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O gás diluído de bósons com 
interação de curto alcance

HGB =
X

k

k
2

2m
a
†
kak +

1

2V

X

k,k0,q

U (q) a†k+qa
†
k0�qak0ak

⇡

X

k

k
2

2m
a
†
kak +

U (0)

2V

X

k,k0,q

a
†
k+qa

†
k0�qak0ak

U (q) =

ˆ
d
3
re

iq·r
U (r)

|�0 (N)i =

⇣
a
†
k=0

⌘N

p
N !

|0i

a
†
0 |�0 (N)i =

p
N + 1 |�0 (N + 1)i

a0 |�0 (N)i =
p

N |�0 (N � 1)i

a0, a
†
0 ⇠

p

N

h
a0, a

†
0

i
= 1 ⌧

p

N

) ak !

8
<

:

p
N0 (k = 0)

ak (k 6= 0)

N0 = O (N)

H =
X

k

k
2

2m
a
†
kak +

U (0)

2V

X

k1,k2,q

a
†
k1+qa

†
k2�qak2ak1

!

X

k

✏ (k) a†kak +
U (0)

2V
N

2
0 +

U (0)N0

2V

"
4
X

k 6=0

a
†
kak +

X

k 6=0

⇣
a
†
ka

†
�k + a�kak

⌘#

N̂ ! N0 +
X

k 6=0

a
†
kak

HB =
U (0)N2

2V
+
X

k

✏ (k) a†kak +
U (0)N

2V

"
2
X

k 6=0

a
†
kak +

X

k 6=0

⇣
a
†
ka

†
�k + a�kak

⌘#

HB = N�+
X

k 6=0

h
(✏k + 2�) a†kak + 2�

⇣
a
†
ka

†
�k + a�kak

⌘i

� =
U (0)N

2V

ak = ukbk + vkb
†
�k

a
†
k = vkb�k + ukb�k

2

HGB =
X

k

k
2

2m
a
†
kak +

1

2V

X

k,k0,q

U (q) a†k+qa
†
k0�qak0ak

⇡

X

k

k
2

2m
a
†
kak +

U (0)

2V

X

k,k0,q

a
†
k+qa

†
k0�qak0ak

U (q) =

ˆ
d
3
re

iq·r
U (r)

|�0 (N)i =

⇣
a
†
k=0

⌘N

p
N !

|0i

a
†
0 |�0 (N)i =

p
N + 1 |�0 (N + 1)i

a0 |�0 (N)i =
p

N |�0 (N � 1)i

a0, a
†
0 ⇠

p

N

h
a0, a

†
0

i
= 1 ⌧

p

N

) ak !

8
<

:

p
N0 (k = 0)

ak (k 6= 0)

N0 = O (N)

H =
X

k

k
2

2m
a
†
kak +

U (0)

2V

X

k1,k2,q

a
†
k1+qa

†
k2�qak2ak1

!

X

k

✏ (k) a†kak +
U (0)

2V
N

2
0 +

U (0)N0

2V

"
4
X

k 6=0

a
†
kak +

X

k 6=0

⇣
a
†
ka

†
�k + a�kak

⌘#

N̂ ! N0 +
X

k 6=0

a
†
kak

HB =
U (0)N2

2V
+
X

k

✏ (k) a†kak +
U (0)N

2V

"
2
X

k 6=0

a
†
kak +

X

k 6=0

⇣
a
†
ka

†
�k + a�kak

⌘#

HB = N�+
X

k 6=0

h
(✏k + 2�) a†kak + 2�

⇣
a
†
ka

†
�k + a�kak

⌘i

� =
U (0)N

2V

ak = ukbk + vkb
†
�k

a
†
k = vkb�k + ukb�k

2

No caso não-interagente:
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Resumo da aula passada
No caso interagente:
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Transformação de Bogoliubov
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, t
0)
i
| 0i

D
R

BA
(k,!) = V

X

n

"
h 0| B̂ (0) |n,ki hn,k| Â (0) | 0i
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Condensação de Bose-Einstein de átomos de 87Rb resfriados (E. A. Cornell, C. E. Wieman, 1995)
Cornell, Wieman e W. Ketterle receberam o prêmio Nobel em 2001 por suas observações 



Espectro de excitações do 4He, obtido por espalhamento de nêutrons
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Vórtices num condensado de BE

is constant … ! v! " 2#" . For a superfluid,
the circulation of the velocity field, v!, is
quantized in units of $ " h/M, where M is the
atomic mass and h is Planck’s constant. The
quantized vortex lines are distributed in the
fluid with a uniform area density (18)

nv " 2#/$ (1)

In this way the quantum fluid achieves the
same average vorticity as a rigidly rotating
body, when “coarse-grained” over several
vortex lines. For a uniform density of vorti-
ces, the angular momentum per particle is
Nv%/2, where Nv is the number of vortices in
the system.

