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Aula passada

Motivagao: sistemas com duas contribuicdes de momentos angulares, J, e J,,
que nao sao conservados individualmente mas cuja soma J=J,+J, é conservada.

[leH] 7& 0
[J27H] 7A 0

Ji+J5,H =0

Nesse caso, nao é conveniente usar a base de auto-vetores comuns do

C.C.0.C. = {J2,J2 J1., J2z)

(jl + ]-) hZ ‘j17j27m17m2>
(jQ + ]-) h2 |j17j27m17m2>
m1h|j1 j27m17m2>

maoh |j1, j2, M1, M2)

2 - )
Jl J1, 72,11, 12

)
J22 j17j27m17m2>
le j17j27m17m2>

)

Jos |71, 72, M1, M2

mi = _jla_jl + 17"'7j1 - ]-7jl
mo = _j27_j2 + 17"'7j2 - 17j2
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Mas: [J.J7] = [J,J3] = 0= C.(C.)O.C. = {J7,J5,J%, J.}

= j1 (j1 + 1) A |51, Jo, K, 4, m)
= ja (jo + 1) ? |41, ja, k. j, m)
=j (G + 1D i1, o, k. §,m)
= mh|j1, jo, k, J, m)

J7 141, 2. Ky jym
J3 g1, g2, k. j,m
J? |41, 2, k, j,m
2 1J1, g2, K, 3, m

~ S~ S~ S~~~

onde o rotulo k serve para distinguir auto-vetores diferentes com o mesmo j,m.
Como veremos, ele sera desnecessario, pois os operadores acima formam um CCOC.

O problema consiste em, no sub-espago de dimensao (27,+1)(2j,+1)

com j, e j, fixos:

a) Achar os valores possiveis de j e quantas vezes cada um aparece
(para cadaj, m variaem —j, -j+1,...j-1).

b) Achar atransformacao de uma base para outra.

|j17j27m17m2> — |j17j27jam>
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Exemplo inicial simples: J1 = J2 = 1/2
Base inicial: [j1 =1/2,j2 = 1/2,m1 = £1/2,ma = £1/2) = {|++),|[+—),|-+),|-—)}
Base final: |.]1 — 1/27]2 — 1/27]7 m> — ‘]7 m>

1. J.=J,tJ,. jaédiagonal na base inicial:

/

—— +h ++)
J. |e1e2) = (1 +52)§|5152> m=9q 0xh |[+=),|—+)
. R )
(1]0 0 o\ (a0 0]0 )
J.,=h 010 010 . J? = R? 016 ¢|0 J, é bloco-diagonal.
00 O O 0Old e|0
\0[0 01/ \0[0 0|f/

2. Ovalor maximo de m é 1. O auto-vetor € Unico e, portanto, é auto-vetor

de J? com j=1. = m = 1) = [++)
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3. Atue comJ=J, +J, e encontre os outros auto-vetores com j=1.

. 1
Ir=Lm=0%=7§WFﬁ+F+D

j=1m=-1)=|--)

4. No sub-espaco de m=0 ha outro auto-vetor de J, ortogonal a j=1,m=0)
1

— (|+—) — |—+
75 (=) = 1=+4)
Ele é necessariamente auto-vetor de J> com j=0, pois ndo outro vetor disponivel.
1
) p— O’ p— O - — _— —_ —_—
j=0.m=0) = == (+=) = |=+))

5. Finalmente, temos:

j11/2}:>j1 (1x)
j2 =1/2 =




O caso geral

Notacdo: Base inicial |71, J2,m1,m2) — |m1, ma)

mq =

mo —

_jla_jl + 17"'7j1 — 17j1
_j27_j2 =+ 17"'7j2 — 17j2

dim [€ (j1,72)] = (271 + 1) (272 + 1)

Base final (“somada”): ’j17j27k7j7 m> — |k7.j7 m>

m:_ja_]—'_l)

..,7—1,9

Resultado final (ver a prova nas notas de aula):

