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! � (En � E0) + i⌘
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Os polos dão as excitações de carga/densidade do sistema.
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Os polos de p(0)(q,n) são as excitações partícula-buraco.

buraco partícula

buracopartícula
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I
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II
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Fig. 4.2. The electron–hole continuum in the non-interacting electron gas. In one dimension, region
II is absent.
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Fig. 4.3. electron–hole pairs of minimum energy (!k → !k + !q – solid line) and maximum energy
( !p → !p + !q – dashed line) for a given wave vector !q. Notice that for zero energy excitations the sum

of the initial and final wave vectors, that is, 2
(
!k + !q

2

)
, is orthogonal to !q .

For q ≥ 2kF , the minimum excitation energy is finite because it is no longer possible
to move an electron from one point of the Fermi surface to another, also on the Fermi
surface. In this case the minimum excitation energy is obtained when an electron at the
Fermi surface is displaced radially inward by a wave vector of magnitude q (see Fig. 4.3):
this gives h̄ω−(q) = h̄2q2

2m − h̄vF q .
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are known as Friedel oscillations and are a direct consequence of the existence of the Fermi
surface. A more complete discussion of Friedel oscillations in the interacting electron liquid
will be presented in Section 5.4.3.

4.4.2 The electron–hole continuum

One of the most relevant features of the Lindhard function is the structure of its imaginary
part, a quantity that, as we have seen in Chapter 3, is related to the dynamical structure
factor by Eq. (3.74). For simplicity’s sake, our discussion will now be concerned with the
paramagnetic electron gas only.

At zero temperature !mχ0(q, ω) is in general given by (see Eq. (4.12)):

!mχ0(q, ω) = − π

Ld

∑

#k,σ

[
%(ε#kσ − εF ) − %(ε#k+#qσ − εF )

]
δ(h̄ω + ε#kσ − ε#k+#qσ ) . (4.32)

For a given q this expression differs from zero only in a well defined range of frequencies.
This range is determined by the geometry of the Fermi surface and is directly related to the
possible excitation energies of electron–hole pairs, i.e. the states that are obtained from the
ground-state of the non-interacting electron gas by promoting an electron from an occupied
state of wave vector #k (which then remains empty and is referred to as the hole) to an empty
one of wave vector #k + #q . The region of the q, ω plane in which !mχ0 differs from zero is
accordingly referred to as the electron–hole continuum.5

As it turns out, there is a qualitative difference between the structure of the electron–hole
continuum of three and two dimensional systems and that of a one dimensional one. In three
and two dimensions the electron–hole continuum is determined by the inequalities

max (0, ω−(q)) ≤ |ω| ≤ ω+(q) , 3D, 2D , (4.33)

where

ω±(q) = h̄q2

2m
± vF q . (4.34)

This is represented by the shaded region in Fig. 4.2. The lower and the upper limits on |ω|
represent respectively the minimum and the maximum electron–hole excitation energy for
given q . It is evident that, for any q ≤ 2kF , the minimum electron–hole excitation energy
vanishes because one can move an electron from a state #k infinitesimally below the Fermi
surface to a state #k + #q infinitesimally above it (see Fig. 4.3). The maximum excitation
energy, on the other hand, is obtained when an electron of wave vector #p at the Fermi
surface is displaced radially outward by a wave vector of magnitude q (see Fig. 4.3): this
gives h̄ω+(q) = h̄vF q + h̄2q2

2m .

5 Because of the general symmetry !mχ0(q, −ω) = −!mχ0(q, ω) it is evident that the electron–hole continuum is symmetric
about the ω = 0 axis.
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Explicit calculations can be readily carried out by converting the sum into an integral
over dimensionless variables. First Eq. (4.18) is cast in the form
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− x cos θ + iη

+ (ω+ → −ω+) , (4.19)

where x = k
kFσ

and d%d is the element of solid angle in d dimensions. At this point, in order
to further simplify the notation, we define a complex function (d (z) of complex argument
z in the following manner:
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where %d (=
∫

d%d ) = 4π, 2π, 2 in d = 3, 2, 1 respectively. Notice that (d is an antisym-
metric function of z, i.e., (d (z) = −(d (−z). Then, for any number of spatial dimensions,
the one-spin Lindhard function is given by
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where

