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1 — Introdugdo:

Experimentos envolvendo imagens e sua forma¢do sempre nos prendem a atengao,
principalmente quando conseguimos observar padroes que intuitivamente ndo esperariamos,
tais como imagens peculiares, ilusdes de Optica, efeitos visuais, uma holografia, uma
sombra na parede ou até mesmo um arco-iris. Estes exemplos muitas vezes agucam nossa
curiosidade e nos motiva a desvendar como ““as coisas funcionam”. O que propomos através
deste experimento, que de maneira analoga desperta o interesse e impulsiona as descobertas
cientificas, ¢ a formacao de pseudo-imagem através de uma superficie cilindrica espelhada.
Esta serd implementada, de uma maneira mais elementar, por uma chapa metélica
recobrindo a superficie interna de um tubo de PVC comum presente em qualquer
estabelecimento de material para constru¢do. O espelho assim construido, de formato
cilindrico, servird para evidenciar uma caracteristica observacional bastante intrigante, pois
quando depositamos um pequeno objeto (brinquedo em miniatura) neste simples aparato, o
padrao de imagem formado parecerd, para um observador posicionado de maneira a olhar o
cilindro lateralmente, como se estivesse “flutuando” no interior deste cilindro. Além disso,
se fixarmos o olhar nessa imagem gerada e circundarmos este mesmo aparato a fim de
“enxergar” o outro lado da figura, perceber-se-4 que a imagem formada acompanhara seu
movimento, de modo a sempre manter a posi¢do inicial da imagem em relacdo ao
observador. Podemos melhorar essas “sensagdes” se iluminarmos todo o conjunto com uma
luminaria e incidirmos um feixe de raio laser (gerado por caneta laser de diodo) na imagem

formada, aumentando desta forma a sensacao de tridimensionalidade ¢ a nitidez.

2 — Teoria:

Quando um objeto ¢ inserido no interior de uma superficie cilindrica espelhada, de
preferéncia no eixo (centro) do cilindro, observa-se a formag¢ao de um continuo de pseudo-
imagens ao longo deste mesmo eixo, conforme mostra a Fig. 1, que eventualmente podem
possuir boa qualidade. Este padrdo pode ser tdo bom quanto se queira, bastando para isso
que a superficie formada pela chapa espelhada esteja mais proxima possivel de um cilindro
perfeito, ou seja, sem quaisquer sinais de vincos, dobras ou partes achatadas (localmente
planas). Essa preocupacao torna-se desnecessaria quando pensamos no cilindro de vidro
metalizado também proposto neste experimento. Se aproximarmos o pequeno objeto das
paredes do cilindro espelhado, perceberemos que sua imagem sofrera deformagdes devido a
aberragdo esférica, que dentro de certos limites pode ser tolerada, pois nao afetara
consideravelmente a qualidade da imagem formada. Em uma abordagem menos superficial

e mais técnica, temos que o efeito observado ndo ¢ tecnicamente uma imagem, pois nem
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todos os raios oriundos do objeto irdo convergir em um Unico ponto (como acontece em
espelhos esféricos). Em vez disso, o espelho cilindrico ira se comportar como um elemento
optico formado pela imagem de um ponto em um segmento de linha no eixo Optico,

designado tecnicamente por axicon [1].
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Fig. 1 — Processo de formagdo da pseudo-imagem em uma superficie refletora cilindrica.

Os raios oriundos de cada ponto do objeto contribuirdo, apés uma reflexdo no
espelho, para a formacao de uma linha focal na direcao axial. Estes raios também podem ser
vistos como oriundos de uma linha de imagem virtual na se¢do transversal que contém o
objeto. Como conseqiiéncia a imagem observada irda apresentar um comportamento nao-
usual, pois quando o observador mover-se na dire¢do axial a imagem acompanhara seu

movimento [2,3].

Objeto

Fig. 2 — Formagdo de imagens por uma superficie refletora cilindrica na diregdo axial.

Uma ampla discussdo dos raios do objeto que convergem em ‘“duas linhas de
imagens”, em detrimento de um unico ponto, ¢ realizada na Ref. [2], na qual ¢ detalhado
que uma destas linhas ¢ real enquanto a outra ¢ virtual. Para um objeto no centro do cilindro,

a linha de imagem real localiza-se ao longo deste eixo.
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Fig. 3 — Formacao de imagens por uma superficie refletora cilindrica
representando um continuo de imagens nas posi¢des observadas.

