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Aulas passadas
Funções de Green de Matsubara: frequências de Matsubara
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Funções de Green de Matsubara: caso não interagente
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válida para férmions ou bósons.
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�Ĥ⌧1

 †
�M

(r2⌧2) = eĤ⌧2 †
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Z = Tr
⇣
e��Ĥ
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Ĥ ! Ĥ � µN̂

G↵� (r1⌧1; r2⌧2) = G↵� (r1, r2, ⌧1 � ⌧2) = G↵� (r1, r2, ⌧ = ⌧1 � ⌧2) (⌧ 2 [��, �])

G↵� (r1, r2, ⌧) = ⇣G↵� (r1, r2, ⌧ + �) (⌧ 2 [��, 0])

G↵� (r1, r2, ⌧) = T
X

!n

e�i!n⌧G↵� (r1, r2,!n) ,

G↵� (r1, r2,!n) =

ˆ
�

0

d⌧ei!n⌧G↵� (r1, r2, ⌧) ,

!n = 2⇡nT (n = 0,±1,±2, . . .) (bósons) ,

!n = (2n+ 1) ⇡T (n = 0,±1,±2, . . .) (férmions) .
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ω ω
γ

1
γ

2

(a) (b)

Figure 4.2 (a) The integration contour employed in calculating the sum (4.36). (b) The deformed
integration contour.

by isolated crosses in Fig. 4.211) we are free to distort the integration path, ideally to a contour

along which the integral can be done. Finding a suitable contour is not always straightforward.

If the product hg decays sufficiently fast as |z| → ∞ (i.e. faster than z−1), one will usually try

to “inflate” the original contour to an infinitely large circle (Fig. 4.2(b)).12 The integral along

the outer perimeter of the contour then vanishes and one is left with the integral around the

singularities of the function h. In the simple case where h(−iz) possesses a number of isolated

singularities at {zk} (i.e. the situation indicated in the figure) we thus obtain

S =
ζ
2πi

∮
dz h(−iz)g(z) = −ζ

∑

k

Res h(−iz)g(z)
∣∣
z=zk

, (4.38)

where the contour integral encircles the singularities of h(−iz) in clockwise direction. The com-

putation of the infinite sum S has been now been reduced to the evaluation of a finite number

of residues – a task that is always possible!

To illustrate the procedure on a simple example, let us consider the function

h(ωn) = − ζT
iωne−iωnδ − ξ

,

where δ is a positive infinitesimal.13 To evaluate the sum S =
∑

n h(ωn), we first observe that

the product h(−iz)g(z) has benign convergence properties. Further, the function h(−iz) has a

11 Remember that a function that is bounded and analytic in the entire complex plane is constant, i.e. every
“interesting” function will have singularities.

12 Notice that the condition lim|z|→∞ |hg| < z−1 is not as restrictive as it may seem. The reason is that the
function h will be mostly related to physical observables that approach some limit (or vanish) for large excitation
energies. This implies vanishing in at least portions of the complex plane. The convergence properties of g
depend on the concrete choice of the counting function. (Exercise: Explore the convergence properties of the
functions shown in Eq. (4.37).)

13 In fact, this choice of h is actually not as artificial as it may seem. The expectation value of the number of
particles in the grand canonical ensemble is defined through the identity N ≡ −∂F/∂µ where F is the free
energy. In the non-interacting case, F is given by Eq. (4.34) and, remembering that ξa = εa − µ, one obtains
N ≈ ζT

∑
an

1
−iωn+ξa

. Now, why did we write “≈” instead of “=”? The reason is that the right-hand side,

obtained by naive differentiation of Eq. (4.34), is ill-convergent. (The sum
∑∞

n=−∞
1

n+x , x arbitrary, does

not exist!) At this point we have to remember the remark made on page 168, i.e., had we carefully treated
the discretization of the field integral, both the logarithm of the free energy and ∂µF would have acquired
infinitesimal phases exp(−iωnδ). As an exercise, try to keep track of the discretization of the field integral from

x
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�S

(r2) e
�Ĥ⌧2
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↵S

(r1) e
�Ĥ⌧1
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�S

(r2) e
�Ĥ⌧2
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Figure 4.2 (a) The integration contour employed in calculating the sum (4.36). (b) The deformed
integration contour.

by isolated crosses in Fig. 4.211) we are free to distort the integration path, ideally to a contour

along which the integral can be done. Finding a suitable contour is not always straightforward.

If the product hg decays sufficiently fast as |z| → ∞ (i.e. faster than z−1), one will usually try

to “inflate” the original contour to an infinitely large circle (Fig. 4.2(b)).12 The integral along

the outer perimeter of the contour then vanishes and one is left with the integral around the

singularities of the function h. In the simple case where h(−iz) possesses a number of isolated

singularities at {zk} (i.e. the situation indicated in the figure) we thus obtain

S =
ζ
2πi

∮
dz h(−iz)g(z) = −ζ

∑

k

Res h(−iz)g(z)
∣∣
z=zk

, (4.38)

where the contour integral encircles the singularities of h(−iz) in clockwise direction. The com-

putation of the infinite sum S has been now been reduced to the evaluation of a finite number

of residues – a task that is always possible!

To illustrate the procedure on a simple example, let us consider the function

h(ωn) = − ζT
iωne−iωnδ − ξ

,

where δ is a positive infinitesimal.13 To evaluate the sum S =
∑

n h(ωn), we first observe that

the product h(−iz)g(z) has benign convergence properties. Further, the function h(−iz) has a

11 Remember that a function that is bounded and analytic in the entire complex plane is constant, i.e. every
“interesting” function will have singularities.

12 Notice that the condition lim|z|→∞ |hg| < z−1 is not as restrictive as it may seem. The reason is that the
function h will be mostly related to physical observables that approach some limit (or vanish) for large excitation
energies. This implies vanishing in at least portions of the complex plane. The convergence properties of g
depend on the concrete choice of the counting function. (Exercise: Explore the convergence properties of the
functions shown in Eq. (4.37).)

13 In fact, this choice of h is actually not as artificial as it may seem. The expectation value of the number of
particles in the grand canonical ensemble is defined through the identity N ≡ −∂F/∂µ where F is the free
energy. In the non-interacting case, F is given by Eq. (4.34) and, remembering that ξa = εa − µ, one obtains
N ≈ ζT

∑
an

1
−iωn+ξa

. Now, why did we write “≈” instead of “=”? The reason is that the right-hand side,

obtained by naive differentiation of Eq. (4.34), is ill-convergent. (The sum
∑∞

n=−∞
1

n+x , x arbitrary, does

not exist!) At this point we have to remember the remark made on page 168, i.e., had we carefully treated
the discretization of the field integral, both the logarithm of the free energy and ∂µF would have acquired
infinitesimal phases exp(−iωnδ). As an exercise, try to keep track of the discretization of the field integral from

x
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