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O gás diluído de férmions com 
interação de curto alcance

POTENCIAL DE CURTO ALCANCE n Ruin

POTENCIAL Ñ ADMITE ESTADOS Acc min

LIGADOS

INICIALMENTE ESTUDADO TENDO
O

3He EM MENTE

QUAL E O PARAMETRO PEQUENO

É A DILUIGAO POR EXEMPLO m Nf
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O gás diluído de férmions com 
interação de curto alcance

Originalmente, para 3He: mas, nas condiçõe habituais, o 3He nunca é diluído o suficiente 
para justificar o tratamento.

Mais recentemente, na área conhecida com o átomos ultra-frios, alguns átomos podem 
ser confinados em armadilhas ópticas em baixas densidades e baixíssimas temperaturas 
(da ordem de 10-9 K).

Exemplos: 6Li (férmion) e 7Li (bóson)
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Energia até segunda ordem em (kFa)
K. Huang and C. N. Yang, Phys. Rev. 105, 767 (1957)
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III. EQUATION OF STATE

In the case of the Fermi-Fermi mixture with equal masses
(which can be mapped to a spin-1/2 Fermi gas) the zero-
temperature equation of state has been determined using var-
ious quantum many-body techniques, including second-order
perturbation theory [30,32–34,36], perturbative expansions in
terms of effective in-medium scattering matrices (correct up to
third order in the interaction parameter) [37–40], diagrammatic
theory within ladder approximation [41], and variational
quantum Monte Carlo simulations [6,7]. The terms of the
equation of state beyond the second-order expansion can also
be sensitive to details of the interatomic potential beyond
the s-wave scattering length a, the most relevant being the
s-wave effective range r0 and the p-wave scattering length
ap [39]. A detailed analysis of the contribution due to these
details is given in Refs. [6,7,39,40]. In Fig. 1, we show
a comparison between different theories. In the third-order
expansion we set r0 = 0 and ap = 0, and we include only
the high-order terms which depend on a. The quantum Monte
Carlo simulations of Refs. [6,7] were performed using resonant
model potentials (with negligible values of r0 and ap) designed
to mimic the effect of the Fermi-Huang pseudopotential [42].
We notice that second-order perturbation theory gives a
significant contribution beyond the mean-field approximation.
The third-order term adds a smaller correction and provides a
result which is quite close to the variational quantum Monte
Carlo prediction. In the case of mixtures with different masses,
beyond-mean-field contributions to the equation of state have
not been determined in previous works. Only the case of a
single impurity interacting with an ideal Fermi sea has been
studied using diagrammatic ladder approximation [13,14].
In Fig. 1, we compare the mean-field prediction with our
second-order result for a mixture of two species with equal
densities and mass imbalance mL/mH = 6/40 (corresponding
to the 6Li-40K mixture [43]). Notice that, when expressed in
units of the energy of a noninteracting mixture, the mean-field
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FIG. 1. (Color online) Ground-state energy of population-
balanced mixtures as a function of the interaction parameter kF a.
The two atomic species have equal masses or the mass ratio 6/40
corresponding to 6Li and 40K. Analytic expansions valid up to first,
second [30,34], and third order [38,39] in kF a are compared with
the variational Monte Carlo results [6]. The unit is the energy of the
noninteracting mixture Eideal. Notice that the mean-field results for
the two mass ratios coincide.

prediction coincides with the one of the equal-mass case.
The second-order term adds an important contribution, only
slightly smaller than that in the equal-mass case.

In Sec. IV, we employ our second-order equation of state
to determine the zero-temperature phase diagram for various
Fermi-Fermi mixtures with different mass imbalances. Since,
in the equal-mass case, the equation of state and the phase
diagram obtained with the second-order theory [36] are close
to the result of quantum Monte Carlo simulations [5–7] and
of diagrammatic ladder theory [41], we argue that also in the
mass-imbalanced case the second-order perturbation theory
provides important information about the role of beyond-
mean-field effects.