Nσ (0) = dnσ

2εFσ

=






mkFσ

2π2h̄2 , 3D ,

m
2πh̄2 , 2D ,

m
πh̄2kFσ

, 1D ,

(4.22)

is the density of states of spin σ per unit volume at the Fermi surface.
In order to complete the calculation we must evaluate the double integral (4.20) in three,

two, and one dimension. This can be done analytically, and the resulting formulas for (d (z)
are conveniently presented in the last three lines of Table 4.1. Since z is a complex number,
for these formulas to be correctly applied it is essential that the branch cut of the complex
logarithm (ln z = ln |z| + iArg(z)) and the complex square root (

√
z =

√
|z| exp

[ i
2 Arg(z)

]
)

lie along the negative real axis, so that Arg(z) takes values between −π and π (this is the
standard definition adopted by computer libraries). Also, sign(x) denotes the sign function,
defined in the caption of Table 4.1.

We are now in a position to explicitly write down the real and the imaginary parts of the
one-spin Lindhard function in three dimensions (Lindhard, 1954), two dimensions (Stern,
1967), and one dimension. The final formulas are best written in terms of the dimensionless
variables

q̄σ ≡ q
kFσ

,

ν±σ ≡ ω

qvFσ

± q
2kFσ

, (4.23)
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Table 4.1. Computationally useful expressions for the σ -spin component of the
frequency dependent complex Lindhard function χ0σ (q, ω) at zero temperature. The
formula for the paramagnetic case (summed over spin) is immediately obtained by
dropping the label σ above. The complex logarithm and the complex square root are
defined with branch cuts along the negative real axis. The sign function is defined as

sign(x) = 1, 0, −1 for x > 0, x = 0, and x < 0 respectively. The expressions on
the right are the leading terms of the expansion in powers of 1

z for |z| → ∞.

d χ0σ (q, ω) = Nσ (0) kFσ

q
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√

z2 − 1 ,
(
→ 1
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8z3

)

1 $1(z) = 1
2 ln z+1

z−1 ,
(
→ 1
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3z3

)

and have the following form:
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1
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ln
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+σ

4q̄σ
ln

∣∣∣ ν+σ +1
ν+σ −1

∣∣∣ , 3D

1 + 1
q̄σ

[
sign(ν−σ )'(ν2

−σ − 1)
√

ν2
−σ − 1

− sign(ν+σ )'(ν2
+σ − 1)

√
ν2

+σ − 1
]

, 2D

1
2q̄σ

ln
∣∣∣ ν−σ −1
ν−σ +1

∣∣∣ − 1
2q̄σ

ln
∣∣∣ ν+σ −1
ν+σ +1

∣∣∣ , 1D

(4.24)

and
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Nσ (0)

= −
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(4.25)

The regions of the (q, ω) plane in which |ν−σ | and |ν+σ | are smaller or larger than 1 are
shown in Fig. 4.2. Plots of $eχ0σ (q, ω) and &mχ0σ (q, ω) vs ω for different values of q
are shown in Figs. 4.4–4.8. The special case of the static Lindhard function χ0σ (q, 0) is
discussed in the next section.

4.4.1 The static limit

In the static limit (ω = 0) the Lindhard function is purely real and is given by

χ0σ (q, 0) = 1
Ld

∑

'k

n'kσ − n'k+'qσ

ε'kσ − ε'k+'qσ

. (4.26)
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Table 4.1. Computationally useful expressions for the σ -spin component of the
frequency dependent complex Lindhard function χ0σ (q, ω) at zero temperature. The
formula for the paramagnetic case (summed over spin) is immediately obtained by
dropping the label σ above. The complex logarithm and the complex square root are
defined with branch cuts along the negative real axis. The sign function is defined as

sign(x) = 1, 0, −1 for x > 0, x = 0, and x < 0 respectively. The expressions on
the right are the leading terms of the expansion in powers of 1

z for |z| → ∞.

d χ0σ (q, ω) = Nσ (0) kFσ

q

[
$d
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2kFσ

)]
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(
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15z3
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2 $2(z) = z − sign ($ez)
√

z2 − 1 ,
(
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2z + 1
8z3

)
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(
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3z3

