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Formação de momentos magnéticos 
localizados em metais
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Modelo de impureza única de Anderson

a) Limite não interagente (U=0): 
Uma ressonância em ed com 
largura G=prc(ed)|Vk|2
Não há momento magnético

16.4 Anderson’s model of local moment formation 591

In this way, the only surviving term contributing to the hybridization is the atomic potential
– only this term has the high-momentum Fourier components to create a significant overlap
between the low-momentum conduction electrons and the localized f -state. Putting these
results together, the non-interacting Anderson model can then be written

Ĥresonance =
∑

k

εk︷ ︸︸ ︷
(Ek + W − µ) c†

kσ ckσ +
∑

kσ

(V(k)c†
kσ fσ + H.c.) +

Ef︷ ︸︸ ︷
(Eion

f − µ) nf .

16.4.2 Virtual bound state formation: the non-interacting resonance

When the magnetic ion is immersed in a sea of electrons, the f -electrons within the core of
the atom can tunnel out, hybridizing with the Bloch states of the surrounding electron sea
[6], as shown in Figure 16.6.

In the absence of interactions, this physics is described by

Hresonance =
∑

k,σ

εknkσ +
∑

kσ

[
V(k)c†

kσ fσ + H.c.
]
+ Ef nf , (16.18)

where c†
kσ creates an electron of momentum k, spin σ , and energy εk = Ek − µ in the

conduction band. The hybridization broadens the localized f -state, and in the absence of
interaction gives rise to a resonance of width # given by Fermi’s golden rule:

# = π
∑

"k
|V(k)|2δ(εk − Ef ). (16.19)

This is really an average of the density of states ρ(ε) = ∑
k δ(ω−εk) with the hybridization

|V(k)|2. For future reference, we shall define

#(ε) = π
∑

"k
|V(k)|2δ(εk − ε) = πρ(ε)V2(ε) (16.20)

as the hybridization function.
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(a) The immersion of an atomic f -state in a conduction sea leads to hybridization between the localized f -state and
the degenerate conduction electron continuum, forming (b) a resonance in the density of states.

!Fig. 16.6
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b) Limite atômico (Vk =0): impureza desacoplada da 
banda.

|S, S, S, S, · · ·i

a
i
, a†

i

|Mi = Si ! |ni = 0i

|Mi = S � 1i ! |ni = 1i

...
...

...

|Mii ! |ni = S �Mii

...
...

...

|Mi = �S + 1i ! |ni = 2S � 1i

|Mi = �Si ! |ni = 2Si

ni  2S

Sz

i
! S � a†

i
a
i
,

S+

i
!

q
2S � a†

i
a
i
a
i
,

S�
i

! a†
i

q
2S � a†

i
a
i
.

H ⇡ E0 +
X

k

✏ (k) a†kak +O
�
S0n2

�

E0 = �dJS2N

✏ (k) = 2dJS
⇣
1�

�k
d

⌘

�k = cos (kxa) + cos (kya) + . . .

✏ (k) ⇡
�
JSa2

�
k2

hOi = lim
h!0

lim
N!1

Tr


e��Hh

Z
O

�

Hh = H + hO

HSIAM =
X

k�

✏ (k) c†k�ck� +
X

�

✏dd
†
�
d
�
+
X

k�

⇣
Vk c

†
k�d� + h.c.

⌘
+ U

X

�

d†"d"d
†
#d#

✏̃d = ✏d +
U

2

5

Condição para formação de momento magnético
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h 0| Â (0) |n,ki hn,k| B̂ (0) | 0i

! + (En � E0) + i⌘

#

DBA (k,!) = V
X

n

"
h 0| B̂ (0) |n,ki hn,k| Â (0) | 0i
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is the engine at the heart of the Anderson model that drives moment formation. The four
atomic quantum states are

|f 2〉
|f 0〉

E(f 2) = 2Ef + U
E(f 0) = 0

}
non-magnetic

|f 1 ↑〉, |f 1 ↓〉 E(f 1) = Ef . magnetic

(16.9)