IV. PHASE DIAGRAMS

When the strength of the repulsive interaction increases, the
Fermi-Fermi mixture might become unstable against phase
separation into two domains with different local densities
and population imbalances. In the case of species with equal
masses, this phase separation corresponds to a quantum phase
transition to a ferromagnetic state. It has been proven that,
for any fixed interaction strength, such a quantum phase
transition can always be induced if the ratio of the masses
of the two species is increased sufficiently [23]. It this
section, we calculate the critical interaction strength where this
phase transition takes place within second-order perturbation
theory. For three relevant mass ratios, we determine the
zero-temperature canonical phase diagram as a function of
interaction strength and global population imbalance. We
consider different kinds of phase separation, including the
partially separated state where at least one domain contains
atoms of the two species and the fully separated state where
both domains contain atoms of one species only.

We study a system without external potentials at zero
temperature, with a fixed (global) number density of the
heavier species (larger atomic mass), indicated as nH , and
of the lighter species, indicated as nL. The total volume V is
also fixed. In this section, we define the heavy-light population
imbalance r = (nH − nL)/(nH + nL), which will be positive
when the heavier atoms are the majority ones, and negative
otherwise. The light-heavy mass ratio is 0 < mL/mH ! 1. The
energy of the separated state is determined by the following
expression:

ESEP(r,kF a) = min
{v1,nH1 ,nL1 }

[
v1E

HOM(
|r1|,kF1a

)

+ v2E
HOM(

|r2|,kF2a
)]

, (8)

where vi = Vi/V , nHi
, and nLi

are, respectively, the fractional
volumes and the heavy-atom and light-atom densities of the
two domains, which are labeled by the index i = 1,2. These
quantities are constrained by the conservation of the heavy- and
light-atom global densities, which can be written as v1nH1 +
v2nH2 = nH and v1nL1 + v2nL2 = nL, and by the volume
conservation v1 + v2 = 1. The energy of each domain is given
by the equation of state derived in Sec. II and depends on the
local interaction parameter kFi

a = [3π2(nHi
+ nLi

)]1/3a and
on the local majority-minority population imbalance, which
can be computed as the absolute value of the (local) heavy-
light population imbalance ri = (nHi

− nLi
)/(nHi

+ nLi
). The

023605-3

E. Fratini and S. Pilati, Phys. Rev. A 90, 023605 (2014)



Comparison of 6Li and 7Li atom cloud axial profiles. The red squares correspond to 6Li, and the 
black circles to 7Li. (A) Data from the top image of Fig. 1, corresponding to T/TF = 1.0 and T/Tc = 
1.5. (B) Data from the lower image of Fig. 1, corresponding to T/TF = 0.25 and T/Tc = 1.0. The 
fits to the data are shown as solid lines.

7Li é um bóson
6Li é um férmion

Observation of Fermi Pressure in a Gas of Trapped Atoms, 
A. G. Truscott et al., Science 291, 2570 (2001). 



molecular interaction parameters. Figure 1(a) illustrates
these predictions for the scattering length a!B" by a
corresponding model curve that approximates the results
of Refs. [13–15].

In a cold gas at finite temperature the cross section for
elastic scattering of nonidentical particles is unitarity
limited to a maximum value of !max # 4"=k2, where
k # mv=!2 !h" is the wave number corresponding to a
relative velocity v and a reduced mass m=2. Taking into
account the B-field dependent scattering length a!B" and
the unitarity limit, the resulting B-field dependent cross
section can be written as ! # 4"a2=!1$ k2a2". For the
considered j1i% j2i spin mixture of 6Li the expected
behavior of the cross section is shown in Fig. 1(b) for
the example of a wave number k # !300a0"%1 close to our
experimental conditions. Most notably, as a consequence
of the unitarity limit in combination with the very large
scattering length for high magnetic fields, the Feshbach
resonance does not appear as a pronounced feature in the
cross section. The zero crossing of the scattering length,
however, leads to a vanishing scattering cross section and
thus shows up as a manifestation of the resonance.