The number of observed vortices is plotted
as a function of stirring frequency # for two
different stirring times (Fig. 3). The peak near
60 Hz corresponds to the frequency #/2& "
vr/'2, where the asymmetry in the trapping
potential induced a quadrupolar surface excita-
tion, with angular momentum l " 2, about the
axial direction of the condensate (the actual
excitation frequency of the surface mode v "
'2vr is two times larger due to the twofold
symmetry of the quadrupole pattern). The same
resonant enhancement in the vortex production
was observed for a stiff trap, with (r " 298 Hz
and (z " 26 Hz (aspect ratio 11.5), and has
recently been studied in great detail for small
vortex arrays (19).

Far from the resonance, the number of vor-
tices produced increased with the stirring time.
By increasing the stir time up to 1 s, vortices
were observed for frequencies as low as 23 Hz
(!0.27(r). Similarly, in a stiff trap we observed
vortices down to 85 Hz (!0.29 (r). From Eq. 1
one can estimate the equilibrium number of
vortices at a given rotation frequency to be
Nv " 2&R2#/$. The observed number was
always smaller than this estimate, except near
resonance. Therefore, the condensate did not
receive sufficient angular momentum to reach
the ground state in the rotating frame. In addi-
tion, because the drive increased the moment of
inertia of the condensate (by weakening the
trapping potential), we expect the lattice to ro-
tate faster after the drive is turned off.

Looking at time evolution of a vortex lattice
(Fig. 4), the condensate was driven near the

quadrupole resonance for 400 ms and then
probed after different periods of equilibration in
the magnetic trap. A blurry structure was al-
ready visible at early times. Regions of low
column density are probably vortex filaments
that were misaligned with the axis of rotation
and showed no ordering (Fig. 4A). As the dwell
time increased, the filaments began to disentan-
gle and align with the axis of the trap (Fig. 4, B
and C), and finally formed a completely or-
dered Abrikosov lattice after 500 ms (Fig. 4D).
Lattices with fewer vortices could be generated
by rotating the condensate off resonance. In
these cases, it took longer for regular lattices to
form. Possible explanations for this observation
are the weaker interaction between vortices at
lower vortex density and the larger distance

they must travel to reach their lattice sites. In
principle, vortex lattices should have already
formed in the rotating, anisotropic trap. We
suspect that intensity fluctuations of the stirrer
or improper beam alignment prevented this.

The vortex lattice had lifetimes of several
seconds (Fig. 4, E to G). The observed sta-
bility of vortex arrays in such large conden-
sates is surprising because in previous work
the lifetime of vortices markedly decreased
with the number of condensed atoms (3).
Theoretical calculations predict a lifetime in-
versely proportional to the number of vortices
(5). Assuming a temperature kBT ! ), where
kB is the Boltzmann constant, the predicted
decay time of ! 100 ms is much shorter than
observed. After 10 s, the number of vortices

Fig. 1. Observation of
vortex lattices. The
examples shown con-
tain approximately
(A) 16, (B) 32, (C) 80,
and (D) 130 vortices.
The vortices have
“crystallized” in a tri-
angular pattern. The
diameter of the cloud
in (D) was 1 mm after
ballistic expansion,
which represents a
magnification of 20.
Slight asymmetries in the density distribution were due to absorption of the optical pumping light.

Fig. 2. Density profile through a
vortex lattice. The curve repre-
sents a 5-)m-wide cut through a
two-dimensional image similar to
those in Fig. 1 and shows the high
contrast in the observation of the
vortex cores. The peak absorption
in this image is 90%.

Fig. 3. Average number of vorti-
ces as a function of the stirring
frequency # for two different
stirring times, (F) 100 ms and
(!) 500 ms. Each point repre-
sents the average of three mea-
surements with the error bars
given by the standard deviation.
The solid line indicates the equi-
librium number of vortices in a
radially symmetric condensate
of radius Rr " 29 )m, rotating at
the stirring frequency. The arrow
indicates the radial trapping
frequency.
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