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Aula passada

Teoria de perturbação pode ser usada para calcular:
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h 0| Â (0) |nki hnk| B̂ (0) | 0i

! + (En � E0)� i⌘

#

DR

BA
(k,!) = V

X

n

"
h 0| B̂ (0) |nki hnk| Â (0) | 0i
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! � (En � E0) + i⌘
�
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Teoria de resposta linear:



Aula passada
Usando a representação de Lehmann, podemos relacionar as duas
quantidades:

Notem que os polos nos dão as excitações criadas pela atuação
de A e B no estado fundamental.
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� h 0| Â (0) |nki hnk| B̂ (0) | 0i

! + (En � E0)� i⌘

#

DR

BA
(k,!) = V

X

n

"
h 0| B̂ (0) |nki hnk| Â (0) | 0i
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h 0| Â (0) |nki hnk| B̂ (0) | 0i

! + (En � E0)� i⌘

#

DR

BA
(k,!) = V

X

n

"
h 0| B̂ (0) |nki hnk| Â (0) | 0i
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h 0| Â (0) |nki hnk| B̂ (0) | 0i

! + (En � E0) + i⌘

#

Ĥext (t) =

ˆ
d3x' (x, t) bn (x) ; bn (x) =

X

�

 †
�
(x) 

�
(x)

' (x, t) = �
Qe

r
) ' (k,!) = �

8⇡2Qe

k2
� (!)

� hbn (x)i (t) =

ˆ
d3x0dt0DR

nn
(x� x, t� t0)' (x0, t0)

=

ˆ
d3kd!

(2⇡)4
eik·xe�i!tDR

nn
(k,!)' (k,!)

= �
Q

e

ˆ
d3k

(2⇡)3
eik·xe�i!tDR

nn
(k, 0)

✓
4⇡e2

k2

◆

= �
Q

e

ˆ
d3k

(2⇡)3
eik·xe�i!tDR

nn
(k, 0)V (k)

Dnn (k,!) = ⇡̃ (k,!) =
⇡ (k,!)

1� V (k) ⇡ (k,!)

Dnn (k,!) ⇡
⇡(0) (k,!)

1� V (k) ⇡(0) (k,!)
se rs ⌧ 1

Dnn (k,!) = V
X

n


h 0| n̂ (�k) |nki hnk| n̂ (k) | 0i

! � (En � E0) + i⌘
�

h 0| n̂ (k) |nki hnk| n̂ (�k) | 0i

! + (En � E0)� i⌘

�

DR

nn
(k,!) = V

X

n


h 0| n̂ (�k) |nki hnk| n̂ (k) | 0i

! � (En � E0) + i⌘
�

h 0| n̂ (k) |nki hnk| n̂ (�k) | 0i

! + (En � E0) + i⌘

�

4

⇧0 (q, 0) = 2

ˆ
d3k

(2⇡)3


✓ (kF � k) ✓ (|k+ q|� kF )

✏ (k)� ✏ (k+ q) + i⌘

�
✓ (k � kF ) ✓ (kF � |k+ q|)

✏ (k)� ✏ (k+ q)� i⌘

�

m⇤

m
= 1 + 0.083rs (ln rs + 0.203)

1

⌧k
= 0.252

p
rs
(k � kF )

2

2m

iDBA (r, t; r0, t0) =
h 0H |T [BH (r, t)AH (r0, t0)] | 0Hi

h 0H | 0Hi

DBA (k,!) = V
X

n

"
h 0| B̂ (0) |nki hnk| Â (0) | 0i
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h 0| Â (0) |nki hnk| B̂ (0) | 0i

! + (En � E0)� i⌘

#

DR

BA
(k,!) = V

X

n

"
h 0| B̂ (0) |nki hnk| Â (0) | 0i
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Ĥext (t) =

ˆ
d3x' (x, t) bn (x) ; bn (x) =

X

�

 †
�
(x) 

�
(x)

' (x, t) = �
Qe

r
) ' (k,!) = �

8⇡2Qe

k2
� (!)

� hbn (x)i (t) =

ˆ
d3x0dt0DR

nn
(x� x

0, t� t0)' (x0, t0)

=

ˆ
d3kd!

