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Algumas aproximações clássicas



A aproximação Hartree-Fock
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Equações Hartree-Fock
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Equações auto-consistentes:



Auto-energia em primeira ordem:

Aproximação Hartree-Fock: auto-consistência
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Aproximação Hartree-Fock: infinitas ordens
incluídas na auto-energia



Férmions num potencial externo

Ver desenvolvimento no Fetter & Walecka, pags. 121-127
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Sistema homogêneo
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O gás de elétrons de alta densidade: 
a “random phase approximation” (RPA)
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A função de Lindhard
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A função de Lindhard no limite estático
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components, on the other hand, can be expanded in powers of rs without encountering
divergences. When the two contributions are added together the dependence on qc cancels
out, and a finite result is obtained. The complete procedure, nowadays known, for historical
reasons, as the random phase approximation (RPA), will be described in detail in Chapter 5.

Following this procedure, it has been possible to derive an asymptotic expansion of the
electron gas energy for rs → 0. The result for the jellium model, expressed in Rydberg per
electron, is as follows:

ε(rs) "






(
2.210

r2
s

− 0.916
rs

+ 0.062 ln rs − 0.093 + O(rs ln rs)
)

Ry , (3D),
(

1
r2

s
− 1.20

rs
− (0.38 ± 0.04) − 0.1726 rs ln rs + O(rs)

)
Ry , (2D).

(1.107)

where we have used Eqs. (1.83) and (1.95) respectively for the zeroth and first order terms.35

The appearance of powers of ln rs in this formula shows that the energy is a nonanalytic
function of rs for rs → 0 and explains the failure of the naive perturbative approach. The
coefficients of the leading logarithmic terms in Eqs. (1.107) are in fact known exactly, being
equal to 2

π2 (1 − ln 2) and 23/2

3π
(10 − 3π ) in three and two dimensions respectively, and will

be discussed in Chapter 5. The constant term is the sum of the second order Onsager’s
exchange integral and a numerical constant stemming (among other terms) from the sum
over the diverging contributions. In practice, the asymptotic formulas are accurate only for
very small values of rs (see Figs. 1.11 and 1.15).

The difference between the exact energy and the sum of the noninteracting kinetic energy
and the exchange energy is commonly referred to as the correlation energy. Accordingly a
small correlation energy indicates that the description of the ground-state as a single Slater
determinant of plane waves (in which there are no correlations other than the ones implied
by the antisymmetry of the wave function) is somewhat accurate. As it will be made clear
in Chapter 2 however, it is rather difficult to find a physically compelling definition of the
correlation energy in general.36

1.6 The Wigner crystal

Having (for the time being) exhausted the discussion of the high-density behavior of the
ground-state energy of the jellium model, we now ask ourselves what can be learned from
consideration of the low-density limit. At very low density a system of electrically neutral
particles becomes effectively noninteracting because the average interparticle separation is
much larger than the (finite) range of the interaction. A system of electrons is anomalous in
this respect because, as the average distance between the electrons increases, the coulomb
potential energy decreases only as 1

rs
and thus eventually becomes much larger than the

35 The result in the two-dimensional case has been worked by Rajagopal and Kimball (1977). A calculation of the next order term
has been performed (Isihara and Toyoda, 1978). The result appears to be (0.865 ± 0.009) rs .

36 It is perhaps for this reason that Richard Feynman rather colorfully referred to this quantity as the stupidity energy (Feynman,
1972).
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! � (En � E0) + i⌘
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Z = Tr
⇣
e��Ĥ
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Função de Lindhard no limite estático

Quantum theory of the electron liquid, 
Gabriele Giuliani, Giovanni Vignale, Cambridge University Press, 2005.

4.4 The Lindhard function 163

Table 4.2. Explicit expressions for χ0σ (q, 0) – the
static limit of the one-spin Lindhard function. Here

q̄σ = q
kFσ

. The corresponding Fourier transforms are
given in Table 4.3.

d χ0σ (q, 0)

3 −Nσ (0)
[

1
2 + q̄2

σ −4
8q̄σ

ln
∣∣∣ q̄σ −2

q̄σ +2

∣∣∣
]

2 −Nσ (0)
[

1 − #(q̄σ − 2)
√

q̄2
σ −4

q̄σ

]

1 −Nσ (0)
[

1
q̄σ

ln
∣∣∣ q̄σ +2

q̄σ −2

∣∣∣
]

Fig. 4.1. The behavior of the function χ0(q, 0) =
∑

σ χ0σ (q, 0) as obtained from Table 4.2 in the
paramagnetic state for d = 1, 2, 3.

Notice that the principal part prescription, apparently required by the presence of the in-
finitesimal η in the denominator of Eq. (4.16), is actually not needed here, since the denom-
inator of this expression can only vanish simultaneously with the numerator.1 At T = 0
the static Lindhard function can either be obtained analytically from a direct evaluation of
Eq. (4.26), or deduced from the ω → 0 limit of Eq. (4.24). The resulting analytic form is
given in Table 4.2 and plotted in Fig. 4.1.

1 Eq. (4.26) is mathematically equivalent to Eq. (3.14), which was obtained in Chapter 3 by more elementary means.
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