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Aula passada

O problema consiste em, no sub-espaço de dimensão (2j1+1)(2j2+1) 
com j1 e j2 fixos:
a) Achar os valores possíveis de j (onde J=J1+J2) e quantas vezes 

cada um aparece (para cada j, m varia em –j, -j+1,…, j-1, j).
b) Achar a transformação de uma base para outra.
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Adição de momentos angulares j1 e j2 

Resposta para o item (a)
1. Os valores possíveis de j são:

2. Cada valor de j só aparece uma vez:
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Aula passada
Resposta para o item (b): os coeficientes da transformação de 
base podem ser obtidos sistematicamente e são chamados de 
coeficientes de Clebsch-Gordan:
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Problema 2 da lista 4 (cont.)

• EXERCISES

Complement GX

Exercises

1. Consider a deuterium atom (composed of a nucleus of spin = 1 and an electron).
The electronic angular momentum is J = L+S, where L is the orbital angular momentum
of the electron and S is its spin. The total angular momentum of the atom is F = J + I,
where I is the nuclear spin. The eigenvalues of J2 and F2 are ( +1)~2 and ( +1)~2

respectively.

. What are the possible values of the quantum numbers and for a deuterium
atom in the 1 ground state?

. Same question for deuterium in the 2 excited state.

2. The hydrogen atom nucleus is a proton of spin = 1 2.

. In the notation of the preceding exercise, what are the possible values of the quan-
tum numbers and for a hydrogen atom in the 2 level?

. Let be the stationary states of the Hamiltonian 0 of the hydrogen atom
studied in § C of Chapter VII.

Let be the basis obtained by adding L and S to form J ( ~ is
the eigenvalue of ); and let be the basis obtained by adding J
and I to form F ( ~ is the eigenvalue of ).

The magnetic moment operator of the electron is:

M = (L + 2S) ~

In each of the subspaces ( = 2 = 1 = 1 2 = 1 2 ) arising from the 2 level
and subtended by the 2 + 1 vectors

= 2 = 1 = 1
2 = 1

2

corresponding to fixed values of and the projection theorem (cf. Complement DX,
§§ 2-c and 3) enables us to write:

M = F ~

Calculate the various possible values of the Landé factors corresponding to the 2
level.

3. Consider a system composed of two spin 1/2 particles whose orbital variables are
ignored. The Hamiltonian of the system is:

= 1 1 + 2 2

where 1 and 2 are the projections of the spins S1 and S2 of the two particles onto
, and 1 and 2 are real constants.
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. The initial state of the system, at time = 0, is:

(0) = 1
2

[ + + + ]

(with the notation of § B of Chapter X). At time S2 = (S1 + S2)2 is measured.
What results can be found, and with what probabilities?

. If the initial state of the system is arbitrary, what Bohr frequencies can appear in
the evolution of S2 ? Same question for = 1 + 2 .

4. Consider a particle ( ) of spin 3/2 which can disintegrate into two particles, ( ) of
spin 1/2 and ( ) of spin 0. We place ourselves in the rest frame of ( ). Total angular
momentum is conserved during the disintegration.

. What values can be taken on by the relative orbital angular momentum of the
two final particles? Show that there is only one possible value if the parity of the
relative orbital state is fixed. Would this result remain valid if the spin of particle
( ) were greater than 3/2?

. Assume that particle ( ) is initially in the spin state characterized by the eigenvalue
~ of its spin component along . We know that the final orbital state has a

definite parity. Is it possible to determine this parity by measuring the probabilities
of finding particle ( ) either in the state + or in the state (you may use the
general formulas of Complement AX, § 2)?

5. Let S = S1 + S2 + S3 be the total angular momentum of three spin 1/2 particles
(whose orbital variables will be ignored). Let 1 2 3 be the eigenstates common to

1 2 3 , of respective eigenvalues 1 ~ 2, 2 ~ 2, 3 ~ 2. Give a basis of eigenvectors
common to S2 and , in terms of the kets 1 2 3 . Do these two operators form
a C.S.C.O.? (Begin by adding two of the spins in order to obtain a partial angular
momentum, and then add it to the third one.)

6. Let S1 and S2 be the intrinsic angular momenta of two spin 1/2 particles, R1 and
R2, their position observables, and 1 and 2, their masses (with = 1 2

1+ 2
, the

reduced mass). Assume that the interaction between the two particles is of the form:

= ( ) + ( )S1 S2
~2

where ( ) and ( ) depend only on the distance = R1 R2 between the particles.

. Let S = S1 + S2 be the total spin of the two particles.

. Show that:

1 = 3
4 + S1 S2

~2

0 = 1
4 + S1 S2

~2

are the projectors onto the total spin states = 1 and = 0 respectively.
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Frequências de Bohr que aparecem na evolução temporal de <O>(t):
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Teoria de perturbação 
independente do tempo
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CHAPTER XI STATIONARY PERTURBATION THEORY

We shall assume5 that ( ) and ( ) can be expanded in powers of in the
form:

( ) = 0 + 1 + + + (A-7a)

( ) = 0 + 1 + + + (A-7b)

We then substitute these two expansions, as well as definition (A-5) of ( ), into equa-
tion (A-6):

0 + ˆ
=0

=
=0 =0

(A-8)

We require this equation to be satisfied for small but arbitrary. We must therefore
equate the coe�cients of successive powers of on both sides. This leads to:

for 0th-order terms in :

0 0 = 0 0 (A-9)

for 1st-order terms:

( 0 0) 1 + ˆ 1 0 = 0 (A-10)

0

E1
0

E2
0

E3
0

E4
0

E(λ)

λ1 λ

Figure 1: Variation of the eigen-
values ( ) of the Hamiltonian

( ) = 0 + ˆ with respect to .
Each curve corresponds to an eigen-
state of ( ). For = 0, we obtain
the spectrum of 0. We have as-
sumed here that the eigenvalues 0

3
and 0

4 are doubly degenerate; ap-
plication of the perturbation ˆ re-
moves the degeneracy of 0

3 , but not
that of 0

4 . An additional two-fold
degeneracy appears for = 1.

5This is not obvious from a mathematical point of view, the basic problem being the convergence of
the series (A-7).
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O método
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