)

and have the following form:

$eχ0σ (q, ω)
Nσ (0)

= −






1
2 − 1−ν2

−σ

4q̄σ
ln

∣∣∣ ν−σ +1
ν−σ −1

∣∣∣ + 1−ν2
+σ

4q̄σ
ln

∣∣∣ ν+σ +1
ν+σ −1

∣∣∣ , 3D

1 + 1
q̄σ

[
sign(ν−σ )'(ν2

−σ − 1)
√

ν2
−σ − 1

− sign(ν+σ )'(ν2
+σ − 1)

√
ν2

+σ − 1
]

, 2D

1
2q̄σ

ln
∣∣∣ ν−σ −1
ν−σ +1

∣∣∣ − 1
2q̄σ

ln
∣∣∣ ν+σ −1
ν+σ +1

∣∣∣ , 1D

(4.24)

and
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The regions of the (q, ω) plane in which |ν−σ | and |ν+σ | are smaller or larger than 1 are
shown in Fig. 4.2. Plots of $eχ0σ (q, ω) and &mχ0σ (q, ω) vs ω for different values of q
are shown in Figs. 4.4–4.8. The special case of the static Lindhard function χ0σ (q, 0) is
discussed in the next section.

4.4.1 The static limit

In the static limit (ω = 0) the Lindhard function is purely real and is given by
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� h 0| Â (0) |nki hnk| B̂ (0) | 0i

! + (En � E0) + i⌘

#

Dnn (k,!) = ⇡̃ (k,!) =
⇡ (k,!)

1� V (k) ⇡ (k,!)

Dnn (k,!) ⇡ ⇡(0) (k,!)

1� V (k) ⇡(0) (k,!)
se rs ⌧ 1

Dnn (k,!) = V
X

n


h 0| n̂ (�k) |nki hnk| n̂ (k) | 0i

! � (En � E0) + i⌘
� h 0| n̂ (k) |nki hnk| n̂ (�k) | 0i

! + (En � E0)� i⌘

�

DR

nn
(k,!) = V

X

n


h 0| n̂ (�k) |nki hnk| n̂ (k) | 0i

! � (En � E0) + i⌘
� h 0| n̂ (k) |nki hnk| n̂ (�k) | 0i

! + (En � E0) + i⌘

�

✏k+q � ✏k =
q2

2m
+

k · q
m

ReDR

BA
(k,!) = ReDBA (k,!)

ImDR

BA
(k,!) = sgn (!) ImDBA (k,!)

�0 (k,!) ⌘ ⇡(0) (k,!)

�0 (r, 0) ⌘ ⇡(0) (r, 0)

iG↵� (r1t1; r2t2) = Tr

⇢
⇢̂

Z
Tt

h
 
↵H

(r1t1) 
†
�H

(r2t2)
i�

iGR,A

↵�
(r1t1; r2t2) = ±✓ (t1 � t2) Tr

⇢
⇢̂

Z

h
 
↵H

(r1t1) , 
†
�H

(r2t2)
i

⇣

�

3

168 Linear response of independent electrons

  ω/2εFσh

3D
q = 0.5 kFσ

ω+
0.2 0.4 0.6 0.8 1

-0.5

-0.25

0.25

0.5

0.75

1

Fig. 4.4. The real part (solid line) and the imaginary part (dashed line) of the dimensionless Lindhard
function − χ0σ (q,ω)

Nσ (0) in three dimensions for q = 0.5kFσ . ω+ represents the upper edge of the electron–
hole continuum. The cusp in the imaginary part occurs at the boundary between regions I and II of
Fig. 4.2, i.e. at ω = |ω−(q)|.

Notice that in the region |ω−(q)| ≤ |ω| ≤ ω+(q) (labeled as I in Fig. 4.2) one has |ν−| < 1
and |ν+| < 1, so both terms in Eq. (4.25) contribute to the imaginary part of χ0, while in
the region 0 ≤ |ω| ≤ |ω−(q)| (labeled as II in Fig. 4.2) one has |ν−| < 1 and |ν+| > 1 so
only the first term in Eq. (4.25) contributes.

