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Equação de Lippmann-Schwinger

25

 
(+)
k (r) = e

ik·r +

Z
d
3
r
0
G

(+) (r� r0)U (r0) (+)
k (r0)

 
(+)
k (r) = e

ik·r � 1

4⇡

Z
d
3
r
0 e

ik|r�r0|

|r� r0| U (r0) (+)
k (r0)

� (✓,�) = |fk (✓,�)|2

24

µ ⇡ me

a0 =
~2
µe2

⇡ 0.52 Å (raio de Bohr)

EI =
µe

4

2e2
⇡ 13.6 eV

�k,l =

s
|Ek,l|
EI

,

⇢ =
r

a0
.


d
2

d⇢2
� l (l + 1)

⇢2
+

2

⇢
� �

2
k,l

�
uk,l (⇢) = 0

uk,l (⇢) ⇠ ⇢
(l+1) (⇢! 0)

H =
p2

2µ
+ V (r)

µ =
m1m2

m1 +m2

� (✓,�) =
dn

Fid⌦

� =

Z 2⇡

0
d�

Z ⇡

0
� (✓,�) sin ✓d✓

 k (x) = A1e
ikx +A

0
1e

�ikx (x < 0)

 k (x) = A2e
i
p

k2�k2
0x (x > 0)

 k (x) = A1e
ikx +A

0
1e

�ikx

(x < 0)

 k (x) = A2e
i
p

k2�k2
0x

(x > 0)

R =

����
A

0
1

A1

����
2


� ~2
2µ

r2 + V (r)

�
 (r) = E (r) =

~2k2
2µ

 (r)

V (r) =
~2
2µ

U (r)

⇥
r2 + k

2 � U (r)
⇤
 (r) = 0

 
(+)
k (r) ����!

|r|!1
e
ik·r + fk (✓,�)

e
ikr

r

24

µ ⇡ me

a0 =
~2
µe2

⇡ 0.52 Å (raio de Bohr)

EI =
µe

4

2e2
⇡ 13.6 eV

�k,l =

s
|Ek,l|
EI

,

⇢ =
r

a0
.


d
2

d⇢2
� l (l + 1)

⇢2
+

2

⇢
� �

2
k,l

�
uk,l (⇢) = 0

uk,l (⇢) ⇠ ⇢
(l+1) (⇢! 0)

H =
p2

2µ
+ V (r)

µ =
m1m2

m1 +m2

� (✓,�) =
dn

Fid⌦

� =

Z 2⇡

0
d�

Z ⇡

0
� (✓,�) sin ✓d✓

 k (x) = A1e
ikx +A

0
1e

�ikx (x < 0)

 k (x) = A2e
i
p

k2�k2
0x (x > 0)

 k (x) = A1e
ikx +A

0
1e

�ikx

(x < 0)

 k (x) = A2e
i
p

k2�k2
0x

(x > 0)

R =

����
A

0
1

A1

����
2


� ~2
2µ

r2 + V (r)

�
 (r) = E (r) =

~2k2
2µ

 (r)

V (r) =
~2
2µ

U (r)

⇥
r2 + k

2 � U (r)
⇤
 (r) = 0

 
(+)
k (r) ����!

|r|!1
e
ik·r + fk (✓,�)

e
ikr

r

25

 
(+)
k (r) = e

ik·r +

Z
d
3
r
0
G

(+) (r� r0)U (r0) (+)
k (r0)

 
(+)
k (r) = e

ik·r � 1

4⇡

Z
d
3
r
0 e

ik|r�r0|

|r� r0| U (r0) (+)
k (r0)

� (✓,�) = |fk (✓,�)|2

fk (✓,�) = � 1

4⇡

Z
d
3
r
0
e
�ikr̂·r0

U (r0) (+)
k (r0)Uma vez resolvida a equação de LS:

25

 
(+)
k (r) = e

ik·r +

Z
d
3
r
0
G

(+) (r� r0)U (r0) (+)
k (r0)

 
(+)
k (r) = e

ik·r � 1

4⇡

Z
d
3
r
0 e

ik|r�r0|

|r� r0| U (r0) (+)
k (r0)