(2⇡)4
eik·xe�i!tDR

nn
(k,!)' (k,!)

= �
Q

e

ˆ
d3k

(2⇡)3
eik·xe�i!tDR

nn
(k, 0)

✓
4⇡e2

k2

◆

= �
Q

e

ˆ
d3k

(2⇡)3
eik·xe�i!tDR

nn
(k, 0)V (k)

Dnn (k,!) = ⇡̃ (k,!) =
⇡ (k,!)

1� V (k) ⇡ (k,!)

Dnn (k,!) ⇡
⇡(0) (k,!)

1� V (k) ⇡(0) (k,!)
se rs ⌧ 1

Dnn (k,!) = V
X

n


h 0| n̂ (�k) |nki hnk| n̂ (k) | 0i

! � (En � E0) + i⌘
�

h 0| n̂ (k) |nki hnk| n̂ (�k) | 0i

! + (En � E0)� i⌘

�

DR

nn
(k,!) = V

X

n


h 0| n̂ (�k) |nki hnk| n̂ (k) | 0i

! � (En � E0) + i⌘
�

h 0| n̂ (k) |nki hnk| n̂ (�k) | 0i

! + (En � E0) + i⌘

�

4

Uma carga estática num gás de elétrons:i

ooo

ooo



Aula passada

⇧0 (q, 0) = 2

ˆ
d3k

(2⇡)3


✓ (kF � k) ✓ (|k+ q|� kF )

✏ (k)� ✏ (k+ q) + i⌘

�
✓ (k � kF ) ✓ (kF � |k+ q|)

✏ (k)� ✏ (k+ q)� i⌘

�

m⇤

m
= 1 + 0.083rs (ln rs + 0.203)

1

⌧k
= 0.252

p
rs
(k � kF )

2

2m

iDBA (r, t; r0, t0) =
h 0H |T [BH (r, t)AH (r0, t0)] | 0Hi

h 0H | 0Hi

DBA (k,!) = V
X

n

"
h 0| B̂ (0) |nki hnk| Â (0) | 0i
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h�0| Ũ (+1,�1) |�0i

4

⇧0 (q, 0) = 2

ˆ
d3k

(2⇡)3


✓ (kF � k) ✓ (|k+ q|� kF )

✏ (k)� ✏ (k+ q) + i⌘

�
✓ (k � kF ) ✓ (kF � |k+ q|)

✏ (k)� ✏ (k+ q)� i⌘

�

m⇤

m
= 1 + 0.083rs (ln rs + 0.203)

1

⌧k
= 0.252

p
rs
(k � kF )

2

2m

iDBA (r, t; r0, t0) =
h 0H |T [BH (r, t)AH (r0, t0)] | 0Hi

h 0H | 0Hi

DBA (k,!) = V
X

n

"
h 0| B̂ (0) |nki hnk| Â (0) | 0i
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Ĥext (t) =

ˆ
d3x' (x, t) bn (x) ; bn (x) =

X

�

 †
�
(x) 

�
(x)

' (x, t) = �
Qe

r
) ' (k,!) = �

8⇡2Qe

k2
� (!)

� hbn (x)i (t) =

ˆ
d3x0dt0DR

nn
(x� x

0, t� t0)' (x0, t0)

=

ˆ
d3kd!

(2⇡)4
eik·xe�i!tDR

nn
(k,!)' (k,!)

= �
Q

e

ˆ
d3k

(2⇡)3
eik·xe�i!tDR

nn
(k, 0)

✓
4⇡e2

k2

◆

= �
Q

e

ˆ
d3k

(2⇡)3
eik·xe�i!tDR

nn
(k, 0)V (k)

iDR

nn
(xt;x0t0) = ✓ (t� t0) h 0| [n̂H (x, t) , n̂H (x0, t0)] | 0i

en (x) = bn (x)� n ) DR

nn
(xt;x0t0) = DR

enen (xt;x
0t0)

iDenen (xt;x
0t0) = h 0|T [enH (x, t) enH (x0, t0)] | 0i

= h 0|T [nH (x, t)nH (x0, t0)] | 0i � n2

iDnn (xt;x
0t0) = h 0|T [nH (x, t)nH (x0, t0)] | 0i

=
h�0|T

h
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Table 4.2. Explicit expressions for χ0σ (q, 0) – the
static limit of the one-spin Lindhard function. Here

q̄σ = q
kFσ

. The corresponding Fourier transforms are
given in Table 4.3.