Se chamarmos o raio da seccdo transversal do cilindro de R e nos restringirmos aos
pontos de imagem ao longo do eixo central, o comprimento focal da seccao horizontal deste
cilindro sera R/2, como se ele se comportasse como um espelho esférico, a distancia do
objeto ao espelho € R, entdo a linha de imagem se distancia também de R com magnificacao
unitaria. Nesse caso, a linha de imagem virtual serda um circulo de raio 2R no mesmo plano
horizontal do objeto [4]. Um observador que passar através de ambas as linhas de imagem
receberd ambos os raios, assim a imagem na direcdo axial parecera que se move
verticalmente, acompanhando o movimento do observador (Figs. 2 e 3). Quando a imagem
¢ observada por ambos os olhos, se esses estiverem em uma dire¢ao transversa ao eixo do
cilindro, atrds do espelho e paralelo ao mesmo, os eixos de convergéncia localizam a
imagem proxima ao centro do cilindro. Quando iluminamos e incidimos um feixe de raios
laser sobre a pseudo-imagem, a ilusdo faz com que tenhamos a sensacao de que o objeto
estd mesmo sendo iluminado. Este experimento também nos evidencia que somente uma
reflexdo, em espelhos cilindricos, ¢ envolvida para cada raio, como pode ser facilmente

verificado quando incidimos o feixe de raios laser sobre a pseudo-imagem.

3 — Lista de Materiais:

Formacdao de imagem em tubo de PVC com chapa de aco interna:

1. Tubo rigido de PVC com 10 cm de diametro, 12 cm de comprimento e espessura
aproximada de 4 mm;
2. Chapa de aco inoxidavel espelhada, com as mesmas dimensdes do tubo e 2 mm de

espessura,
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. Objeto a ser depositado no fundo do tubo para ser refletido pelas paredes espelhadas:

usarei bonecos ou animais em miniatura de facil identificagdo pelo publico;
Lumindria comum para aumentar a nitidez da pseudo-imagem formada;

Caneta laser para realgar o efeito.

Formacao de imagem em tubo de vidro com superficie interna metalizada:

l.

Tubo de vidro com 10 cm de diametro, 12 cm de comprimento e espessura
aproximada de 4 mm;
Metalizacdo por tungsténio da parede interna do tubo de vidro a ser efetuada no

laboratoério didatico de vacuo do IFGW;

. Objeto a ser depositado no fundo do tubo para ser refletido pelas paredes espelhadas:

usarei bonecos ou animais em miniatura de facil identificacao pelo publico;
Parafuso reguldvel que servird como plataforma para o objeto a ser depositado no
interior do tubo espelhado, permitindo um ajuste da posicdo (altura) da pseudo-

imagem formada;

5. Lumindria comum para aumentar a nitidez da pseudo-imagem formada;

Caneta laser para realcar o efeito.

4 — Procedimentos Experimentais:

Formacao de imagem em tubo de PVC com chapa de aco interna:

As fotos apresentadas nas Figs. 4 a 7 mostram o padrdo de imagens gerado pelo

aparato proposto na primeira parte do experimento, ou seja, a formacao de pseudo-imagem
em tubo de PVC com chapa espelhada recobrindo a superficie interna do tubo. A chapa foi
doada pela empresa ISOLAN (situada na Avenida Santa Izabel, 30) que também forneceu
servigo de corte e dobra, pois a manipulagao sem acessorios apropriados poderia danificar a

superficie, ou seja, provocar riscos, diminuindo a qualidade do fendmeno a ser observado.

A imagem gerada pela miniatura, representada na Fig. 7, ¢ uma boa aproximagao

para uma imagem tridimensional real de um objeto que flutua, mas pequenas imperfeicoes
na chapa espelhada alteraram levemente esta percep¢do. Por exemplo, a imagem nao se
apresenta com perfeita nitidez, encontrando-se levemente embacgada. Pode-se reduzir este
efeito negativo sobre a qualidade da imagem aumentando-se a luminosidade incidente sobre

0 aparato.
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Fig. 4 — Chapa de ago inox e tubo de PVC. Fig. 5 — Chapa no interior do tubo, miniatura ao lado.