� (✓,�) = |fk (✓,�)|2

fk (✓,�) = � 1

4⇡

Z
d
3
r
0
e
�ikr̂·r0

U (r0) (+)
k (r0)

ks = kr̂

k

K = ks � k

⇥
r2 + k

2
⇤
G (r) = �

(3) (r)

G (r) =

Z
d
3
q

(2⇡)3
e
iq·r

G (q)

�
(3) (r) =

Z
d
3
q

(2⇡)3
e
iq·r

G (r) =

Z
d
3
q

(2⇡)3
e
iq·r

k2 � q2

=
1

4⇡2

Z 1

0

q
2

k2 � q2
dq

Z ⇡

0
e
iqr cos ✓ sin ✓d✓

=
i

4⇡2r

Z +1

�1

qe
iqr

(q � k) (q + k)
dq

 
(+)
k (r) =  

(0)
k (r) +

Z
d
3
r
0
G

(+) (r� r0)U (r0) (+)
k (r0)

 
(+)
k (r) =  

(0)
k (r) +

Z
d
3
r
0
G

(+) (r, r0)U (r0) (0)
k (r0)

+

Z
d
3
r
0
Z

d
3
r
00
G

(+) (r, r0)U (r0)G(+) (r0, r00)U (r00) (0)
k (r00) + . . .

f
(B1)
k (✓,�) = � µ

2⇡~2

Z
d
3
re

�iK·r
V (r)

K = kr̂� k

f
(B1)
k (✓) = � 2µ

~2K

Z 1

0
rV (r) sin (Kr) dr

K = 2k sin
✓

2



Aula passada

25

 
(+)
k (r) = e

ik·r +

Z
d
3
r
0
G

(+) (r� r0)U (r0) (+)
k (r0)

 
(+)
k (r) = e

ik·r � 1

4⇡

Z
d
3
r
0 e

ik|r�r0|

|r� r0| U (r0) (+)
k (r0)

� (✓,�) = |fk (✓,�)|2

fk (✓,�) = � 1

4⇡

Z
d
3
r
0
e
�ikr̂·r0

U (r0) (+)
k (r0)

ks = kr̂

k

K = ks � k

⇥
r2 + k

2
⇤
G (r) = �

(3) (r)

G (r) =

Z
d
3
q

(2⇡)3
e
iq·r

G (q)

�
(3) (r) =

Z
d
3
q

(2⇡)3
e
iq·r

G (r) =

Z
d
3
q

(2⇡)3
e
iq·r

k2 � q2

=
1

4⇡2

Z 1

0

q
2

k2 � q2
dq

Z ⇡

0
e
iqr cos ✓ sin ✓d✓

=
i

4⇡2r

Z +1

�1

qe
iqr

(q � k) (q + k)
dq

 
(+)
k (r) =  

(0)
k (r) +

Z
d
3
r
0
G

(+) (r, r0)U (r0) (0)
k (r0)

+

Z
d
3
r
0
Z

d
3
r
00
G

(+) (r, r0)U (r0)G(+) (r0, r00)U (r00) (0)
k (r00) + . . .

A série de Born: série em potências de U(r):

A aproximação de Born:

25

 
(+)
k (r) = e

ik·r +

Z
d
3
r
0
G

(+) (r� r0)U (r0) (+)
k (r0)

 
(+)
k (r) = e

ik·r � 1

4⇡

Z
d
3
r
0 e

ik|r�r0|

|r� r0| U (r0) (+)
k (r0)

� (✓,�) = |fk (✓,�)|2

fk (✓,�) = � 1

4⇡

Z
d
3
r
0
e
�ikr̂·r0

U (r0) (+)
k (r0)

ks = kr̂

k

K = ks � k

⇥
r2 + k

2
⇤
G (r) = �

(3) (r)

G (r) =

Z
d
3
q

(2⇡)3
e
iq·r

G (q)

�
(3) (r) =

Z
d
3
q

(2⇡)3
e
iq·r

G (r) =

Z
d
3
q

(2⇡)3
e
iq·r

k2 � q2

=
1

4⇡2

Z 1

0

q
2

k2 � q2
dq

Z ⇡

0
e
iqr cos ✓ sin ✓d✓

=
i

4⇡2r

Z +1

�1

qe
iqr

(q � k) (q + k)
dq

 
(+)
k (r) =  

(0)
k (r) +

Z
d
3
r
0
G

(+) (r� r0)U (r0) (+)
k (r0)

 
(+)
k (r) =  

(0)
k (r) +

Z
d
3
r
0
G

(+) (r, r0)U (r0) (0)
k (r0)

+

Z
d
3
r
0
Z

d
3
r
00
G

(+) (r, r0)U (r0)G(+) (r0, r00)U (r00) (0)
k (r00) + . . .