d χ0σ (q, 0)

3 −Nσ (0)
[

1
2 + q̄2

σ −4
8q̄σ

ln
∣∣∣ q̄σ −2

q̄σ +2

∣∣∣
]

2 −Nσ (0)
[

1 − #(q̄σ − 2)
√

q̄2
σ −4

q̄σ

]

1 −Nσ (0)
[

1
q̄σ

ln
∣∣∣ q̄σ +2

q̄σ −2

∣∣∣
]

Fig. 4.1. The behavior of the function χ0(q, 0) =
∑

σ χ0σ (q, 0) as obtained from Table 4.2 in the
paramagnetic state for d = 1, 2, 3.

Notice that the principal part prescription, apparently required by the presence of the in-
finitesimal η in the denominator of Eq. (4.16), is actually not needed here, since the denom-
inator of this expression can only vanish simultaneously with the numerator.1 At T = 0
the static Lindhard function can either be obtained analytically from a direct evaluation of
Eq. (4.26), or deduced from the ω → 0 limit of Eq. (4.24). The resulting analytic form is
given in Table 4.2 and plotted in Fig. 4.1.

1 Eq. (4.26) is mathematically equivalent to Eq. (3.14), which was obtained in Chapter 3 by more elementary means.
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� h 0| Â (0) |nki hnk| B̂ (0) | 0i

! + (En � E0) + i⌘

#
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Table 4.3. Explicit expressions for χ0σ (r, 0), the spatial
Fourier transform of χ0σ (q, 0). These expressions are

obtained from the integral in Eq. (4.30).

d χ0σ (r, 0)

3 12πnσ Nσ (0) sin 2kFσ r−2kFσ r cos 2kFσ r
(2kFσ r )4

2 2πnσ Nσ (0) [J0(kFσ r )N0(kFσ r ) + J1(kFσ r )N1(kFσ r )]

1 πnσ Nσ (0) si(2kFσ x)

function itself has a logarithmic divergence. This singular behavior is responsible for sev-
eral interesting phenomena. Specific examples are the Friedel oscillations and the as-
sociated RKKY interaction, which will be discussed in the next chapter. Moreover, in
one-dimensional systems the divergence of χ0(q, 0) at q = 2kF leads to the so called
Peierls instability (Peierls, 1954), i.e., the spontaneous formation of a density wave at wave
vector 2kF .3

We conclude this section by noting that the static Lindhard function χ0σ ("q, 0) can be
Fourier transformed to obtain χ0σ (r, 0), which physically represents the response of the
density (or spin density) of the non-interacting electron gas to a potential (or magnetic
field) that is localized at the origin of the coordinate system.

The calculation of the Fourier transform can be done analytically with the help of the
formulas of Table 4.2 for the static Lindhard function:

χ0σ (r, 0) =
∫ ∞

−∞

d "q
(2π )d

χ0σ ("q, 0)ei "q·"r . (4.30)

The final result is expressed in terms of trigonometric functions in 3D, Bessel functions of
the first and second kind (Jn(x) and Nn(x) respectively) in 2D, and the sine-integral function

si(x) =
∫ x

0

sin t
t

dt − π

2
, (4.31)

in 1D. The definitions and the properties of these functions can be found in Gradshteyn and

Ryzhik (1965). The results of the calculations are summarized in Table 4.3.
Of particular interest is the behavior of χ0σ (r, 0) for large distances, r $ k−1

Fσ . It is readily
found from the formulae of Table 4.3 that in this limit χ0σ (r, 0) oscillates with periodicity

1
2kFσ

and decays as 1
rd .4 This result implies that a weak impurity placed at the origin of the

electron gas will produce long-range oscillations in the (spin) density very far away. These

3 At variance with the Overhauser charge density wave discussed in Chapters 1 and 2, the Peierls instability is not driven by the
electron-electron interaction, but by the electron–lattice coupling.