Our dipole trap [17] makes use of the enhancement of
the laser intensity inside a linear optical resonator to
create a large and deep trapping volume for lithium
atoms. The power provided by a 2-W Nd:YAG laser
(Innolight Mephisto-2000) at a wavelength of 1064 nm
is enhanced by a factor of 120 to create a far red-detuned
1D optical lattice trap with an axial period of 532 nm and
a transverse 1=e radius of 115 #m. The maximum trap
depth is of the order of 1 mK. To vary the trap depth the
resonator-internal power is servo-controlled by an
acousto-optical modulator in the incident laser beam.
From a standard magneto-optical trap (MOT) operated
with diode lasers we typically transfer 5& 105 6Li atoms
into roughly 1000 individual wells at a temperature of

'400 #K. The resulting peak density is '1:5&
1011 cm%3. By extinguishing the repumping light of the
MOT 1 ms before the main trapping light is turned off, all
atoms are pumped into the two states j1i and j2i to create
a 50-50 spin mixture [16].

The magnetic field is produced by a pair of water-
cooled coils outside of the glass vacuum cell of the trap.
At a maximum continuous operation current of 200 A the
coils produce a magnetic field of 1.5 kG with a curvature
of only 75 G=cm2 along the symmetry axis; the corre-
sponding power dissipation is 6 kW. The setup allows for
a maximum ramp speed of 5 G=ms within the full range.
The magnetic field is calibrated by radio-frequency in-
duced transitions from j2i to the state that at B # 0
corresponds to F # 3=2, mF # $1=2. The latter is un-
stable against inelastic collisions with j2i which leads to
easily detectable loss. With a fit to the Breit-Rabi formula
we obtain a calibration of the magnetic field to better than
1 G over the full range.

The basic idea of our measurements is to observe
elastic collisions through evaporative loss at a variable
magnetic field [18]. The method is particularly well suited
for measuring the position of a resonance by locating the
corresponding zero crossing of the scattering length.With
this sensitive experimental input for theoretical calcula-
tions, as is readily available in our case [13–15], precise
knowledge of the magnetic-field dependent scattering
length can be obtained. Our dipole trap is loaded under
conditions where the effective temperature T of a trun-
cated Boltzmann distribution [19] is only slightly below
the trap depth U. A strongly nonthermal distribution is
thus created with a small truncation parameter $ # U=
kBT ( 2. The thermal relaxation resulting from elastic
collisions then leads to rapid evaporative loss and cooling
of the sample, i.e., an increase of $. The trap depth can be
kept constant to study plain evaporation or, alternatively,
ramped down to force the evaporation process.

In a series of plain evaporation experiments performed
at a constant trap depth of 750 #K we measure evapo-
rative loss over the maximum accessible range of mag-
netic fields up to 1.5 kG. After a fixed holding time the
remaining atoms are retrapped into the MOT and their
number is measured via the fluorescence signal by a
calibrated photodiode. The signal is recorded after hold-
ing times of 1 and 3 s corresponding to the time scale of
evaporation. These holding times are short compared
with the rest-gas limited lifetime of 30 s. Figure 2 shows
the result of 1000 different measurements obtained in an
acquisition time of 6 h. The data points are taken in a
random sequence for 31 magnetic field values equally
distributed over the full range. Data points for 1 and 3 s
are recorded alternatingly. This way of data taking en-
sures that the signal is not influenced by residual long-
term drifts of the experimental conditions.

The observed evaporation loss in Fig. 2 shows a pro-
nounced dependence on the magnetic field, which we

FIG. 1. (a) Model curve approximating the results of [13–15]
for the s-wave scattering length of 6Li atoms in the two lowest
spin states versus magnetic field. (b) Corresponding behavior of
the scattering cross section at a finite collision energy with a
relative wave number of k # !300a0"%1.

VOLUME 89, NUMBER 27 P H Y S I C A L R E V I E W L E T T E R S 30 DECEMBER 2002

273202-2 273202-2

Feshbach resonance

Magnetic Field Control of Elastic Scattering in a Cold Gas of Fermionic 
Lithium Atoms, S. Jochim et al., Phys. Rev. Lett. 89, 273202 (2002).



Measured compressibility (6Li) 
COMPRESSIBILITY OF AN ULTRACOLD FERMI GAS . . . PHYSICAL REVIEW A 85, 063615 (2012)

pressure, temperature, and entropy. For cold-atom experi-
ments, density, chemical potential (through the trapping poten-
tial), and temperature are directly accessible to measurement.
In the weakly interacting regime, the interaction manifests
itself as a perturbative term in the equation of state. Here we
measure this perturbative interaction effect by measuring the
derivative of density with chemical potential, the isothermal
compressibility of the gas. We prepare the system at the lowest
temperature, but due to heating of the cloud by molecule
formation, we have to apply a correction for the measured
finite temperature.

