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Aulas passadas
Potencial central V(r): Quantidades conservadas - [H,L2]=[H,Lz]=0. 
{H, L2, Lz} podem ser diagonalizadas simultaneamente e formam um C.C.O.C:
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• As auto-funções simultâneas de {H, L2, Lz} são do tipo:

• Yl,m(q,f) são os harmônicos esféricos.
• Funções radiais:

• Comportamento na origem:
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Aula passada
Problema de dois corpos clássico. Pode ser separado em dois problemas desacoplados
• O movimento do centro de massa → partícula livre
• O movimento relativo → partícula de massa µ (massa efetiva) num potencial central.
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Dinâmica Hamiltoniana:
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Aula passada

A função de onda total é um produto de um função de onda do centro de massa, 
c(rG) (de partícula livre), por uma função de onda do movimento relativo, !r(r), 
que descreve uma partícula de massa µ num potencial central.

Dinânica quântica: os operadores do setor do centro de massa comutam com 
os operadores do setor do movimento relativo.
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Aula passada

O potencial efetivo

Átomo de hidrogênio: um próton e um elétron com atração coulombiana
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E<0: função de quadrado integrável, espectro 
discreto.

25

a0 =
~2
µe2

⇡ 0.52 Å (raio de Bohr)

EI =
µe

4

2~2 ⇡ 13.6 eV

V (r) = �
Ze

2

r

a0 =
~2

Zµe2
⇡

0.52

Z
Å

EI =
µZ

2
e
4

2~2 ⇡ 13.6Z
2
eV

�k,l =

s
|Ek,l|

EI

,

⇢ =
r

a0
.


d
2

d⇢2
�

l (l + 1)

⇢2
+

2

⇢
� �

2
k,l

�
uk,l (⇢) = 0

uk,l (⇢) ⇠ ⇢
(l+1)

(⇢! 0)

H =
p2

2µ
+ V (r)

µ =
m1m2

m1 +m2

� (✓,�) =
dn

Fid⌦

� =

Z 2⇡

0
d�

Z
⇡

0
� (✓,�) sin ✓d✓

 k (x) = A1e
ikx

+A
0
1e

�ikx
(x < 0)

 k (x) = A2e
i

p
k2�k2

0x (x > 0)

 k (x) = A1e
ikx

+A
0
1e

�ikx

(x < 0)

 k (x) = A2e
i

p
k2�k2

0x

(x > 0)

R =

����
A

0
1

A1

����
2


�
~2
2µ

r2
+ V (r)

�
 (r) = E (r) =

~2k2
2µ

 (r)

V (r) =
~2
2µ

U (r)

⇥
r2

+ k
2
� U (r)

⇤
 (r) = 0

Núcleo de carga Zq→

E Ze



Aula passada
Escalas de comprimento e energia do problema:
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Definindo quantidades adimensionais (Ek,l<0):

Equação radial adimensional:
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As primeiras funções radiais

CHAPTER VII PARTICLE IN A CENTRAL POTENTIAL. THE HYDROGEN ATOM

number of terms, that is, those for which reduces to a polynomial. The corresponding
function is then physically acceptable, since its asymptotic behavior is dominated
by e . Therefore, all we need is an integer such that the term in brackets of the
right-hand side of (C-31) goes to zero for = : the corresponding coe�cient is then
zero, as are all those of higher order, since the fact that is zero means that +1 is as
well, and so on. For fixed , we label the corresponding values of by this integer
(note that is greater than or equal to 1, since 0 never goes to zero). We then have,
according to (C-31):

= 1
+ (C-35)

For a given , the only negative energies possible are therefore [formula (C-20)]:

= ( + )2 ; = 1 2 3 (C-36)

We shall discuss this result in § C-4.
is therefore a polynomial, whose term of lowest order is in +1 and whose

term of highest order is in + . Its various coe�cients can be calculated in terms of 0
by solving recurrence relation (C-31), which can be written, using (C-35):

= 2( )
( + 2 + 1)( + ) 1 (C-37)

It is easy to show that:

= ( 1) 2
+

( 1)!
( 1)!