4 Notice that in the one dimensional case one can directly use the asymptotic formula si(x) % − cos x
x . In the two dimensional case,

on the other hand, at least the first two terms of the asymptotic expansions of the Bessel functions are needed to determine the
behavior of the expression.
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Reductions in dimensionality affect the
response of the system to an impurity. The
wavelength of the oscillatory component of
the charge density is a consequence of the
singularity in the dielectric response at q 5
2kF, which is present for all dimensions
(17). However, the amplitude and the pow-
er law fall-off shown in Eq. 2 both depend
on the dimensionality of the impurity and
the dielectric response. For example, the
surface is a 2D defect embedded in a 3D
electron gas. Friedel oscillations emanate
from the surface into the bulk with an
asymptotic form of 1/r2 (2, 18). Fermi sur-
face nesting in two dimensions can lead to
the stabilization of charge density waves
(CDWs) (17, 19), and in the extreme case
of a 1D system, the Lindhard static dielec-
tric susceptibility x(q) has a logarithmic
singularity at q 5 2kF, which leads to a giant
Kohn anomaly (20) in the phonon disper-
sion at 2kF and an instability resulting in a
Peierls distortion of the lattice (21).

For a true 2D system, the character of
the singularity in the susceptibility is more
profound than the 3D case but is not as
extreme as the 1D case (17). The functional
form of the susceptibility, as calculated by
Stern (22), shows a singularity in the first
derivative at q 5 2kF. However, the possi-
bility exists that many-body effects will
dominate the 2D response (13). For exam-
ple, it has been predicted that a 2D electron
gas with a density ;,80% of the density of
Al (rs .2.2) is unstable (negative compress-
ibility) (23), which has been confirmed for
electrons in a modulation-doped GaAs-
AlGaAs heterostructure (24). There is even
a prediction that the Friedel oscillations for
a 2D system are so stabilized by exchange
and correlation that they lead to a Bose-
Einstein condensation for rs . 2 (25).

As outlined above, the nature of the
Friedel waves is expected to be quite differ-
ent in a 2D versus a 3D system. Our choice
of the Be(0001) surface was motivated by
its unusual properties (26). Previous struc-
tural, electronic, and dynamic studies have
shown that this surface is a nearly ideal 2D
free-electron system because of the high
density of surface states, whereas the under-
lying bulk is almost a semiconductor. The
surface states are localized within ;2 Å of
the surface, and the 2D density of states
(DOS) at EF is five times the corresponding
bulk density (25). Therefore, the electronic
character of the (0001) surface of Be should
behave as a high-density 2D electron gas on
a nearly semiconducting substrate.

We observed enhanced surface Friedel
waves on Be(0001) with a high-stability
scanning tunneling microscope (27) capa-
ble of operating at temperatures from 120 to
370 K. The microscope was installed in an
ultrahigh-vacuum chamber (P , 10–10

mbar) equipped with standard facilities for
surface cleaning and characterization. All of
the STM images presented here were re-
corded in the constant-current mode with
single-crystal tungsten tips. The final crys-
tal cleaning procedure included repeated
cycles of room-temperature 1.5-keV Ne1

sputtering and subsequent annealing to 725
K. At the end of the cleaning cycle, (1 3 1)
low-energy electron diffraction (LEED) pat-
terns were quite sharp with low background.
Auger electron spectroscopy showed very
small amounts of contaminants (oxygen,
carbon, and subsurface neon, all at or below
1.5% of a monolayer).

The constant-current image in Fig. 1
represents the local DOS at EF, n(EF,r),
with the total charge density given by r(r)
5 *en(E,r)dE. The large amplitude of the
Friedel oscillations (12) on Be(0001) is ap-
parent in Fig. 1, where the charge corruga-
tion is ;0.3 Å, compared with ;0.02 Å
corrugation reported for the Friedel oscilla-
tions on Cu(111) with a bias voltage of 0.02
V (8). The waves dominate the surface
topography, and their short wavelength
(3.2 Å) is comparable to atomic distances.
This wavelength is much shorter than that
seen on the noble metal (111) surfaces
(;15 Å), and their amplitude is largest near
surface impurities or defects, which is as
expected because the waves are a result of
the screening of these areas. In Fig. 2A, the
surface is dominated by a complex interfer-
ence pattern of short-wavelength surface
Friedel waves. The pattern cannot be ac-
counted for by a single plane or circular
wave. In the present case, the waves are
virtually undamped on the scale of many
wavelengths (28).