The cost of adding or removing an electron from the magnetic f 1 state is given by

adding: E(f 2) − E(f 1) = U + Ef

removing: E(f 0) − E(f 1) = −Ef




 ⇒ !E = U
2

±
(

Ef + U
2

)
. (16.10)

In other words, provided

U/2 > |Ef + U/2|, (16.11)

the ground state of the atom is a two-fold degenerate magnetic doublet (Figure 16.5).
Indeed, provided it is probed at energies below the smallest charge excitation energy,
!Emin = U/2 − |Ef + U/2|, only the spin degrees of freedom remain, and the system
behaves as a local moment – a quantum top. The interaction between such a local moment
and the conduction sea gives rise to the Kondo effect that will be the main topic of this
chapter.

Although we shall be mainly interested in positive, repulsive U, we note that in the
attractive region of the phase diagram (U < 0) the atomic ground state can form a
degenerate charge doublet (|f 0〉, |f 2〉) or isospin. For U < 0, when Ef + U/2 = 0
the doubly occupied state |f 2〉 and the empty state |f 0〉 become degenerate. This is the
charge analogue of the magnetic doublet that exists for U > 0, and when coupled to
the sea of electrons it gives rise to an effect known as the charge Kondo effect. Such

Charge Kondo

Doubly occupied Ef+ U/2 = –U

Ef+ U/2 = +U

U

Local moments

Kondo:

Ef + U/2

Empty

f 0

f 2

f 1

f 0   

f 1:   

f 2   

Phase diagram for the Anderson impurity model in the atomic limit. ForU > |Ef + U/2|, the ground state is a
magnetic doublet. WhenU < 0, the ground state is a degenerate charge doublet, providedEf + U/2 = 0.

!Fig. 16.5
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A teoria de campo médio
(P. W. Anderson, Phys. Rev. 124, 41 (1961)) 
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Figure 15.6: Mean field phase diagram of the Anderson model, illustrating how the f-electron reso-
nance splits to form a local moment. A) U < π∆, single half-filled resonance. B) U > π∆, up and
down components of the resonance are split by an energy U.

15.3.3 Mean-field theory

In the Anderson model, the Coulomb interaction and hybridization compete with one-another.
Crudely speaking, we expect that when the Coulomb interaction exceeds the hybridization, local
moments will develop. To gain an initial insight into the effect of hybridization on local moment
formation, Anderson originally developed a Hartree mean-field treatment of the repulsive U inter-
action, decoupling

Un↑n↓ → Un↑〈n↓〉 + U〈n↑〉n↓ − U〈n↑〉〈n↓〉 + O(δn2). (15.44)

We can understand this kind of decoupling procedure as the result of a saddle point description of
the path integral, treated in more detail in the following excercise Ex 16.3. Using this mean-field
approximation, Anderson concluded that for the symmetric Anderson model, local moments would
develop provided

U >
˜
Uc = π∆. (15.45)

Let us now rederive his result. From (15.44), the mean-field effect of the interactions produces
a shift the f-level position,

E f → E fσ = E f + U〈n f−σ〉 (15.46)
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is the engine at the heart of the Anderson model that drives moment formation. The four
atomic quantum states are

|f 2〉
|f 0〉

E(f 2) = 2Ef + U
E(f 0) = 0

}
non-magnetic

|f 1 ↑〉, |f 1 ↓〉 E(f 1) = Ef . magnetic

(16.9)

The cost of adding or removing an electron from the magnetic f 1 state is given by

adding: E(f 2) − E(f 1) = U + Ef

removing: E(f 0) − E(f 1) = −Ef




 ⇒ !E = U
2

±
(

Ef + U
2

)
. (16.10)

In other words, provided

U/2 > |Ef + U/2|, (16.11)

the ground state of the atom is a two-fold degenerate magnetic doublet (Figure 16.5).
Indeed, provided it is probed at energies below the smallest charge excitation energy,
!Emin = U/2 − |Ef + U/2|, only the spin degrees of freedom remain, and the system
behaves as a local moment – a quantum top. The interaction between such a local moment
and the conduction sea gives rise to the Kondo effect that will be the main topic of this
chapter.