Using the experimental procedure discussed above, we
prepared equilibrated clouds at various magnetic fields and
measured line-of-sight integrated profiles of column density
using in situ phase-contrast imaging [26]. The signal-to-noise
ratio was improved by averaging the column density along
equipotential lines (which are ellipses for the anisotropic
harmonic oscillator potential). The averaging region was
restricted to an axial sector of ±60◦ to avoid corrections due
to transverse anharmonicities [27]. Three-dimensional density
profiles n(r) were reconstructed by applying the inverse Abel
transformation to the column densities ñ(r) [26].

The isothermal compressibility is obtained from a spatial
derivative of n(r), since in the local density approximation,
the local chemical potential is µ = µ0 − mω2x2/2, where µ0
is the global chemical potential and ω the trap frequency. The
compressibility is defined as

κ = 1
n2

∂n

∂µ
. (1)

We normalize the compressibility κ by the compressibility of
an ideal gas at the given density and zero temperature κ0 =
n1/3

n2
3m

h̄2(6π2)2/3 , and obtain the normalized compressibility

κ̃ = κ

κ0
= h̄2(6π2)2/3

2m

∂n2/3

∂µ
. (2)

Here n is density, and m is the atomic mass. The normalized
compressibility is obtained as the slope in a plot of n2/3 vs µ
(Fig. 2). This plot is in essence the observed density profile
plotted with the central region to the left and the spatial wings
to the right. Experimentally, we find the slope to be constant
over an extended range of the density profile. Compressibilities
were determined from fits to the slope in the region of 90%
to 50% of the peak density. The region near the center of
the cloud was excluded since the center is singular for the
inverse Abel transformation, leading to excessive noise. These
compressibilities should be regarded as average values over
the density range used in the fit. The uncertainty of fitting the
slope to a single profile was 4.5%. By averaging the profiles
obtained from 20 images, the uncertainty was improved to
1.3%.

The normalized compressibility is a function of T/TF and
kF a. At finite temperature and scattering length a, T/TF and
kF a change across a single density profile because TF and kF

depend on the local density. However, this density dependence
is small near the center of the cloud. Simulated density profiles
showed that the average compressibility determined in the way
described above agrees to within 0.6% with the compressibility

FIG. 2. Determination of the compressibility of repulsively in-
teracting Fermi gases. The compressibility is the slope of a graph
showing the density to the power 2/3 versus the square of the distance
from the center. (a) Single-shot density profile. (b) Closeup of the
region used for determining the compressibility for a plot showing
the average of 20 density profiles.

at T/TF and kF a at the density in the center of the selected
range.

Compressibility decreases for stronger repulsion, but also
for higher temperature. To identify the effect of repulsive in-
teraction requires a careful consideration of finite temperature
effects. First, the temperature of the cloud had to be accurately
determined. This can be done without any special assumptions
by fitting the wings of the cloud using a virial expansion [28],
by thermometry with another cotrapped atom [14], or for
population imbalanced clouds by fitting the wings of the
majority component which is an ideal Fermi gas [29]. Here
we chose to determine temperature using a virial expansion,

p
λ3

kBT
= eβµ + b2e

2βµ + O(e3βµ), (3)

where λ =
√

2πh̄2

mkBT
is the thermal de Broglie wavelength, b2

is the virial coefficient, and eβµ is the fugacity. The virial
coefficient for the Fermi gas with repulsive interaction is b2 =
−2−5/2 − a/λ [30]. The pressure p was obtained from the
doubly integrated density profiles [13]. The temperature was
determined in the wings of the profile where βµ < −0.5. Here,
the temperature measured with and without the interaction
term −a/λ in b2 differ by about 3%. This suggests that higher-
order corrections from the interaction term will be negligible.
Note that the virial expansion up to second order is valid to
within 1% for the ideal gas at the density of the fitted wings.