The FT of the image in Fig. 2A is shown
in Fig. 2B. Comparison of Fig. 2B with the
2D Fermi surface of Be(0001) (Fig. 2C)
reveals that the ring identified in the FT-
STM image has twice the radius of the
surface state of the 2D Fermi surface (2kF
versus kF). The 2D Fermi surface for the

surface states and the projection of the bulk
Fermi surface (Fig. 2C) show that there is a
well-defined 2D Fermi surface created by
the abundance of surface states, as well as a
small projection of the bulk Fermi surface
onto the surface Brillouin zone. The 2D
reciprocal lattice vectors G and the ring
associated with 2kF are also shown in Fig.
2C. The surface Fermi wave vector kF is
large in this case, so that the wavelength of
the surface wave is short [3.2 Å, compared
with a wavelength of 16 Å seen on Au (9)].
An interesting feature revealed in the FT-
STM image (Fig. 2B) is the hexagonal array
of weak intensity spots, corresponding to
the Be reciprocal lattice (2.27 Å). Even
though the Be lattice cannot be “seen” in
the STM image, it is nonetheless identi-
fied in the FT. These spots in the FT are
the reciprocal lattice vectors G (Fig. 2C).
Thus, the FT-STM image represents a
combined structural and electronic mea-
surement, containing the information ob-
tained from both LEED and angle-resolved
photoemission spectroscopy. An FT-STM
image directly produces a “picture” of the
2D Fermi surface, calibrated by the pres-
ence of the reciprocal lattice vectors G.
The surface wave vector determined from 72
different images is 1.89 6 0.04 Å–1. This
value compares very well with photoemis-
sion data, which determined the kF of the
surface state to be 0.93 Å–1 in the G 3 K
direction and 0.96 Å–1 in the G3 M direc-
tion (average 2kF 5 1.89 Å–1) (26).

Another characteristic of the electron
density waves on Be is that the amplitude is
gigantic only for electrons near the Fermi
energy (Fig. 3). The electron density corru-
gation for the image taken with a bias volt-
age of –2.1 mV (Fig. 3C) is 0.42 Å, whereas
the corrugation decreases by an order of
magnitude when the bias voltage is in-
creased to –35 mV (Fig. 3B). Measurements
on Cu(111) showed a corrugation of ;0.02
Å (8). To understand how unusual this
behavior is, it is necessary to return to

Projected
bulk DOS
at EF

Contribution
from surface
states at EF

G

Reciprocal
space unit cell

2kF

CA B

Fig. 2. (A) Constant-current STM image (40 Å by 40 Å, I 5 1.5 nA, V 5 4 mV ) of Be(0001) at 150 K. (B)
The 2D FT of the image in (A). (C) The 2D Brillouin zone of Be(0001) in which the circles (shaded region)
correspond to the surface states (projected bulk bands) at EF. The reciprocal space unit cell with the
corresponding 2kF “ring” is also shown.
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(A) Imagem crua obtida com STM da superfície Be(0001)
(B) Transformada de Fourier de (A) mostrando 2kF dos estados de 

superfície (círculo menor do painel (C)).
(C) Superfície de Fermi 2D (bulk e superfície).
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Figure 1 |Distance dependency of pairwise RKKY interaction energy.
Measured (blue circles) and KKR-calculated (red triangles, renormalized by
a factor of 1/2) exchange energy Jij in pairs of Fe atoms on Cu(111) as a
function of separation. The dashed line indicates a fit of the AFM
experimental data to a sinusoidal RKKY model, taking into account the
Fermi wavelength of the Cu(111) surface state. The inset shows the
renormalized KKR-calculated values for closer separations.