1. Os valores possiveis de j sao:

j=lin—Jal, | —J2l +1,...

s J1+72 — 1,91 + 92

2. Cadavalor dej s6 aparece uma vez e o k é desnecessario.
{Jt,J5,J°,J.} — C.C.O.C.




Checando a dimensao do espaco
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Exemplos
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y=0 4, 5 % 1, 5,6
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Exemplos

Se j,=inteiro e j,=inteiro:

TopPos & (& SRo (NYE(R2S

Se j,=inteiro e j,=semi-inteiro (ou vice-versa):

1

Yool o4& (3 S;o SEO’HAINF\\E( £2S

Se j,=semi-inteiro e j,=semi-inteiro:

To9og ©s y Ske NMVRIgeS



Exemplo: j,=1 e j,=1

Notacdo: base antiga |1, 1;m1, m2), base nova U, m>

]:2 ’272> — ‘1717171>

1
2.1) = — [|1,1:1,0) + [1,1:0,1
2.0 =5l )+ 11,150, 1)]
1
270 = 171717 21717 ) y Ly —
2,0) = \fU 1) +2[1,1;0,0) + [1,1; =1, 1)]
’27 _2> — ‘1 1 _17_1>
J=L j=0:
1
1,1) = 7[\1,1,1,0> 1,1;0,1)] 0,0) = T[ILLL 1) —11,1;0,0) +[1,1; =1, 1)]
1
1,0) = 5 1L 151, -1) = L 151, 1)
1
‘17_1> 7“171a0 1> ‘171;_170”



Exemplo: j,=lej,=1/2

Notacdo: base antiga |, 1/2;m,€), basenova|J =1+ 1/2, M)

PAZA 2> > A
J=1+1/2:

1
l1/2 M—§+>+\/Z M+

a5

1
11/2M—%+>




Coeficientes de Clebsch-Gordan
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Tabelas de coef. de Clebsch-Gordan

Cjrjr (Fmym'm”) = (5, 3", m',m"|j, m)

J' J J m m'’ m” Cjrjr(jm; m'm")
! ! 1 +1 +3 + ! 1
T 1/v2
A e !

X Y 0 0 +3 *3 +14/2
1 y ; +3 +1 +1 1
T N 173
T VI3
1 ¥ § +3 +1 3 +2/3
1 ! ! +3 0 +3 +J/1/3
1 1 2 +2 +1 +1 1

1 1 2 +1 +1 0 1/4/2
1 1 2 +1 0 +1 1/v2
1 1 1 +1 +1 0 +1/42
1 1 1 +1 0 +1 F1/V2
1 1 0 0 +1 1 1//3
1 1 0 0 0 0 —1//3




Problema 1 da lista 4

1. Consider a deuterium atom (composed of a nucleus of spin I = 1 and an electron).
The electronic angular momentum is J = L+S, where L is the orbital angular momentum
of the electron and S is its spin. The total angular momentum of the atom is F = J +1,
where I is the nuclear spin. The eigenvalues of J? and F? are J(J +1)h? and F(F + 1)h?

respectively.
a. What are the possible values of the quantum numbers J and F' for a deuterium

atom in the 1s ground state?

b. Same question for deuterium in the 2p excited state.
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Problema 2 da lista 4

3. Consider a system composed of two spin 1/2 particles whose orbital variables are
ignored. The Hamiltonian of the system is:

H = w51, + w252,

where S1, and Ss, are the projections of the spins S; and Sy of the two particles onto
Oz, and w; and wy are real constants.

a. The initial state of the system, at time ¢ = 0, is:

_ L — — =\ =D >
|¢(0)>—\/§H+ V4] — 4] — \S ),w\ S

(with the notation of § B of Chapter X). At time ¢, S = (S; + S2)? is measured.
What results can be found, and with what probabilities?

b. If the initial state of the system is arbitrary, what Bohr frequencies can appear in
the evolution of (S?)? Same question for S, = S1, + Sa.
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