The low-temperature normalized isothermal compressibil-
ity of a noninteracting Fermi gas is given by the Sommerfeld
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pressure, temperature, and entropy. For cold-atom experi-
ments, density, chemical potential (through the trapping poten-
tial), and temperature are directly accessible to measurement.
In the weakly interacting regime, the interaction manifests
itself as a perturbative term in the equation of state. Here we
measure this perturbative interaction effect by measuring the
derivative of density with chemical potential, the isothermal
compressibility of the gas. We prepare the system at the lowest
temperature, but due to heating of the cloud by molecule
formation, we have to apply a correction for the measured
finite temperature.

Using the experimental procedure discussed above, we
prepared equilibrated clouds at various magnetic fields and
measured line-of-sight integrated profiles of column density
using in situ phase-contrast imaging [26]. The signal-to-noise
ratio was improved by averaging the column density along
equipotential lines (which are ellipses for the anisotropic
harmonic oscillator potential). The averaging region was
restricted to an axial sector of ±60◦ to avoid corrections due
to transverse anharmonicities [27]. Three-dimensional density
profiles n(r) were reconstructed by applying the inverse Abel
transformation to the column densities ñ(r) [26].

The isothermal compressibility is obtained from a spatial
derivative of n(r), since in the local density approximation,
the local chemical potential is µ = µ0 − mω2x2/2, where µ0
is the global chemical potential and ω the trap frequency. The
compressibility is defined as
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Here n is density, and m is the atomic mass. The normalized
compressibility is obtained as the slope in a plot of n2/3 vs µ
(Fig. 2). This plot is in essence the observed density profile
plotted with the central region to the left and the spatial wings
to the right. Experimentally, we find the slope to be constant
over an extended range of the density profile. Compressibilities
were determined from fits to the slope in the region of 90%
to 50% of the peak density. The region near the center of
the cloud was excluded since the center is singular for the
inverse Abel transformation, leading to excessive noise. These
compressibilities should be regarded as average values over
the density range used in the fit. The uncertainty of fitting the
slope to a single profile was 4.5%. By averaging the profiles
obtained from 20 images, the uncertainty was improved to
1.3%.

The normalized compressibility is a function of T/TF and
kF a. At finite temperature and scattering length a, T/TF and
kF a change across a single density profile because TF and kF

depend on the local density. However, this density dependence
is small near the center of the cloud. Simulated density profiles
showed that the average compressibility determined in the way
described above agrees to within 0.6% with the compressibility

FIG. 2. Determination of the compressibility of repulsively in-
teracting Fermi gases. The compressibility is the slope of a graph
showing the density to the power 2/3 versus the square of the distance
from the center. (a) Single-shot density profile. (b) Closeup of the
region used for determining the compressibility for a plot showing
the average of 20 density profiles.

at T/TF and kF a at the density in the center of the selected
range.

Compressibility decreases for stronger repulsion, but also
for higher temperature. To identify the effect of repulsive in-
teraction requires a careful consideration of finite temperature
effects. First, the temperature of the cloud had to be accurately
determined. This can be done without any special assumptions
by fitting the wings of the cloud using a virial expansion [28],
by thermometry with another cotrapped atom [14], or for
population imbalanced clouds by fitting the wings of the
majority component which is an ideal Fermi gas [29]. Here
we chose to determine temperature using a virial expansion,

p
λ3

kBT
= eβµ + b2e

2βµ + O(e3βµ), (3)

where λ =
√

2πh̄2

mkBT
is the thermal de Broglie wavelength, b2

is the virial coefficient, and eβµ is the fugacity. The virial
coefficient for the Fermi gas with repulsive interaction is b2 =
−2−5/2 − a/λ [30]. The pressure p was obtained from the
doubly integrated density profiles [13]. The temperature was
determined in the wings of the profile where βµ < −0.5. Here,
the temperature measured with and without the interaction
term −a/λ in b2 differ by about 3%. This suggests that higher-
order corrections from the interaction term will be negligible.
Note that the virial expansion up to second order is valid to
within 1% for the ideal gas at the density of the fitted wings.

