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Small Fermi surface in the one-dimensional Kondo lattice model
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~Received 14 January 2002; published 17 May 2002!

We study the one-dimensional Kondo lattice model through the density-matrix renormalization group. Our
results for the spin-correlation function indicate the presence of a small Fermi surface in large portions of the
phase diagram, in contrast to some previous studies that used the same technique. We argue that the discrep-
ancy is due to the open boundary conditions, which introduce strong charge perturbations that strongly affect
the spin Friedel oscillations.
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Several uncertainties still exist in our understanding of
physics of heavy fermion materials.1 The importance of solv-
ing these uncertainties has become even more pressing a
attempt to understand the anomalous behavior observe
the vicinity of the clean antiferromagnetic quantum critic
point.2 The two major scenarios take radically differe
points of view. In the first one, conduction electrons are
sumed to acquire their peculiar dynamics through an es
tially perturbative coupling to the slow critical modes of th
antiferromagnetic background.3,4 Alternatively, the starting
point is taken to be the strong coupling of the conduct
electrons and the localized spins to form singlets, as in
single impurity Kondo problem. The nature of the quantu
critical point is then linked to a nontrivial competition be
tween the local dynamics and the long-wavelength antife
magnetic fluctuations.5

One of the key assumptions of the second approach is
presence of a large Fermi surface~FS!, namely, one whose
volume is given by including the localized spins in the cou

2VFS*

~2p!D
5n11.

Behind this assumption lies a deep connection6 between the
Friedel sum rule of the single impurity Kondo problem7 and
Luttinger’s theorem for the FS volume of a system of int
acting fermions.8 The inclusion of the localized electron i
the count is natural within an Anderson lattice model d
scription at weak coupling but becomes doubtful at stro
coupling where the Kondo lattice Hamiltonian is the effe
tive low-energy theory. However, topological argumen
have been used, in one9 as well as in higher10 dimensions, to
show that indeed neutral gapless excitations must exist
k-vector spanning a large FS.23 Furthermore, numerical stud
ies of the one-dimensional Kondo lattice model have a
pointed to the presence of a large FS.11,12 In this paper, we
show that a more careful analysis of the numerical evide
casts serious doubts on these conclusions and leaves ope
question of the size of the Fermi surface in heavy ferm
systems.

We considered the one-dimensionalS5 1
2 Kondo lattice

Hamiltonian withL sites

H52t (
j 51,s

L21

cj ,s
† cj 11,s

† 1J(
j 51

L

Sj•sj ,
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wherecj s annihilates a conduction electron in sitej with spin
projection s, Sj is a localized spin1

2 operator, andsj

5 1
2 (abcj ,a

† sabcj ,b is the conduction-electron spin-densi
operator.J.0 is the Kondo coupling constant between t
conduction electrons and the local moments and the hop
amplitudet is set to unity to fix the energy scale. We treat
the model with the density-matrix renormalization-gro
~DMRG! technique13,14 with open boundary conditions. W
used the finite-size algorithm for sizes up toL5120 keeping
up to m5400 states per block. The discarded weight w
typically about 1025–1028 in the final sweep.

There is compelling evidence15 that the one-dimensiona
Kondo lattice model away from half-filling is a Tomonag
Luttinger ~TL! liquid.16 TL liquids with periodic boundary
conditions, have charge and spin-correlation functions gi
asymptotically by

^dn~0!dn~x!&5
Kr

~px!2
1A1

cos~2kFx!

xKr11
1A2

cos~4kFx!

x4Kr
,

~1!

^S~0!•S~x!&5
1

~px!2
1B1

cos~2kFx!

xKr11
, ~2!

whereKr is a nonuniversal correlation exponent andkF is
the Fermi momentum. Besides, local charge and spin pe
bations, such as introduced by impurities or boundaries, l
to corresponding Friedel oscillations, which in the case o
TL liquid take the form11,12,17–19

^dn~x!&5C1

cos~2kFx!

x(Kr11)/2
1C2

cos~4kFx!

x2Kr
,

^dSz~x!&5D1

cos~2kFx!

xKr
.