(2 + 1)!
!( + 2 + 1)! 0 (C-38)

( ) is then given by formula (C-23), and 0 is determined (to within a phase
factor) by normalization condition (A-34) [we must first, of course, return to the variable

by using (C-19)]. Finally, we obtain the true function ( ) by dividing ( ) by .
The following three examples give an idea of the form of these radial functions:

=1 =0( ) = 2( 0) 3 2 e 0 (C-39a)

=2 =0( ) = 2(2 0) 3 2 1 2 0
e 2 0 (C-39b)

=1 =1( ) = (2 0) 3 2 1
3 0

e 2 0 (C-39c)

C-4. Discussion of the results

C-4-a. Order of magnitude of atomic parameters

Formulas (C-36) and (C-39) show that, for the hydrogen atom, the ionization
energy , defined by (C-12a), and the Bohr radius, given by (C-12b), play an important
role. These quantities give an order of magnitude of the energies and spatial extensions
of the wave functions associated with the bound states of the hydrogen atom.
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Já normalizadas:
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As primeiras auto-funções N 
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Níveis de energia
CHAPTER VII PARTICLE IN A CENTRAL POTENTIAL. THE HYDROGEN ATOM

l = 0
(s)

l = 1
(p)

l = 2
(d)

l = 3
(f)

4s 4p 4d 4f

3s 3p 3d

2s

1s

(n = 2)

(n = 1)

– EI

E

(n = 3)

(n = 4)
0

2p

Figure 4: Energy levels of the hydrogen atom. The energy of each level depends only
on . If is fixed, several values of are possible: = 0 1 2 1. To each of these
values of correspond (2 + 1) possible values for :

= + 1

Consequently, the level is 2-fold degenerate.

In the special case of the hydrogen atom, does not depend on and separately,
but only on their sum. We set:

= + (C-46)

The various energy states are labeled by the integer (greater than or equal to 1), and
(C-36) becomes:

= 1
2 (C-47)

According to (C-46), it is equivalent to specify and or and to determine the
eigenfunctions. Following convention, from now on we shall use the quantum numbers
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l=0     (s)
l=1     (p)
l=2     (d)
l=3     (f)
l=4     (g)
l=5     (h)
l=6     (i)
l=7     (j)
⋮

Notação espectroscópica:
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Figure 7-8 Polar diagrams of the directional dependence of the one-electron atom prob-
ability densities for / = 3; m 1  = 0, ±1, ±2, ±3.  

In Figure 7-8 we illustrate an example of the dependence of the form of Oi ,(9)O 1m,(9)  
on the quantum number m l , by a set of polar diagrams for l = 3, and the seven possible  

values of m 1  for this value of 1, i.e., for m 1  = — 3, — 2, —1, 0, 1, 2, 3. Note  the way in which  
the region of concentration of O*,,,(9)O 1m,(9), and therefore Otnitfrnlmi,  shifts from the z  
axis to the plane perpendicular to the z axis as the absolute value of m 1  increases. Some  
features of the dependence of O1  1 (9)O1m,(9) on the quantum number / are indicated in  

Figure 7-9 in terms of a set of polar diagrams for m 1  = ± l and l = 0, 1, 2, 3, 4. In the  
case n = 1, 1 = m1  = 0, which is the ground state of the atom, 1/i n m14'nlm,  depends on  
neither 0 nor cp and the probability density is spherically symmetrical. For the other  

states, the concentration of probability density in the plane perpendicular to the z axis,  
when m 1  = ± 1, becomes more and more pronounced with increasing 1. Figure 7-10 is an  

attempt to overcome the limitations of the two-dimensional printed page using shading  

to represent the three-dimensional appearance of the probability density functions for  

various states of the one-electron atom.  

The probability density functions displayed in these figures generally have a set of  

spherical and conical surfaces, defined by certain values of r and 0, on which they equal  

1=3,m1=1- 3  1=4,m1=±4  
Figure 7-9 Polar diagrams of the directional dependence of the one-electron probability  

densities for 1 = 0, 1, 2, 3, 4; m 1  = ±1. 

CHAPTER VII PARTICLE IN A CENTRAL POTENTIAL. THE HYDROGEN ATOM

C-4-c. Wave functions

The wave functions associated with the eigenstates common to L2, and the
Hamiltonian of the hydrogen atom are generally labeled, not by the three quantum
numbers , , , as we have done until now, but by , and [passage from one set
to the other simply involves use of relation (C-46)]. Since the operators L2 and
constitute a C.S.C.O. (cf. § A-3), specification of the three integers and , which
is equivalent to that of the eigenvalues of , L2 and , unambiguously determines the
corresponding eigenfunction (r).