The details of the behavior of #mχ0(q, ω) depend on dimensionality. For q ≤ 2kF , in
three dimensions, we see from Eq. (4.25) that #mχ0σ (q, ω) is a linear function of frequency

#mχ0σ (q, ω) = −π

2
Nσ (0)

ω

qvFσ

, 3D , (4.35)

for 0 ≤ ω ≤ |ω−(q)| (i.e., in region II), and then becomes an arc of parabola for |ω−(q)| ≤
ω ≤ ω+(q) (region I). For q > 2kF only the parabola is present. This behavior is displayed
in Figs. 4.4 and 4.5.

In the two dimensional case the situation is only slightly different and the low frequency
expansion for #mχ0(q, ω) in region II, for ω $ |ω−(q)| is

#mχ0σ (q, ω) % − Nσ (0)
√

1 −
(

q
2kFσ

)2

ω

qvFσ

, 2D . (4.36)

The behavior of #mχ0 is displayed in Figs. 4.6 and 4.7.
Notice that the sharp cutoffs in the imaginary part of χ0(&q, ω) as a function of frequency

are intimately related to the rapid swing in the real part of this function: at small wave vector
'eχ0(&q, ω) changes sign from negative to positive, as ω sweeps across the electron–hole
continuum.6 For ω $ qvF on the other hand, the real part of χ0(q, ω) has a parabolic shape
χ0(q, ω) ≈ χ0(q, 0) + O(ω2).

In one dimension, the structure of the electron–hole continuum is different. Because the
“Fermi surface” in this case consists of just the two points ±kF , excitations of vanishing

6 This behavior is a direct consequence of the fact that 'eχ0(&q, ω) and #mχ0(&q, ω) are related via the Kramers–Krönig relations
(see Eq. (3.80)).
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Fig. 4.5. Same as Fig. 4.4 for q = 2.5kFσ . ω− and ω+ represent the lower and upper edges of the
electron–hole continuum.

  ω/2εFσh

2D
q = 0.5 kFσ

ω+
0.2 0.4 0.6 0.8 1

-1

-0.5

0.5

1

1.5

Fig. 4.6. Characteristic shark fin shape of the imaginary part of the dimensionless Lindhard function
− χ0σ (q,ω)

Nσ (0) (dashed line) in two dimensions for wave vectors less than 2kF . Here q = 0.5kFσ . ω+
represents the upper edge of the electron–hole continuum. The cusp occurs at ω = |ω−(q)|. The solid
line represent the real part of the same function, which is constant for ω < |ω−(q)|.
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Fig. 4.7. Same as Fig. 4.6 for q = 2.5kFσ . ω− and ω+ represent the lower and upper edges of the
electron–hole continuum.
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Fig. 4.5. Same as Fig. 4.4 for q = 2.5kFσ . ω− and ω+ represent the lower and upper edges of the
electron–hole continuum.
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Nσ (0) (dashed line) in two dimensions for wave vectors less than 2kF . Here q = 0.5kFσ . ω+
represents the upper edge of the electron–hole continuum. The cusp occurs at ω = |ω−(q)|. The solid
line represent the real part of the same function, which is constant for ω < |ω−(q)|.
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Fig. 4.7. Same as Fig. 4.6 for q = 2.5kFσ . ω− and ω+ represent the lower and upper edges of the
electron–hole continuum.
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Fig. 4.8. The real part (solid line) and the imaginary part (dashed line) of the dimensionless Lindhard
function − χ0σ (q,ω)

Nσ (0) in one dimension for q = 0.5kFσ . |ω−| and ω+ represent the lower and upper edges
of the electron–hole continuum.

energy are impossible except at wave vectors 0 and 2kF . Accordingly, for all values of q
the electron–hole continuum is defined by the inequalities

|ω−(q)| ≤ |ω| ≤ ω+(q) , 1D. (4.37)

This means that the 1D electron–hole continuum consists only of the region labeled I in
Fig. 4.2: region II is absent. Furthermore, within region I, #mχ0(q, ω) is independent of
frequency and given by − m

h̄2q sign ω. This situation is depicted in Fig. 4.8.