We first show our results for the total spin-correlation fun
tion c( j ,k)5^Sj

T
•Sk

T&, whereSj
T5Sj1sj . Since we use open

boundary conditions, translational invariance is lost a
c( j ,k) depends on bothj andk. We present results obtaine
by two different methods. In the first one~dashed lines in
Fig. 1!, c( l 5u j 2ku) was obtained by takingj and k at the
same distance~within a lattice spacing! from the center of
the chain. We call this the central value ofc( l ). In the second
©2002 The American Physical Society06-1
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J. C. XAVIER, E. NOVAIS, AND E. MIRANDA PHYSICAL REVIEW B65 214406
one~solid lines in Fig. 1!, we averaged over all pairs of site
separated by the distancel 5u j 2ku. We will call it the aver-
age value ofc( l ). If the boundary perturbation has a neg
gible effect on the spin-spin correlation function, then t
two methods should yield similar results and we can h
confidence that we have obtained the bulk value ofc( l ). This
is indeed what is observed for the densityn5 2

5 with L560,
as seen in Fig. 1. The paramagnetic~PM! and ferromagnetic
~FM! phases15 can be easily discerned from the long-distan
behavior ofc( l ): for J,Jc , the envelope ofc( l ) tends to
zero ~main plots in Fig. 1! and for J.Jc it tends to the

FIG. 1. Spin-spin correlation functionc( l ) for n5
2
5 , L560,

andJ50.35 ~main! andJ55 ~inset!. The solid lines correspond to
lattice averages, whereas the dashed lines are obtained with th
sites equidistant from the chain center~see text!.

FIG. 2. Spin structure factorS(q): ~a! n5
2
5 , same parameters a

in Fig. 1; ~b! n5
2
5 andn5

4
5 for both L560 andL5120 ~all at J

50.35).
21440
e

e
magnetization squared~inset of Fig. 1!. The critical value is
Jc'1.2 for n5 2

5 . The ferromagnetism was also checked
rectly from the total spin of the ground state. The PM pha
exhibits well developed Friedel oscillations due to the op
boundaries.

In Fig. 2~a!, we show the spin structure factorS(q)
5(1/L)( j ,ke

iq( j 2k)c( j ,k) corresponding to Fig. 1. Becaus
of the weak influence of the boundaries, this is very close
the Fourier transform ofc( l ). WhereasS(q) is maximum at
q50 in the FM phase@with LS(0)5ST(ST11)#, in the PM
phaseS(q) is peaked atqs5pn at n5 2

5 .24 This result does
not seem to be due to finite-size effects. Indeed, the struc
factor peak gets sharper and more pronounced as one
from L560 to L5120. This is shown in Fig. 2~b!, for the
two densitiesn5 2

5 andn5 4
5 at J50.35. This isstrong evi-

dence for a small Fermi surfacewith 2kF5qs5pn, in sharp
contrast to what was previously reported.11,12 Note a very
small feature at wave vector 2pn, which, however, does no
increase with the system size and is below the accurac
the DMRG. We also calculated the spin structure factor
several other density values, as shown in Fig. 3~a!. As finite-
size effects appear to be negligible, we have kept to sma
chain sizes (L540 or 30!. In all cases, there was good agre
ment between central and average values ofc( l ). All the
results point to the presence of a small FS. In order to
derstand the origin of this discrepancy we reexamined
parameter ranges studied in Refs. 11 and 12. As we will s
their results occur at large values ofJ (J*1), where strong
boundary charge perturbations mask the true bulk beha
of spin correlations. This is diagnosed by very different v
ues of the average and the centralc( l ). On the other hand
whenJ&1 as in all cases seen above, the boundaries ind
only a weak charge disturbance. As a result, central and

two

FIG. 3. ~a! S(q) vs momentum for several densities. In a
cases,J50.5 and L530, except forn5

1
2 , where L540. ~b!

^(Sjz
T )2& and^nj& vs distance forL570, J52.5, andn5

6
7 . Peaks of

^(Sjz
T )2& track the valleys of̂ nj&.
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eragec( l ) are the same, and the spin-correlation funct
oscillates at 2kF5qs5pn.