 
(+)
k (r) ⇡  

(0)
k (r) = e

ik·r

f
(B1)
k (✓,�) ⇡ � 1

4⇡

Z
d
3
r
0
e
�ikr̂·r0

U (r0) eik·r
0

f
(B1)
k (✓,�) = � µ

2⇡~2

Z
d
3
re

�iK·r
V (r)

K = kr̂� k

f
(B1)
k (✓,�) = � µ

2⇡~2

Z
d
3
re

�iK·r
V (r)

K = kr̂� k

f
(B1)
k (✓) = � 2µ

~2K

Z 1

0
rV (r) sin (Kr) dr

K = 2k sin
✓

2

Para potenciais centrais V(r):
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O método das ondas parciais

Se o vetor de onda incidente aponta na direção de z positivo: simetria azimutal, 
função de onda não depende de f.
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Além disso, como o potencial é central:
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Mas, como não depende de f, só entram termos com m=0 : 

Assim: 
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Válido somente para potenciais centrais V(r).



Potencial nulo: V(r)=0
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Soluções (complemento AVIII):

28
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A onda plana é solução da equação de Schrödinger pra V(r)=0
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e
ikz

= e
ikr cos ✓

=

1X

l=0

[Aljl (kr) +Blnl (kr)]Pl (cos ✓)

e
ikz

= e
ikr cos ✓

=

1X

l=0

i
l
(2l + 1) jl (kr)Pl (cos ✓)

Rk,l (r) = Aljl (kr) +Blnl (kr) ���!
r!1

1

kr


Al sin

✓
kr �

l⇡

2

◆
�Bl cos

✓
kr �

l⇡

2

◆�

Bl

Al

⌘ � tan �l

Rk,l (r) =���!
r!1

Cl

kr
sin


kr �

l⇡

2
+ � (k)

�

 
(+)
k

(r, ✓) =

1X

l=0

alRk,l (r)Pl (cos ✓)

 
(+)
k

(r, ✓) ���!
r!1

1X

l=0

Cl

kr
sin


kr �

l⇡

2
+ �l (k)

�
Pl (cos ✓)

e
ikz

=

1X

l=0

i
l
(2l + 1) jl (kr)Pl (cos ✓)

e
ikz

���!
r!1

1X

l=0

i
l
(2l + 1)

kr
sin

✓
kr �

l⇡

2

◆
Pl (cos ✓)

 
(+)
k

(r, ✓)� e
ikz

���!
r!1

fk (✓)
e
ikr

r

fk (✓) =
1

k

1X

l=0

(2l + 1) e
i�l(k) sin �l (k)Pl (cos ✓)

�k (✓) = |fk (✓)|
2

�k =
4⇡

k2

1X

l=0

(2l + 1) sin
2
�l (k)


�

d
2

dr2
+

l (l + 1)

r2
+ U (r)� k

2

�
uk,l (r) = 0

uk,l (r) ���!
r!0

r
(l+1)

Jeff FUNGFO DE BESSEL ESTERICA DE ORDEM I

Me x 7 11 11 NEUMANN 11 11 11



Propriedades das funções esféricas

26

f
(B1)
k (✓) = � 2µ

~2K

Z 1

0
rV (r) sin (Kr) dr

K = 2k sin
✓

2

✓
V

E

◆
(ka) ⌧ 1
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Fórmula geral:

Comportamento assintótico:
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Exemplos: combinações de senos, cossenos e potências
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Table 6.3 First few spherical Bessel and Neumann functions.