4.4.3 The nature of the singularity at small q and ω

The presence of low-energy excitations across the Fermi surface causes the Lindhard func-
tion to be a singular function of wave vector and frequency in the key region in which both
these quantities are small. The existence of a mathematical singularity is seen from the fact
that the limit of χ0σ (q, ω) for q → 0 and ω → 0 depends on the ratio ν = ω

vFσ q , that is, on
the direction along which the origin of the (q, ω) plane is approached: different limits are
obtained for different values of ν.

For example if the origin is approached along the q axis at ω = 0 (corresponding to
ν = 0), we are in the so called static limit and, as discussed above (see Eq. (4.27)), the
Lindhard function tends to a finite limit – the negative of the total density of states at the
Fermi surface.

If, on the other hand, the origin is approached along the ω axis at q = 0, i.e. at ν = ∞,
a case referred to as the dynamical long-wavelength limit, then the Lindhard function can
be readily shown to have the limiting form

χ0σ (q, ω)
q→0
≈ nσ q2

mω2
, (4.38)

a result that, incidentally, holds true even if ω is not small.
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I
|ν-|<1, |ν+|>1

II
|ν-|<1, |ν+|<1

Fig. 4.2. The electron–hole continuum in the non-interacting electron gas. In one dimension, region
II is absent.
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q<2kF q>2kF

p+q

k+q

k+q

k+q/2

Fig. 4.3. electron–hole pairs of minimum energy (!k → !k + !q – solid line) and maximum energy
( !p → !p + !q – dashed line) for a given wave vector !q. Notice that for zero energy excitations the sum

of the initial and final wave vectors, that is, 2
(
!k + !q

2

)
, is orthogonal to !q .

For q ≥ 2kF , the minimum excitation energy is finite because it is no longer possible
to move an electron from one point of the Fermi surface to another, also on the Fermi
surface. In this case the minimum excitation energy is obtained when an electron at the
Fermi surface is displaced radially inward by a wave vector of magnitude q (see Fig. 4.3):
this gives h̄ω−(q) = h̄2q2

2m − h̄vF q .

A região II está ausente em
uma dimensão!
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5.3 The random phase approximation 205

Fig. 5.8. Plasmon dispersion in three and two dimensional electron gas (full lines) for rs = 2. The
dashed line represents the approximate two dimensional dispersion given by Eq. (5.53).

As it turns out, in the two dimensional case Eq. (5.49) can be solved analytically at all
wave vectors (Czachor et al., 1982). The result (see Exercise 5) can be cast in the form:

!p(q) =

√√√√√2πne2q
m

(
1 + q

κ2

)2 (
1 + q3

4πnκ2
+ q4

8πnκ2
2

)

1 + q
2κ2

, 2D. (5.54)

For the three dimensional case a numerical solution of Eq. (5.49) proves necessary.
Fig. 5.8 provides a plot of the RPA plasmon dispersion in two and three dimensions. Notice
that in all cases, the condition ω ! qvF is satisfied.

Both in three and two dimensions a solution is found only up to a critical wave vector
qc where the plasmon dispersion impinges onto the electron–hole continuum. In three
dimensions, for wave vectors exceeding this threshold, the plasma mode is heavily damped
and in practice ceases to exist. In the two dimensional case, on the other hand, the plasmon
dispersion eventually touches the upper edge of the electron–hole continuum remaining
parallel to it and then also ceases to exist (see discussion below). It is a straightforward
exercise to derive the equations determining the density dependent plasmon critical wave
vector within the RPA (see Exercises 4 and 5).