pair, which have been measured using SAM, the interaction energy
within each pair was extracted (see Methods) and is plotted in
Fig. 1 as a function of separation Jij(d) (blue circles). The measured
interaction is on the order of tens of µeV for separations larger than
three lattice spacings (0.767 nm) and oscillates between FM and
AFM coupling, reminiscent of RKKY interaction25. Theoretically, it
has been predicted that the exchange is dominated by the electrons
of the isotropic Cu(111) surface state24,27,33, for separations in the
asymptotic range starting from 1–2 nm (ref. 34). We accordingly
tried to fit the measured AFM data to a sinusoidal RKKY function
(Fig. 1, dashed line)

Jij(d)= J0 ·
cos(2kFd+↵)

(2kFd)2
(1)

where d is the separation of atoms in a pair, J0 is the overall
interaction strength, ↵ is a phase offset, and the Fermi wavelength
⌦F = 2⇡/kF has been fixed to the value known from the Cu(111)
surface state ⌦ssF = 2.9 nm (ref. 35). Indeed, the sinusoidal fit
remarkably reproduces most of the data. However, a qualitative
deviation occurs around d = 1.28 nm, where the measured data
reverses to the FM interaction. This indicates contributions from
bulk states which dominate at small separations25,27.

To account for the total substrate electronic structure, including
contributions from bulk states, we performed calculations within
density functional theory using the full-potential Korringa–Kohn–
Rostoker (KKR) Green function method36 (see Methods). The
theoretical Jij (Fig. 1, red triangles) have been extracted considering
infinitesimal rotations of the magnetic moments37 and were
renormalized by a factor of 1/2. The discrepancy between the
experimental and theoretical results could be induced by the
difference in the scattering amplitude of the adatoms. The
underestimation of electron-correlations in common exchange
and correlation approximations within density functional theory
could lead to such effects38. A similar renormalization of the
calculated Jij is necessary for the case of Co atoms on Pt(111)
(ref. 25). The so-renormalized exchange energy perfectly matches
the experimental data over the whole distance range. In particular,
it reproduces the measured deviations from the sinusoidal
behaviour mentioned above.

Considering the orders of magnitude of the magnetic anisotropy
K ⇡ 1meV, RKKY exchange interaction Jij ⇡ 0.1meV, and
temperature kBT = 0.025meV, we can conclude that nanomagnets
built from RKKY-coupled Fe atoms on Cu(111) will behave
approximately like Ising magnets. Therefore, an Ising model,
in combination with the measured interactions (Supplementary
Information), can be used to predict the properties of tailored
nanomagnets. We initially used an approximate Ising model, which
is called ‘pair-KKR Ising model’ in the following. It takes into
account the interactions to all neighbours, that is first, second, third,
and so on nearest neighbours, but the interaction Jij between atom i
and j in the nanomagnet is taken equal to the interaction for an in-
dependent pair of atoms having the same separation (superposition
principle). In other words, the Jij were taken from the renormalized
ab initio calculation of Fig. 1. It is important to note that, because
the system is in the Ising limit, the relevantmagnetic field scale of the
nanomagnet is approximately given by |Bc| = |JNN|/m, which is the
critical magnetic field strength at which Zeeman energy overcomes
the nearest neighbour exchange interaction JNN.

Even and odd antiferromagnetic chains
As a first example, chains with AFM nearest neighbour interaction
JNN < 0 have been studied. The top left panels in Fig. 2 show
the expected ground states from the pair-KKR Ising model at a
magnetic field slightly larger than |Bc| (pointing down), where

J

and
N

correspond to the spin-up and spin-down states of each
atom, respectively. It is obvious that odd and even chains show
distinct behaviour: whereas the odd chains are stabilized into an
AFM ground state |NJN ···i, the even chains are in a mixed
state of |NJ···NNi and |NNJ···Ni, occurring with almost
equal probability. To verify this ‘even–odd effect’, we built chains of
three to seven Fe atoms onCu(111)with identical nearest neighbour
separations of dNN = 0.922 nm, corresponding to JNN ⇡ �100 µeV.
Magnetic images recorded for a magnetic field slightly larger in
magnitude than Bc = �0.5 T are shown in the top right panels of
Fig. 2. The odd chains (Fig. 2a,c,e) show a dI/dV signal which is
strictly alternating between dark and bright from atom to atom
along the chain, confirming the AFM ground state. For the even
length chains (Fig. 2b,d), the overall contrast between the atoms is
considerably weaker and not strictly alternating when compared
with the odd chains, which is consistent with the prediction. A
vanishing contrast between the inner atoms expected from the
mixed state of the even chains is only observed for the four-atom,
but not for the six-atom chain. This indicates the importance of
including the precise next-nearest neighbour interactions, as will
be discussed in the following.