The low-temperature normalized isothermal compressibil-
ity of a noninteracting Fermi gas is given by the Sommerfeld
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pressure, temperature, and entropy. For cold-atom experi-
ments, density, chemical potential (through the trapping poten-
tial), and temperature are directly accessible to measurement.
In the weakly interacting regime, the interaction manifests
itself as a perturbative term in the equation of state. Here we
measure this perturbative interaction effect by measuring the
derivative of density with chemical potential, the isothermal
compressibility of the gas. We prepare the system at the lowest
temperature, but due to heating of the cloud by molecule
formation, we have to apply a correction for the measured
finite temperature.

Using the experimental procedure discussed above, we
prepared equilibrated clouds at various magnetic fields and
measured line-of-sight integrated profiles of column density
using in situ phase-contrast imaging [26]. The signal-to-noise
ratio was improved by averaging the column density along
equipotential lines (which are ellipses for the anisotropic
harmonic oscillator potential). The averaging region was
restricted to an axial sector of ±60◦ to avoid corrections due
to transverse anharmonicities [27]. Three-dimensional density
profiles n(r) were reconstructed by applying the inverse Abel
transformation to the column densities ñ(r) [26].

The isothermal compressibility is obtained from a spatial
derivative of n(r), since in the local density approximation,
the local chemical potential is µ = µ0 − mω2x2/2, where µ0
is the global chemical potential and ω the trap frequency. The
compressibility is defined as

κ = 1
n2

∂n

∂µ
. (1)

We normalize the compressibility κ by the compressibility of
an ideal gas at the given density and zero temperature κ0 =
n1/3

n2
3m

h̄2(6π2)2/3 , and obtain the normalized compressibility

κ̃ = κ

κ0
= h̄2(6π2)2/3

2m

∂n2/3

∂µ
. (2)

Here n is density, and m is the atomic mass. The normalized
compressibility is obtained as the slope in a plot of n2/3 vs µ
(Fig. 2). This plot is in essence the observed density profile
plotted with the central region to the left and the spatial wings
to the right. Experimentally, we find the slope to be constant
over an extended range of the density profile. Compressibilities
were determined from fits to the slope in the region of 90%
to 50% of the peak density. The region near the center of
the cloud was excluded since the center is singular for the
inverse Abel transformation, leading to excessive noise. These
compressibilities should be regarded as average values over
the density range used in the fit. The uncertainty of fitting the
slope to a single profile was 4.5%. By averaging the profiles
obtained from 20 images, the uncertainty was improved to
1.3%.

The normalized compressibility is a function of T/TF and
kF a. At finite temperature and scattering length a, T/TF and
kF a change across a single density profile because TF and kF

depend on the local density. However, this density dependence
is small near the center of the cloud. Simulated density profiles
showed that the average compressibility determined in the way
described above agrees to within 0.6% with the compressibility
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region used for determining the compressibility for a plot showing
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range.

Compressibility decreases for stronger repulsion, but also
for higher temperature. To identify the effect of repulsive in-
teraction requires a careful consideration of finite temperature
effects. First, the temperature of the cloud had to be accurately
determined. This can be done without any special assumptions
by fitting the wings of the cloud using a virial expansion [28],
by thermometry with another cotrapped atom [14], or for
population imbalanced clouds by fitting the wings of the
majority component which is an ideal Fermi gas [29]. Here
we chose to determine temperature using a virial expansion,
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where λ =
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is the thermal de Broglie wavelength, b2

is the virial coefficient, and eβµ is the fugacity. The virial
coefficient for the Fermi gas with repulsive interaction is b2 =
−2−5/2 − a/λ [30]. The pressure p was obtained from the
doubly integrated density profiles [13]. The temperature was
determined in the wings of the profile where βµ < −0.5. Here,
the temperature measured with and without the interaction
term −a/λ in b2 differ by about 3%. This suggests that higher-
order corrections from the interaction term will be negligible.
Note that the virial expansion up to second order is valid to
within 1% for the ideal gas at the density of the fitted wings.

The low-temperature normalized isothermal compressibil-
ity of a noninteracting Fermi gas is given by the Sommerfeld
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pressure, temperature, and entropy. For cold-atom experi-
ments, density, chemical potential (through the trapping poten-
tial), and temperature are directly accessible to measurement.
In the weakly interacting regime, the interaction manifests
itself as a perturbative term in the equation of state. Here we
measure this perturbative interaction effect by measuring the
derivative of density with chemical potential, the isothermal
compressibility of the gas. We prepare the system at the lowest
temperature, but due to heating of the cloud by molecule
formation, we have to apply a correction for the measured
finite temperature.