. Angular dependence

As is the case for any central potential, the functions (r) are products of
a radial function and a spherical harmonic ( ). To visualize their angular de-
pendence on the axis characterized by the polar angles and , we can measure o� a
distance that is proportional to ( ) 2 for any fixed , that is, proportional to

( ) 2. Thus, we obtain a surface of revolution about the axis, since we know
that ( ) depends on only through the factor e (§ D-1-b of Chapter VI); con-
sequently, ( ) 2 is independent of . We can therefore represent its cross-section
by a plane containing . This is what is done in Figure 5, for = 0 and = 0, 1
and 2 [the corresponding spherical harmonics are given in Complement AVI, formulas
(31), (32) and (33)]: 0

0 is a constant, and is therefore spherically symmetric; 0
1

2 is
proportional to cos2 , and 0

2
2 to (3 cos2 1)2.

O
O O

z

zz

l = 0

m = 0

l = 1

m = 0

l = 2

m = 0

Figure 5: Angular dependence, ( ), of some stationary wave functions of the hy-
drogen atom, corresponding to well-defined values of and . For each direction of polar
angles , , the value of ( ) 2 is recorded; a surface of revolution about the axis
is thus obtained. When = 0, this surface is a sphere centered at ; it becomes more
complicated for higher values of .
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C. THE HYDROGEN ATOM

Figure 6: Radial dependence ( ) of wave
functions associated with the first few levels
of the hydrogen atom. When 0, ( )
behaves like ; only the states (for which

= 0) have a non-zero position probability
at the origin.

. Radial dependence
The radial functions ( ), each of which characterizes a sub-shell, can be cal-

culated from the results of § C-3-c, paying attention, however, to the change in notation
introduced by formula (C-46). Figure 6 represents the variation with respect to of the
three radial functions given in (C-39):

=1 =0 =1 =0 ; =2 =0 =2 =0 ; =1 =1 =2 =1 (C-51)

The behavior of ( ) in the neighborhood of = 0 is that of (see discussion
of § A-2-c). Consequently, only states belonging to sub-shells ( = 0) give a non-zero
probability of presence at the origin. The greater , the larger the region around the
proton in which the position probability of the electron is negligible. This has a certain
number of physical consequences, particularly in the phenomenon of electron capture by
certain nuclei, and in the hyperfine structure of lines (cf. Chap. XII, § B-2).

Finally, we can derive formula (C-11b) for the successive Bohr radii. To do so,
consider the various states for which = 112. We calculate the variation with of
the probability density for each of the preceding levels in an infinitesimal solid angle d�
about a fixed direction of polar angles and . In general, the position probability for
the electron in the volume element d3 = 2 d d� situated at the point ( ) is given
by:

d3 ( ) = ( ) 2 2 d d�
= ( ) 2 2 d ( ) 2 d� (C-52)

Here, we have fixed , and d�. The probability of finding the electron between and
+d , inside the solid angle under consideration, is then proportional to 2 ( ) 2 d .

The corresponding density is therefore, to within a constant factor, 2 ( ) 2 (the
12These states correspond to the circular orbits of the Sommerfeld theory (cf. note 11).
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probability of finding the electron at any location with radial coordinate between r  
and r + dr. By integrating the probability density `F*`h which is a probability g  g  p  Y  Y  ̂  p  YPer  
unit volume, over the volume enclosed between spheres of radii r and r + dr, it is  m  
easy to show that  P 

 

P„l(r) dr = R,*,i(r)R„1(r)4itr2  dr  (7-28)  
The factor of 4nzr 2  is present on the right side because the volume enclosed between  
the spheres is given by that factor. The use of the quantum numbers n and l as labels  

to specify the form of a particular radial probability density function is obviously ap-
propriate, but the form of these functions does not depend on the quantum number  

mi . Figure 7-5 plots several P„l (r), using dimensionless quantities for each axis. 

0.1  

10  15  20  25  
r  

ao/Z 
Figure 7 -5 The radial probability density for the electron in a one-electron atom for n =  
1, 2, 3 and the values of / shown. The triangle on each abscissa indicates the value of  

r„i  as given by (7-29). For n = 2 the plots are redrawn with abscissa and ordinate scales  
expanded by a factor of 10 to show the behavior of P„I (r) near the origin. Note that in the  
three cases for which 1 = /max = n —  1 the maximum of Pn1 (r) occurs at rBohr  = n 2a o/Z,  
which is indicated by the location of the dashed line. 
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