Plasmon oscillator strength

We now examine the strength of the plasmon contribution to the density fluctuation spectrum

"mχRPA
nn (q, ω) = "mχ0(q, ω)

[1 − vq$eχ0(q, ω)]2 + [vq"mχ0(q, ω)]2
. (5.55)

Dispersão do plasmon e contínuo de 
elétron-buraco
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Ũ (+1,�1) †

↵I
(x, t) 

↵I
(x, t) †

�I
(x0, t0) 

�I
(x0, t0)

i
|�0i
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K̂ = Ĥ � µN̂

G↵� (r1⌧1; r2⌧2) = G↵� (r1, r2, ⌧1 � ⌧2) = G↵� (r1, r2, ⌧ = ⌧1 � ⌧2) (⌧ 2 [��, �])

G↵� (r1, r2, ⌧) = ⇣G↵� (r1, r2, ⌧ + �) (⌧ 2 [��, 0])

G↵� (r1, r2, ⌧) = T
X

!n

e�i!n⌧G↵� (r1, r2,!n) ,

G↵� (r1, r2,!n) =

ˆ
�

0

d⌧ei!n⌧G↵� (r1, r2, ⌧) ,

!n = 2⇡nT (n = 0,±1,±2, . . .) (bósons) ,

!n = (2n+ 1) ⇡T (n = 0,±1,±2, . . .) (férmions) .
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Also important is the temperature Tmax*
at which one finds maximum attenuation or max-
imum rate of change with temperature of the
velocity. Under the simplest assumptions this
temperature corresponds to wT = 1, where v
is the relaxation time for velocity, which is
assumed to have a T ' temperature dependence.
However, mare generally one would expect
~'"/Tmax* to be a. constant at the maximum.
Table II shows the results of an analysis of
this point, both for the present experiments
and for those of Ref. 3. Inspection of the table

I86 I I iI I I IIII I I I I I IIII I

FIG. 2. Amplitude attenuation coefficient and sound
propagation velocity as a function of magnetic tempera-
ture in pure liquid He3 at 0.32 atm and for frequencies
of 15.4 and 45.5 MHz. Each point shown on the graph
is the average of several raw data points. The straight
line drawn through the low-temperature attenuation da-
ta represents Eq. (1), while the straight lines drawn
through the high-temperature data represent Eq. (2),
with u/27r equal to 15.4 and 45.5 MHz. With the present
gap it was not possible to measure the 45.5-MHz atten-
uation coefficient above e =200 cm . The smooth
curve just above the attenuation data for 15.5 MHz is a
plot of Eq. (6) with cd/27I =15.4 MHz and eo and 0.

& given
by Eqs. (1) and (2).

15.4
15.4
45.5
15.4

1.44
1.57
l.58
1.62

2.74
2.65
2.66
2.65

shows that, in the case of attenuation measure-
ments, in which Tmax* is well determined,
the frequency dependence is quantitatively veri-
fied. It is difficult to estimate Tm~ from
the velocity measurements, so the scatter is
greater. However, it seems clear from these
data that the transition observed in Ref. 3 is
indeed to be attributed to a transition from first
to zero sound.
Our results can also be compared with the

theory of Khalatnikov and Abrikosov' in which
the velocity of zero sound is found to be given
by the implicit equation

1 + ,'E, —

Eo(l +—,'E, ) + so'E, '

(4)

For the values given above for the parameters
in Eq. (4), one finds T,T'=1.5xlp "secK".

where zo(s, ) =1(s,/2) ln[(s, +1)/(s, -l)]f-l, sp
=cp/vF, and vF is the Fermi velocity. Recent-
ly determined' values of the Fermi-liquid param-
eters are Eo:10 77 +,:6 25 and vF:53 8
m/sec for a pressure of 0.28 atm (close to the
present one). At this pressure c, =187.2 m/sec.
Solving Eq. (3) for s, one finds s, = 3.597 [and
M (s,) = 0.027 033]. This leads to [(cp-cl )/
cl]p 28 atm

——0.034, in remarkable agreement
with the measured value at 0.32 atm of 0.035
+ 0.003. Using a theory for energy transfer
from a solid to liquid He', Keen, Matthews,
and Wilks' found (c,-c,)/c, =0.10+0.03, a larger
effect than observed here. Assuming the es-
sential correctness both of the experirgents
of Ref. 3 and of the present ones, the discrep-
ancy in the value of (co—c,)/c, must be attributed
to an inadequacy of the theory explaining ener-
gy transfer into the liquid.
In regard to attenuation, at high temperatures

one expects'

W. R. Abel, A. C. Anderson, and J. C. Wheatley, 
Phys. Rev. Lett. 17, 74 (1966).

Da teoria dos líquidos de Fermi:
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