Using the experimental procedure discussed above, we
prepared equilibrated clouds at various magnetic fields and
measured line-of-sight integrated profiles of column density
using in situ phase-contrast imaging [26]. The signal-to-noise
ratio was improved by averaging the column density along
equipotential lines (which are ellipses for the anisotropic
harmonic oscillator potential). The averaging region was
restricted to an axial sector of ±60◦ to avoid corrections due
to transverse anharmonicities [27]. Three-dimensional density
profiles n(r) were reconstructed by applying the inverse Abel
transformation to the column densities ñ(r) [26].

The isothermal compressibility is obtained from a spatial
derivative of n(r), since in the local density approximation,
the local chemical potential is µ = µ0 − mω2x2/2, where µ0
is the global chemical potential and ω the trap frequency. The
compressibility is defined as
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We normalize the compressibility κ by the compressibility of
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Here n is density, and m is the atomic mass. The normalized
compressibility is obtained as the slope in a plot of n2/3 vs µ
(Fig. 2). This plot is in essence the observed density profile
plotted with the central region to the left and the spatial wings
to the right. Experimentally, we find the slope to be constant
over an extended range of the density profile. Compressibilities
were determined from fits to the slope in the region of 90%
to 50% of the peak density. The region near the center of
the cloud was excluded since the center is singular for the
inverse Abel transformation, leading to excessive noise. These
compressibilities should be regarded as average values over
the density range used in the fit. The uncertainty of fitting the
slope to a single profile was 4.5%. By averaging the profiles
obtained from 20 images, the uncertainty was improved to
1.3%.

The normalized compressibility is a function of T/TF and
kF a. At finite temperature and scattering length a, T/TF and
kF a change across a single density profile because TF and kF

depend on the local density. However, this density dependence
is small near the center of the cloud. Simulated density profiles
showed that the average compressibility determined in the way
described above agrees to within 0.6% with the compressibility

FIG. 2. Determination of the compressibility of repulsively in-
teracting Fermi gases. The compressibility is the slope of a graph
showing the density to the power 2/3 versus the square of the distance
from the center. (a) Single-shot density profile. (b) Closeup of the
region used for determining the compressibility for a plot showing
the average of 20 density profiles.

at T/TF and kF a at the density in the center of the selected
range.

Compressibility decreases for stronger repulsion, but also
for higher temperature. To identify the effect of repulsive in-
teraction requires a careful consideration of finite temperature
effects. First, the temperature of the cloud had to be accurately
determined. This can be done without any special assumptions
by fitting the wings of the cloud using a virial expansion [28],
by thermometry with another cotrapped atom [14], or for
population imbalanced clouds by fitting the wings of the
majority component which is an ideal Fermi gas [29]. Here
we chose to determine temperature using a virial expansion,

p
λ3

kBT
= eβµ + b2e

2βµ + O(e3βµ), (3)

where λ =
√

2πh̄2

mkBT
is the thermal de Broglie wavelength, b2

is the virial coefficient, and eβµ is the fugacity. The virial
coefficient for the Fermi gas with repulsive interaction is b2 =
−2−5/2 − a/λ [30]. The pressure p was obtained from the
doubly integrated density profiles [13]. The temperature was
determined in the wings of the profile where βµ < −0.5. Here,
the temperature measured with and without the interaction
term −a/λ in b2 differ by about 3%. This suggests that higher-
order corrections from the interaction term will be negligible.
Note that the virial expansion up to second order is valid to
within 1% for the ideal gas at the density of the fitted wings.