To further investigate the B-dependent ground states of these
chains, SAM has been used to measure the magnetization curves
(see Methods and Supplementary Movie S1) of each individual Fe
atom for all five chains, as shown in the bottom panels of Fig. 2. For
the sake of classification, measured magnetization curves showing
the same general shape have been plotted in the same colour. The
measured curves can be compared to the pair-KKR Ising model,
which is included in the figure and reproduces most of the general
trends observed in the experiment. In particular, for intermediate
magnetic fields B⇡±|Bc| the curves confirm the distinct difference
between odd and even chains found in the magnetic images (see
dashed vertical lines).

However, there are notable deviations: (1) at B ⇡ ±1 T the
magnetization curves of the longer chains show strong additional
oscillations (see atom three in the five-atom chain, atoms two
and five in the six-atom chain and atoms three and five in the
seven-atom chain). (2) In amagnetic field range close toB=0 T (see
grey shaded areas) the slope of the measured magnetization curves
of all odd chains is opposite to the slope of the Ising curves and for all
even chains there are oscillations not captured by the Ising model,
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Ũ (+1,�1)

iE

0
=

1X

n=0

(�i)n

n!

ˆ +1

�1
dt1 . . . dtn hT [H1I (t1) . . . H1I (tn)]i0

Dnn (k,!) = ⇡̃ (k,!) =
⇡ (k,!)

1� V (k) ⇡ (k,!)

Dnn (k,!) ⇡
⇡(0) (k,!)

1� V (k) ⇡(0) (k,!)
se rs ⌧ 1

Dnn (k,!) = V
X

n


h 0| n̂ (�k) |nki hnk| n̂ (k) | 0i

! � (En � E0) + i⌘
�

h 0| n̂ (k) |nki hnk| n̂ (�k) | 0i

! + (En � E0)� i⌘

�

DR

nn
(k,!) = V

X

n


h 0| n̂ (�k) |nki hnk| n̂ (k) | 0i

! � (En � E0) + i⌘
�

h 0| n̂ (k) |nki hnk| n̂ (�k) | 0i

! + (En � E0) + i⌘

�

⇡(0)R (q) = 2

ˆ
d3k

(2⇡)3


✓ (kF � k) ✓ (|k+ q|� kF )

⌫ + ✏ (k)� ✏ (k+ q) + i⌘
�
✓ (k � kF ) ✓ (kF � |k+ q|)

⌫ + ✏ (k)� ✏ (k+ q) + i⌘

�

⌫ = ✏k+q � ✏k =
q2

2m
+

k · q

m
;

8
>>><

>>>:

k < kF e |k+ q| > kF

ou

k > kF e |k+ q| < kF

✏k+q � ✏k =
q2

2m
+

k · q

m

ReDR

BA
(k,!) = ReDBA (k,!)

ImDR

BA
(k,!) = sgn (!) ImDBA (k,!)

�0 (k,!) ⌘ ⇡(0) (k,!)

�0 (r, 0) ⌘ ⇡(0) (r, 0)

iG↵� (r1t1; r2t2) = Tr

⇢
⇢̂

Z
Tt

h
 
↵H

(r1t1) 
†
�H

(r2t2)
i�

5

I
BURACO ELITON d

ELETRON BIRACO



4.4 The Lindhard function 167

I
|ν-|<1, |ν+|>1

II
|ν-|<1, |ν+|<1

Fig. 4.2. The electron–hole continuum in the non-interacting electron gas. In one dimension, region
II is absent.
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Fig. 4.3. electron–hole pairs of minimum energy (!k → !k + !q – solid line) and maximum energy
( !p → !p + !q – dashed line) for a given wave vector !q. Notice that for zero energy excitations the sum

of the initial and final wave vectors, that is, 2
(
!k + !q

2

)
, is orthogonal to !q .

