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Aulas passadas
Solução aproximada de um problema dependente do tempo com a seguinte forma:
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i!nktŴnk (t) b

(r�1)
k

(t) , (r � 1)

b
(1)
n

(t) =
1

i~

Z
t

0
e
i!nit

0
Ŵni (t

0
) dt

0

b
(1)
f

(t) =
1

i~

Z
t

0
e
i!fit

0
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i~ċn (t) = Encn (t) + �

X

k
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Sistema é preparado num auto-estado de H0 e deixado evoluir no tempo:

Problema de auto-valor de H0 é suposto resolvido: 
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Pede-se a probabilidade de encontrá-lo num outro auto-estado de H0 no instante t. 
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Aulas passadas
Expande-se o estado na base de H0 
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Encontram-se as equações satisfeitas pelo coeficientes bk(t)
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i~ċn (t) = Encn (t) + �

X

k
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i!nktŴnk (t) b

(r�1)
k

(t) , (r � 1)

b
(1)
n

(t) =
1

i~

Z
t

0
e
i!nit

0
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Supõe-se uma forma dos coeficientes como série de potências em l:
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Aulas passadas
Em primeira ordem em l:
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A probabilidade de transição i -> f
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Aula passada
Perturbação senoidal:
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Se                                 (ressonância):
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C. AN IMPORTANT SPECIAL CASE: A SINUSOIDAL OR CONSTANT PERTURBATION

0 ωfi ω

"ω =
t

4π

4ħ2

Wfi
2t2

$if (t;ω)

Figure 3: Variation, with respect to , of the first-order transition probability P ( ; )
associated with a sinusoidal perturbation of angular frequency ; is fixed. When

, a resonance appears whose intensity is proportional to 2 and whose width is inversely
proportional to .

~ by applying a sinusoidal perturbation of angular frequency to the system and
varying so as to detect the resonance. If the perturbation acts during a time , the
uncertainty � on the value will be, according to (C-13), of the order of:

� = ~� ~ (C-14)

Therefore, the product � cannot be smaller than ~. This recalls the time-energy
uncertainty relation, although here is not a time interval characteristic of the free
evolution of the system, but is externally imposed.

C-2-c. Validity of the perturbation treatment

Now let us examine the limits of validity of the calculations leading to result (C-11).
We shall first discuss the resonant approximation, which consists of neglecting the anti-
resonant term +, and then the first-order approximation in the perturbation expansion
of the state vector.

. Discussion of the resonant approximation
Using the hypothesis , we have neglected + relative to . We shall

therefore compare the moduli of + and .
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Ŵni (t

0
) dt

0

b
(1)
f

(t) =
1

i~

Z
t

0
e
i!fit

0
Ŵfi (t

0
) dt

0

Pif (t) =
1

~2

����
Z

t

0
e
i!fit

0
Wfi (t

0
) dt

0
����

Pif (t,!) =
|Wfi|

2

4~2

⇢
sin [(!fi � !) t/2]

(!fi � !) /2

�2

se !fi > 0,

Pif (t,!) =
|Wfi|

2

4~2

⇢
sin [(!fi + !) t/2]

(!fi + !) /2

�2

se !fi < 0.

C. AN IMPORTANT SPECIAL CASE: A SINUSOIDAL OR CONSTANT PERTURBATION

Ef

Ei

a b

Ei
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φ
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i
 

φ
f
 

Ef

Figure 2: The relative disposition of the energies and associated with the states
and . If (fig. a), the transition occurs through absorption

of an energy quantum ~ . If, on the other hand, (fig. b), the
transition occurs through induced emission of an energy quantum ~ .

oscillates between the states and in the first case, while it leaves the state
irreversibly in the second case.

In § C-2, in order to concentrate on the resonance phenomenon, we shall choose a
sinusoidal perturbation, but the results obtained can easily be transposed to the case of a
constant perturbation. On the other hand, we shall use this latter case for the discussion
of § C-3.

