 2p3/2 state with m = 1/2,
then we will either get values 1/2 and 0, or values −1/2 and +1, with proba-
bilities equal to the squares of the corresponding Clebsch–Gordan coefficients,
which according to Table 4.1 are 2/3 and 1/3, respectively.

3 This can be done for example by a Stern–Gerlach experiment, with a strong magnetic field in the
3-direction. As we will see in Section 5.2, L and S contribute differently to the magnetic moment
of the atom, so the interaction energy of the atom with the magnetic field will be different for different
values of m! and ms , even for states with the same value of m = m! + ms . If this interaction energy
is large compared with the interaction between the atom’s spin and orbital angular momentum, then the
matrix elements of the 1 and 2 components of the magnetic moment, which connect states with different
values for m! and/or m!, will oscillate rapidly, and will not contribute to the interaction energy. Thus if
the magnetic field also has a weak inhomogeneous term with a non-vanishing 3-component, the atom
will pursue different trajectories for different values of m! and/or ms .
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H = H1 +H2 +H12

H1 = �~2r2
1

2m
+ V (r1)

H2 = �~2r2
2

2m
+ V (r2)

H12 = v (|r1 � r2|) =
e
2

|r1 � r2|

[L1, H1 +H2] = [L2, H1 +H2] = 0

[L1, H] = [L1, H12] 6= 0

[L2, H] = [L2, H12] 6= 0

[L1 + L2, H] = 0
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Problema 1 da lista 4

• EXERCISES

Complement GX

Exercises

1. Consider a deuterium atom (composed of a nucleus of spin = 1 and an electron).
The electronic angular momentum is J = L+S, where L is the orbital angular momentum
of the electron and S is its spin. The total angular momentum of the atom is F = J + I,
where I is the nuclear spin. The eigenvalues of J2 and F2 are ( +1)~2 and ( +1)~2

respectively.

. What are the possible values of the quantum numbers and for a deuterium
atom in the 1 ground state?

. Same question for deuterium in the 2 excited state.

2. The hydrogen atom nucleus is a proton of spin = 1 2.

. In the notation of the preceding exercise, what are the possible values of the quan-
tum numbers and for a hydrogen atom in the 2 level?

. Let be the stationary states of the Hamiltonian 0 of the hydrogen atom
studied in § C of Chapter VII.

Let be the basis obtained by adding L and S to form J ( ~ is
the eigenvalue of ); and let be the basis obtained by adding J
and I to form F ( ~ is the eigenvalue of ).

The magnetic moment operator of the electron is:

M = (L + 2S) ~

In each of the subspaces ( = 2 = 1 = 1 2 = 1 2 ) arising from the 2 level
and subtended by the 2 + 1 vectors

= 2 = 1 = 1
2 = 1

2

corresponding to fixed values of and the projection theorem (cf. Complement DX,
§§ 2-c and 3) enables us to write:

M = F ~

Calculate the various possible values of the Landé factors corresponding to the 2
level.

3. Consider a system composed of two spin 1/2 particles whose orbital variables are
ignored. The Hamiltonian of the system is:

= 1 1 + 2 2

where 1 and 2 are the projections of the spins S1 and S2 of the two particles onto
, and 1 and 2 are real constants.
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Problema 2 da lista 4

• EXERCISES

Complement GX

Exercises

1. Consider a deuterium atom (composed of a nucleus of spin = 1 and an electron).
The electronic angular momentum is J = L+S, where L is the orbital angular momentum
of the electron and S is its spin. The total angular momentum of the atom is F = J + I,
where I is the nuclear spin. The eigenvalues of J2 and F2 are ( +1)~2 and ( +1)~2

respectively.

. What are the possible values of the quantum numbers and for a deuterium
atom in the 1 ground state?

. Same question for deuterium in the 2 excited state.

2. The hydrogen atom nucleus is a proton of spin = 1 2.

. In the notation of the preceding exercise, what are the possible values of the quan-
tum numbers and for a hydrogen atom in the 2 level?

. Let be the stationary states of the Hamiltonian 0 of the hydrogen atom
studied in § C of Chapter VII.

Let be the basis obtained by adding L and S to form J ( ~ is
the eigenvalue of ); and let be the basis obtained by adding J
and I to form F ( ~ is the eigenvalue of ).

The magnetic moment operator of the electron is:

M = (L + 2S) ~

In each of the subspaces ( = 2 = 1 = 1 2 = 1 2 ) arising from the 2 level
and subtended by the 2 + 1 vectors

= 2 = 1 = 1
2 = 1

2

corresponding to fixed values of and the projection theorem (cf. Complement DX,
§§ 2-c and 3) enables us to write:

M = F ~

Calculate the various possible values of the Landé factors corresponding to the 2
level.

3. Consider a system composed of two spin 1/2 particles whose orbital variables are
ignored. The Hamiltonian of the system is:

= 1 1 + 2 2

where 1 and 2 are the projections of the spins S1 and S2 of the two particles onto
, and 1 and 2 are real constants.

1107

COMPLEMENT GX •

. The initial state of the system, at time = 0, is:

(0) = 1
2

[ + + + ]

(with the notation of § B of Chapter X). At time S2 = (S1 + S2)2 is measured.
What results can be found, and with what probabilities?

. If the initial state of the system is arbitrary, what Bohr frequencies can appear in
the evolution of S2 ? Same question for = 1 + 2 .

4. Consider a particle ( ) of spin 3/2 which can disintegrate into two particles, ( ) of
spin 1/2 and ( ) of spin 0. We place ourselves in the rest frame of ( ). Total angular
momentum is conserved during the disintegration.

. What values can be taken on by the relative orbital angular momentum of the
two final particles? Show that there is only one possible value if the parity of the
relative orbital state is fixed. Would this result remain valid if the spin of particle
( ) were greater than 3/2?

. Assume that particle ( ) is initially in the spin state characterized by the eigenvalue
~ of its spin component along . We know that the final orbital state has a

definite parity. Is it possible to determine this parity by measuring the probabilities
of finding particle ( ) either in the state + or in the state (you may use the
general formulas of Complement AX, § 2)?

5. Let S = S1 + S2 + S3 be the total angular momentum of three spin 1/2 particles
(whose orbital variables will be ignored). Let 1 2 3 be the eigenstates common to

1 2 3 , of respective eigenvalues 1 ~ 2, 2 ~ 2, 3 ~ 2. Give a basis of eigenvectors
common to S2 and , in terms of the kets 1 2 3 . Do these two operators form
a C.S.C.O.? (Begin by adding two of the spins in order to obtain a partial angular
momentum, and then add it to the third one.)

6. Let S1 and S2 be the intrinsic angular momenta of two spin 1/2 particles, R1 and
R2, their position observables, and 1 and 2, their masses (with = 1 2

1+ 2
, the

reduced mass). Assume that the interaction between the two particles is of the form:

= ( ) + ( )S1 S2
~2

where ( ) and ( ) depend only on the distance = R1 R2 between the particles.

. Let S = S1 + S2 be the total spin of the two particles.

. Show that:

1 = 3
4 + S1 S2

~2

0 = 1
4 + S1 S2

~2

are the projectors onto the total spin states = 1 and = 0 respectively.
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