For q ≥ 2kF , the minimum excitation energy is finite because it is no longer possible
to move an electron from one point of the Fermi surface to another, also on the Fermi
surface. In this case the minimum excitation energy is obtained when an electron at the
Fermi surface is displaced radially inward by a wave vector of magnitude q (see Fig. 4.3):
this gives h̄ω−(q) = h̄2q2

2m − h̄vF q .
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I
|ν-|<1, |ν+|>1

II
|ν-|<1, |ν+|<1

Fig. 4.2. The electron–hole continuum in the non-interacting electron gas. In one dimension, region
II is absent.
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Fig. 4.3. electron–hole pairs of minimum energy (!k → !k + !q – solid line) and maximum energy
( !p → !p + !q – dashed line) for a given wave vector !q. Notice that for zero energy excitations the sum

of the initial and final wave vectors, that is, 2
(
!k + !q

2

)
, is orthogonal to !q .

For q ≥ 2kF , the minimum excitation energy is finite because it is no longer possible
to move an electron from one point of the Fermi surface to another, also on the Fermi
surface. In this case the minimum excitation energy is obtained when an electron at the
Fermi surface is displaced radially inward by a wave vector of magnitude q (see Fig. 4.3):
this gives h̄ω−(q) = h̄2q2

2m − h̄vF q .

166 Linear response of independent electrons

are known as Friedel oscillations and are a direct consequence of the existence of the Fermi
surface. A more complete discussion of Friedel oscillations in the interacting electron liquid
will be presented in Section 5.4.3.

4.4.2 The electron–hole continuum

One of the most relevant features of the Lindhard function is the structure of its imaginary
part, a quantity that, as we have seen in Chapter 3, is related to the dynamical structure
factor by Eq. (3.74). For simplicity’s sake, our discussion will now be concerned with the
paramagnetic electron gas only.

At zero temperature !mχ0(q, ω) is in general given by (see Eq. (4.12)):

!mχ0(q, ω) = − π

Ld

∑

#k,σ

[
%(ε#kσ − εF ) − %(ε#k+#qσ − εF )

]
δ(h̄ω + ε#kσ − ε#k+#qσ ) . (4.32)

For a given q this expression differs from zero only in a well defined range of frequencies.
This range is determined by the geometry of the Fermi surface and is directly related to the
possible excitation energies of electron–hole pairs, i.e. the states that are obtained from the
ground-state of the non-interacting electron gas by promoting an electron from an occupied
state of wave vector #k (which then remains empty and is referred to as the hole) to an empty
one of wave vector #k + #q . The region of the q, ω plane in which !mχ0 differs from zero is
accordingly referred to as the electron–hole continuum.5

As it turns out, there is a qualitative difference between the structure of the electron–hole
continuum of three and two dimensional systems and that of a one dimensional one. In three
and two dimensions the electron–hole continuum is determined by the inequalities

max (0, ω−(q)) ≤ |ω| ≤ ω+(q) , 3D, 2D , (4.33)

where

ω±(q) = h̄q2

2m
± vF q . (4.34)

This is represented by the shaded region in Fig. 4.2. The lower and the upper limits on |ω|
represent respectively the minimum and the maximum electron–hole excitation energy for
given q . It is evident that, for any q ≤ 2kF , the minimum electron–hole excitation energy
vanishes because one can move an electron from a state #k infinitesimally below the Fermi
surface to a state #k + #q infinitesimally above it (see Fig. 4.3). The maximum excitation
energy, on the other hand, is obtained when an electron of wave vector #p at the Fermi
surface is displaced radially outward by a wave vector of magnitude q (see Fig. 4.3): this
gives h̄ω+(q) = h̄vF q + h̄2q2

2m .

5 Because of the general symmetry !mχ0(q, −ω) = −!mχ0(q, ω) it is evident that the electron–hole continuum is symmetric
about the ω = 0 axis.
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A região II está ausente em uma dimensão!
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