In Fig. 3~b!, we present the local densitŷnj& and the
squaredz component of the total spin̂(Sjz

T )2& vs distance for
the densityn5 6

7 andJ52.5. The charge Friedel oscillation
induced by the open boundaries are the same as fo
previously11,12and the squaredz component is anticorrelate
with the charge. This strong charge disturbance is see
other densities whenJ*1 but is suppressed asJ is de-
creased. This can be seen in Fig. 4, where we show
magnitude of the Fourier transform N(q)

FIG. 4. uN(q)u vs momentum for several densities. Couplin
constants are indicated and lattice sizes are, from top to bottomL
560,40,40,60, and 60, respectively.

FIG. 5. ~a! ^nj& vs distance forL540, J50.5, andn5
1
2 . ~b!

Spin-spin correlationfunction forn5
1
2 with J50.5 and L540.

Solid and dashed lines correspond to average and centralc( l ), as in
Fig. 1.
21440
n

nd

at

he
5(1/L)( je

iq j (^nj&2n) vs momentum for several densitie
and coupling constants. Furthermore, whenJ is decreased,
the charge Friedel oscillation peak moves fromqc52p(1
2n) to qc52kF5pn. We note that a peak atqc52p(1
2n) ~mod 2p) cannot distinguish between a small FS, wi
4kF52pn, and a large one, with 4kF* 52p(11n) ~we de-
note a large Fermi vector by a star!. For this reason, we
cannot use the charge structure factor to determine the siz
the Fermi surface. Even when the peaks are not sharp
oscillations are still quite well defined, as shown in Fig. 5~a!
for n5 1

2 @compare the scales of Fig. 5~a! and Fig. 3~b!#.
The presence of strong boundary charge disturban

leads to different behaviors of the central and the aver
spin-correlation functions. This connection is made appar
in Figs. 5~b! and 6~a!, which show average and centralc( l )
for n5 1

2 , J50.5 andn5 4
5 , J51.5, respectively. Atn5 1

2 ,
J50.5, charge oscillations are small and the average
centralc( l ) are almost the same. On the other hand, the la
charge peak that occurs atn5 4

5 , J51.5 ~Fig. 4! leads to
quite different values of the average and centralc( l ). This is
also reflected in the spin structure factor, which shows o
broad ill-defined features, as plotted in Fig. 6~b!. This is the
key to understanding the discrepancy between our res
and the ones of Shibata and co-workers.11,12

In order to observe spin oscillations, Shibataet al.applied
a small local field at the chain ends and measured^Sjz

T &. We
obtained similar spin oscillations for^(Sjz

T )2&, but with half
the period,without any field. The origin of the latter structure
is clear: local spin fluctuations are determined by the cha
Friedel oscillations@see Fig. 3~b!#. Furthermore, this also

FIG. 6. ~a! Average~solid! and central~dashed! c( l ) for n5
4
5

with J51.5 andL560, as in Fig. 1.~b! S(q) vs momentum. The
densities are indicated. The parameters are the same as in F
and 4 for these densities.
6-3
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shows that the system is rendered more polarizable by
boundary perturbation at the peaks of^(Sjz

T )2&, accounting
for the oscillations of̂ Sjz

T & when a magnetic field is applie
at the end points. Thus, the response of the system unde
application of boundary magnetic fields, as was done in R
11 and 12, is strongly perturbed by the presence of o
boundaries and cannot by itself be used to determine the
of the FS. In that case, the spin oscillations are inextrica
linked to the charge ones byqs5qc/2. Additional confidence
in this picture can be gained by the inspection of Figs. 2 a
4 of Ref. 11, where an increase of the charge peak is acc
panied by an increase of the spin peak. Spin Friedel osc
tions should ideally be studied by applying a small loc
magnetic perturbationin the absence of any charge pertu
bation. We conclude that, based on the available evidenc
is impossible to determine whether the system has a larg
a small Fermi surface forJ*1.