The low-temperature normalized isothermal compressibil-
ity of a noninteracting Fermi gas is given by the Sommerfeld
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determined. This can be done without any special assumptions
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determined in the wings of the profile where βµ < −0.5. Here,
the temperature measured with and without the interaction
term −a/λ in b2 differ by about 3%. This suggests that higher-
order corrections from the interaction term will be negligible.
Note that the virial expansion up to second order is valid to
within 1% for the ideal gas at the density of the fitted wings.
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expansion [31]

κ̃0,T = 1 − π2

12

(
T

TF

)2

+ O

[(
T

TF

)4]
, (4)

where T is the temperature and TF is the Fermi temperature.
To add the effects of interactions, it is useful to work with the
inverse normalized compressibility

1
κ̃

= 3
2

2m

h̄2(6π2)2/3
n1/3 ∂µ(n,T ,a)

∂n
. (5)

This is a derivative of the chemical potential, which has the
following expansion in temperature and scattering length:

µ(n,T ,a) = EF

[
1 − π2

12

(
T

TF

)2

+ 4
3π

kF a

+ 4(11 − 2 ln 2)
15π2

(kF a)2
]

+ CT 2a2, (6)

where C is a constant, independent of density [32]. Therefore
the inverse normalized compressibility has additive correction
terms for temperature and interactions up to the second order
of the interaction effect,

1
κ̃

= 1
κ̃0,T

+ Y (kF a). (7)

This equation defines Y (kF a), the interaction correction to
the inverse compressibility. This term is the derivative of
the interaction term of the chemical potential. In second-
order perturbation theory, one obtains Y (kF a) = 2

π
kF a +

8(11−2ln2)
15π2 (kF a)2.
Figure 3 shows the normalized compressibility, the tem-

perature T/TF , and the interaction correction to the inverse
compressibility. The temperature increases with kF a due to
the increase in three-body recombination where the binding
energy of the molecules (h̄2/ma2) is transferred to the
remaining atoms. The measured temperature is higher than
that in previous experiments on the repulsive side [20,21].
This difference can be explained by a smaller kF a since the
increase in T/TF is approximately proportional to 1/kF a [21].

We perform a linear fit of the interaction effect Y (kF a)
versus kF a (constrained to pass through the origin) and
obtain 0.680 ± 0.147 for the slope, in agreement with the
perturbative prediction of 2

π
= 0.637. Thus we have observed

the mean-field term for repulsively interacting fermions in a
thermodynamic quantity. The repulsive interaction has been
seen as line shifts in rf spectroscopy experiments (which,
in contrast to many thermodynamic quantities, are measured
independently of the kinetic energy of the atoms) [33,34]. In
principle, it is possible to obtain the mean-field term directly
by fitting the density profiles with an extra mean-field term.
In such fits, we obtained clear evidence for such a term, but
with low accuracy. It appears that the averaging over profiles
for determining the compressibility (as in Fig. 2) is superior.
Figure 3(c) shows the predicted effect of the second-order term
on Y (kF a). With some improvements in signal-to-noise ratio,
one should be able to observe this term, which is analogous to
the Lee-Huang-Yang correction for bosons.

FIG. 3. Measured temperature, normalized compressibility, and
interaction effect on compressibility at various interaction strengths.
(a) The measured temperature as a function of interaction strength.
(b) Solid circles show the measured normalized compressibility (κ̃)
and open squares show the calculated normalized compressibility at
the measured temperature without interaction (κ̃0,T ). The difference
between the two indicates the effect of interaction. Open triangles
show the calculated normalized compressibility using the second-
order perturbation theory, which is consistent with our measured κ̃ .
(c) The measured interaction correction to the inverse compressibility
(solid circle) is compared to a linear fit (solid line), and the first-
(dashed line) and the second- (dotted line) order perturbative results.

V. DISPERSIVE EFFECT IN PHASE-CONTRAST IMAGING

As mentioned in the Introduction, phase-contrast imaging
has several advantages over resonant absorption imaging,
and it has been applied to many studies of cold Bose and
Fermi gases [26,35,36]. Absorption imaging is usually done
with absorptively dilute clouds, typically with 10% to 70%
absorption (or optical densitites below 1). The standard
assumption has been that dispersive imaging is quantitative
when the phase shift φ across the cloud is less than π/4. The
normalized phase-contrast signal (for negligible absorption)
is 3 − 2

√
2 cos(φ ± π/4), which is equal to 1 ± 2φ for small

phase shifts [23]. The sign depends on the laser detuning and
the sign of the phase shift imparted by the phase plate.

Here, we applied phase-contrast imaging for rather precise
quantitative studies of ultracold Fermi gases and found that
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