Bessel functions jl�r� Neumann functions nl�r�

j0�r� � sin r
r n0�r� � � cos rr

j1�r� � sin r
r2 �

cos r
r n1�r� � � cos rr2 �

sin r
r

j2�r� �
r
3
r3 �

1
r

s
sin r � 3 cos r

r2 n2�r� � �
r
3
r3 �

1
r

s
cos r � 3

r2 sin r

Using the change of variable I � kr , we can reduce this equation to

d2Rl�I�
dI2

� 2
I

dRl�I�
dI

�
v
1� l�l � 1�

I2

w
Rl�I� � 0� (6.64)

where Rl�I� � Rl�kr� � Rkl�r�. This differential equation is known as the spherical Bessel
equation. The general solutions to this equation are given by an independent linear combination
of the spherical Bessel functions jl�I� and the spherical Neumann functions nl�I�:

Rl�I� � Al jl�I�� Blnl�I�� (6.65)

where jl�I� and nl�I� are given by

jl�I� � ��I�l
t
1
I

d
dI

ul sinI
I
� nl�I� � ���I�l

t
1
I

d
dI

ul cosI
I
� (6.66)

The first few spherical Bessel and Neumann functions are listed in Table 6.3 and their shapes
are displayed in Figure 6.2.
Expanding sinI�I and cosI�I in a power series of I, we see that the functions jl�I� and

nl�I� reduce for small values of I (i.e., near the origin) to

jl�I�  
2l l!

�2l � 1�!I
l � nl�I�  �

�2l�!
2l l!

I�l�1� I v 1� (6.67)

and for large values of I to

jl�I�  
1
I
sin
t
I � lH

2

u
� nl�I�  �

1
I
cos
t
I � lH

2

u
� I w 1� (6.68)

Since the Neumann functions nl�I� diverge at the origin, and since the wave functions Oklm are
required to be finite everywhere in space, the functions nl�I� are unacceptable solutions to the
problem. Hence only the spherical Bessel functions jl�kr� contribute to the eigenfunctions of
the free particle:

Oklm �r� A� O� � jl�kr�Ylm�A� 	�� (6.69)

where k � T2MEk��h. As shown in Figure 6.2, the amplitude of the wave functions becomes
smaller and smaller as r increases. At large distances, the wave functions are represented by
spherical waves.



Onda plana na direção z
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Pode-se provar que a expansão é:

Comportamento assintótico r→∞:
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Comportamento assintótico da função 
de espalhamento
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Se V(r)≠0, mas r→∞, na região fora do alcance de V(r):
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Resumindo
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ou, equivalentemente:

Tomar o limite r→∞, comparar e achar as defasagens:
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Poucas defasagens são necessárias
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A função radial tem um “buraco” perto da origem, tanto maior quanto maior l.
C. SCATTERING BY A CENTRAL POTENTIAL. METHOD OF PARTIAL WAVES
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Figure 9: Graph of the function 2 2( ) giving the radial dependence of the probability of
finding the particle in the state (0) . At the origin, this function behaves like 2 +2;
it remains practically zero as long as ( + 1).

This result (which the discussion of Chapter VII, § A-2-c would lead us to expect) implies
that the probability (C-18) behaves like 2 +2 near the origin; hence, the larger is, the
more slowly it increases.

The shape of the function 2 2( ) is shown in Figure 9. We see that this function
remains small as long as:

( + 1) (C-20)

We may thus assume that the probability (C-18) is practically zero for:

1 ( + 1) (C-21)

From a physical point of view, this result is very important for it implies that a particle
in the state (0) is practically una�ected by what happens inside a sphere centered
at of radius:

( ) = 1 ( + 1) (C-22)

We shall return to this point in § C-3-b- .

Comment:
In classical mechanics, a free particle of momentum p and angular momentum LLL
moves in a straight line whose distance from the point is given (fig. 10) by:

= LLL
p (C-23)

945

l(l+1)

Para um potencial de alcance a e vetores de onda k, 
apenas defasagens dl(k) com l<lmax são apreciáveis:
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Esfera dura
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Defasagens mais baixas para a esfera dura, como função de k.
Notem que as contribuições decrescem com o aumento de l.
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Seção de choque diferencial para a esfera dura (ka=1), truncada em lmax, 
como função do ângulo q. A série já convergiu para lmax=2.
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Contribuições de cada l para a seção de choque total da esfera dura, 
como função de k.

Notem que as contribuições decrescem com o aumento de l.

l=0
l=1
l=2

0.5 1.0 1.5 2.0
ka

2

4

6

8

10

12

σ(l) [ka]/a2



Seção de choque total para a esfera dura, truncada em lmax, 
como função de k. Em ka=10 série converge para lmax≅10.
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