C-2. Sinusoidal perturbation coupling two discrete states: the resonance phenomenon

C-2-a. Resonant nature of the transition probability

When the time is fixed, the transition probability P ( ; ) is a function only of
the variable . We shall see that this function has a maximum for:

(C-8a)

or:

(C-8b)

A resonance phenomenon therefore occurs when the angular frequency of the pertur-
bation coincides with the Bohr angular frequency associated with the pair of states
and . If we agree to choose 0, relations (C-8) give the resonance conditions cor-
responding respectively to the cases 0 and 0. In the first case (cf. Fig. 2-a),
the system goes from the lower energy level to the higher level by the resonant
absorption of an energy quantum ~ . In the second case (cf. Fig. 2-b), the resonant
perturbation stimulates the passage of the system from the higher level to the lower
level (accompanied by the induced emission of an energy quantum ~ ). Throughout
this section, we shall assume that is positive (the situation of Figure 2-a). The case
in which is negative could be treated analogously.
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C. AN IMPORTANT SPECIAL CASE: A SINUSOIDAL OR CONSTANT PERTURBATION

This function becomes infinite when , which is absurd, since a probability can
never be greater than 1.

In practice, for the first-order approximation to be valid at resonance, the proba-
bility in (C-17) must be much smaller than 1, that is2:

~ (C-18)

To show precisely why this inequality is related to the validity of the first-order approximation,
it would be necessary to calculate the higher-order corrections from (B-14) and to examine
under what conditions they are negligible. We would then see that, although inequality (C-18)
is necessary, it is not rigorously su�cient. For example, in the terms of second or higher order,

0 ωfi

"if (t)

#ω ≃

t

4π

ħ2

Wfi
2t2

Figure 4: Variation of the transition probability P ( ) associated with a constant pertur-
bation with respect to = ( ) ~, for fixed . A resonance appears, centered about

= 0 (conservation of energy), with the same width as the resonance of Figure 3, but
an intensity four times greater (because of the constructive interference of the resonant
and anti-resonant terms, which, for a constant perturbation, are equal).

2For this theory to be meaningful, it is obviously necessary for conditions (C-16) and (C-18) to be
compatible. That is, we must have:

1 ~

This inequality means that the energy di�erence = ~ is much larger than the matrix
element of ( ) between and .

1315

Transição entre estados de mesma energia.



Aula passada
Condição de validade da teoria de perturbação de 1a. ordem: tempos curtos

37

b
(1)
f

(t) =
1

i~

Z
t

0
e
i!fit

0
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Acoplamento com estados do contínuo
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AMBOS ESTADOS LIGADOS MAS VARIAS SITUAGIES
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Exemplos
Acoplamento com estados do contínuo:
a) Fotoionização (efeito fotoelétrico): 

radiação eletromagnética incidente 
“arranca” um elétron e ioniza o átomo.

b) Auto-ionização (efeito Auger): um 
estado ligado decai num estado com um 
elétron em nível mais baixo e outro 
elétron ejetado pra fora do átomo; 
átomo de Hélio 2s2 → 1s,1p. A 
perturbação é o próprio H.
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Interação de um átomo com ondas 
eletromagnéticas (complemento AXIII)

0 HAMILTONCANO DE UM ELECTRON NUM A'TOMO NA
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COMPLEMENT AXIII •

then time-independent. This permits the description of physical e�ects such as the spontaneous
emission of photons by atoms in excited states, which does not appear when the field is treated
classically.

1. The interaction Hamiltonian. Selection rules

1-a. Fields and potentials associated with a plane electromagnetic wave

Consider a plane electromagnetic wave1, of wave vector k (parallel to ) and
angular frequency = . The electric field of the wave is parallel to and the
magnetic field, to (Fig. 1).

E

z

y
O

x

k

B

Figure 1: The electric field E and
magnetic field B of a plane wave of
wave vector k.

For such a wave, it is always possible, with a suitable choice of gauge (cf. Ap-
pendix III, § 4-b- ), to make the scalar potential (r ) zero. The vector potential
A(r ) is then given by the real expression:

A(r ) = 0e e ( ) + 0e e ( ) (1)

where 0 is a complex constant whose argument depends on the choice of the time origin.
We then have:

E(r ) = A(r ) = 0e e ( )
0e e ( ) (2)

B(r ) = r A(r ) = 0e e ( )
0e e ( ) (3)

We shall choose the time origin such that the constant 0 is pure imaginary, and we set:

0 = 2 (4a)

0 = 2 (4b)

1For the sake of simplicity, we shall confine ourselves here to the case of a plane wave. The results
obtained in this complement, however, can be generalized to an any electromagnetic field.
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