We can envisage three alternatives to try to overcome
difficulty. The first one would be to use larger bounda
fields so that the spin perturbation can surpass the ch
one. However, it is not clear that this regime is attaina
without drastically changing the nature of the ground state
second way would be to work with periodic boundary co
ditions and a magnetic field applied at one site only, th
eliminating boundary charge perturbations while keep
spin ones. However, this is not particularly appealing
cause the DMRG loses accuracy with periodic boundary c
ditions. Finally, by going to larger systems one can ha

FIG. 7. ~a! The average spin-spin correlation function vs d
tance for the total, localized and the conduction electron spins
chain ofL542 sites, withJ51.0 at half filling.~b! Same as~a! but
for a chain ofL560 sites,J50.35, andn5

2
5 . Here, the correlations

between localized spins are not shown. Both in~a! and~b!, only the
first few sites are shown.
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access to the true bulk behavior. Without these further st
ies, the size of the Fermi surface atJ*1 remains undeter-
mined.

We have also calculated the spin correlations between
calized spins only and conduction electrons only. In Fi
7~a! and 7~b! we present these correlations together with
total spin-spin correlations for densitiesn51 andn5 1

4 , re-
spectively. In Fig. 7~b!, the correlations between localize
spins are not shown since they differ very little from the to
spin ones. As expected all three functions have the sa
period, differing only in amplitude. It is also clear that th
conduction-electron contribution increases with the dens
Note also that the spin correlations at half filling@Fig. 7~a!#
decay much faster than at other fillings, due the presenc
a spin gap.20,21

Let us now discuss these results. The theorem of Re
guarantees that, provided there is either unbroken time re
sal or parity symmetries in the ground state, the o
dimensional Kondo lattice has gapless excitations at 2kF*
5p(12n). This should be valid within the PM phase. Th
conventional Luttinger liquid phenomenology then tells
that these are collective spin and/or charge bosonic exc
tions with a linear dispersion with respect to deviations fro
this wave vector. They lead to the characteristic oscillat
behavior of Eqs.~1! and ~2! and the corresponding peaks
the spin and charge structure factors. Of course, the theo
does not forbid the appearance of gapless excitations atother
wave vectors such as 2kF5pn. Together with our results
this would seem to indicate that the spectral weight at 2kF* is
rather small in the rangeJ&1, most of it being concentrate
at 2kF .

The conventional wisdom about heavy fermion system
based on the competition between the local Kondo effect
the intersite Ruderman-Kittel-Kasuya-Yosida~RKKY ! inter-
action. Although this dichotomy is controversial in one d
mension, it is tempting to use it as a general guide. The
of the compensating Kondo cloud around a single localiz
moment has been argued to be exponentially largeae1/rJ,
wherea is the lattice spacing andr is the density of states a
the Fermi level,22 with typical values on the order of 1mm.
Thus, it would increase asJ is decreased towards the phys
cally relevant regionJ&1, where we observe the peak
qs52kF5pn. This might lead us to think that we shoul
work with system sizes that are at least as large as the Ko
compensating cloud in order to observe features charact
tic of a large FS. However, the fact that the peak at 2kF
becomessharper and more pronouncedas L is increased
@Fig. 3~b!# casts doubt on this naive expectation. Moreov
even if the true thermodynamic limit of the spin correlatio
do indeed oscillate at 2kF* 5p(11n), our results show tha
perhapsat the physically relevant distance scalethe impor-
tant wave vector is actually 2kF5pn. For example, neutron
scattering experiments are limited by the coherence lengt
the neutron beam and may not be able to probe large
tances such asae1/rJ. Other probes of the FS size, such
quantum oscillations, are limited by the electron mean f
path, which would also have to exceed this length scale
access the asymptotic limit. Thus, our results put string

a
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limits on the observability of a large FS in heavy fermio
systems. Besides, the presence of disorder and/or inela
scattering may render the small FS size the only relev
length scale in real systems.

In conclusion, we have found clear signatures of a sm
Fermi surface in the spin-correlation function of the on
dimensional Kondo lattice at small values of the Kondo co
pling constant (J&1). The discrepancy with previous resul
in the literature that had argued for a large Fermi surface
this system is ascribed to the presence of large edge pe
bations introduced by the use of open boundary conditio
These perturbations are larger for large coupling consta
n

21440
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ur-
s.
ts

(J*1), which hinders the investigation of the Fermi-surfa
size in this region. Even if the true asymptotic spin corre
tions are peaked at the large Fermi-surface wave vector
relevant oscillation period in many cases of interest may
set by the size of the small Fermi surface.
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