Although we shall be mainly interested in positive, repulsive U, we note that in the
attractive region of the phase diagram (U < 0) the atomic ground state can form a
degenerate charge doublet (|f 0〉, |f 2〉) or isospin. For U < 0, when Ef + U/2 = 0
the doubly occupied state |f 2〉 and the empty state |f 0〉 become degenerate. This is the
charge analogue of the magnetic doublet that exists for U > 0, and when coupled to
the sea of electrons it gives rise to an effect known as the charge Kondo effect. Such

Charge Kondo

Doubly occupied Ef+ U/2 = –U

Ef+ U/2 = +U

U

Local moments

Kondo:

Ef + U/2

Empty

f 0

f 2

f 1

f 0   

f 1:   

f 2   

Phase diagram for the Anderson impurity model in the atomic limit. ForU > |Ef + U/2|, the ground state is a
magnetic doublet. WhenU < 0, the ground state is a degenerate charge doublet, providedEf + U/2 = 0.
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Transição de fase em dimensão 1 ?!

• As soluções de Anderson representam uma quebra espontânea 
de simetria em um modelo efetivamente 1D, o que é proibido 
por teoremas gerais.

• Flutuações além do campo médio deve restaurar a simetria 
quebrada. 

• Essas flutuações representam transições de uma solução para a 
outra:
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O modelo de Kondo
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Mínimo na resistividade devido a impurezas magnéticas
(J. Kondo, Prog. Theoret. Phys. 32, 37 (1964))

Impurezas de Fe

Figuras tiradas de “The Kondo problem to heavy fermions”, A. C. Hewson, Cambridge



Resistividade: espalhamento Kondo
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Susceptibilidade magnética: “blindagem” do spin

H = H0 +HV

H0 =
X

k�

✏ (k) c†k�ck� + ✏d

X

k�

d
†
�d� + Ud

†
"d" d

†
#d#

HV =
X

k�

Vkc
†
k�d� + h.c.

hndi =
X

�

hnd�i = 1

U = e
S; U † = U

�1 = e
�S; S† = �S

H̃ = e
S
He

�S = H + [S,H] +
1

2
[S, [S,H]] + . . .

H̃ = H0 +HV + [S,H0] + [S,HV ] +
1

2
[S, [S,H0]] +

1

2
[S, [S,HV ]] + . . .

HV + [S,H0] = 0 ) S / Vk ) H̃ = H0 + [S,HV ] +
1

2
[S, [S,H0]] = H0 +

1

2
[S,HV ] +O

⇣
V

3
k

⌘

S =
X

k�

Vk

 
1� nd��

✏d � ✏ (k)
+

nd��

✏d + U � ✏ (k)

!⇣
d
†
�ck� � c

†
k�d�

⌘

[S,HV ] =
X

k�

(Wkk + Jkknd��)nd� �
X

kp�

✓
Wkp + Jkp

nd�

2

◆
c
†
k�cp�

+ 2
X

kp

JkpSckp · Sd +
1

2

X

kp�

Jkp

⇣
c
†
k�c

†
p��d��d� + h.c.

⌘

Wkp = VkVp

 
1

✏d � ✏ (k)
+

1

✏d � ✏ (p)

!

Jkp = VkVp

 
1

✏d + U � ✏ (k)
+

1

✏d + U � ✏ (p)
�

1

✏d � ✏ (k)
�

1

✏d � ✏ (p)

!

Sd =
1

2

X

↵�

d
†
↵�↵�d�

Sckp =
1

2

X

↵�

c
†
k↵�↵�cp�

H̃ =
X

k�

✏ (k) c†k�ck� +
X

kp

JkpSckp · Sd

H̃ ⇡
X

k�

✏ (k) c†k�ck� + J
X

kp

Sckp · Sd

J ⌘ JkFpF
= 2VkFVpF

✓
1

✏d + U
�

1

✏d

◆
= 2V 2

kF

�U

✏d (✏d + U)
> 0.

TK ⇡ D exp

 

�
1

⇢FJ

!

1

Temperatura Kondo



Susceptibilidade magnética

REDE DE
KONDO



Calor específico
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Funções de Green
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Operador ordenamento temporal
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Função de Green de um corpo a T=0
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