Fig. 6 — Vista superior da miniatura no interior do tubo. Fig. 7 Pseudo-imagem gerada pelo aparato.

Formacdao de imagem em tubo de vidro com superficie interna metalizada:

A configuracdo proposta nesta etapa do trabalho consistiu na evaporacao de
filamento de tungsténio no interior de uma superficie cilindrica de vidro. Este tubo
cilindrico, apds consulta ao técnico do laboratorio didatico de vacuo Sr. Carlos Salles
Lambert, foi obtido através da vidraria da Unicamp, por meio de uma ordem de servigo a
pedido do meu orientador Prof. Mario N. Tamashiro. O cilindro requerido possui as mesmas
dimensdes do tubo de PVC, ou seja, 10 cm de didmetro, 12 cm de altura e espessura
aproximada de 4 mm, composto de vidro comum usado basicamente em laboratérios de
quimica para confec¢do de béquer, erlenmeyer ou tubos de ensaio. As fotos a seguir, Figs. 8
e 9, mostram o padrao de pseudo-imagens gerado nesta implementacao através de cilindro

de vidro metalizado:
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Fig. 8 — Tubo de vidro metalizado tendo a seu lado miniatura sobre

plataforma (parafuso ajustavel) a ser inserida em seu interior.

Fig. 9 — Pseudo-imagem gerada com grande sensagdo de tridimensionalidade.

Comparando as Figs. 7 ¢ 9, podemos agora perceber a grande diferenga apresentada
entre as pseudo-imagens dos dois métodos propostos neste trabalho, embora em ambos o
objetivo proposto inicialmente tenha sido alcancado com éxito. Um observador externo
consegue perceber claramente nas duas implementacdes a pseudo-imagem formada, mas
obviamente com maior nitidez no segundo caso (vidro espelhado). Tendo em vista essa
percepc¢do clara de uma pseudo-imagem formada, o experimento proposto serve de forma

eficaz como uma alternativa econdmica ao dispositivo formador de imagens em espelhos
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parabolicos conhecido como MIRAGE® [5,6], comercializado pela empresa Optigone. Este
dispositivo consiste de duas lentes parabdlicas colocadas face-a-face que formam uma
imagem real no orificio na parte superior do aparato.

Uma tentativa de formagao de pseudo-imagens através da construg¢do de superficies
parabdlicas ja foi proposta anteriormente em disciplina correlata [7], obtendo €xito parcial.
Tal experimento demonstra a relevancia do assunto e nos forneceu motivacao adicional para

o prosseguimento deste trabalho.

5 — Dificuldades Encontradas:

e A principal dificuldade encontrada na etapa inicial de trabalho consistiu em obter

0s materiais necessarios para a construgdo das superficies espelhadas.

e No primeiro método proposto — chapa curvada dentro de um tubo de PVC —
consegui por meio de doacdo um pequeno pedaco de chapa de ago inoxidavel, pois a
aquisi¢do da mesma era financeiramente inviavel, além do que, a venda deste material se faz

somente em grandes quantidades, estas armazenadas em bobinas industriais.

e No segundo método proposto — vidro metalizado — também a obten¢dao do material
a ser utilizado se constituiu em uma dificuldade significativa: vidro e filamento de
tungsténio, mas a grande ajuda dos técnicos do laboratorio didatico de vacuo e criogenia, Sr.

Carlos Salles Lambert e Sr. Renato Lopes de Souza, resolveram este problema.

e Visto que a técnica empregada para a confec¢do de superficie espelhada por
irradiacao de filamento de tungsténio em camara a vacuo requer equipamentos especificos,
considero esse fato uma adicional dificuldade encontrada. Tivemos que realizar alguns
testes de superficie, pois as primeiras irradiagcdes geraram superficies metalizadas foscas que

prejudicariam a qualidade da observacao do fendmeno.

e A formacdo da pseudo-imagem no primeiro método proposto sofreu perda de
definicao devido a pequenos riscos € imperfeigdes apresentadas na chapa metalizada, mas
com uma boa iluminagdo incidente (fornecida através de uma luminaria) o efeito de
tridimensionalidade ¢ refor¢ado, aumentando portanto, a sensagdo que o experimento visa

proporcionar.
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6 — Declaracées do Orientador:

Meu orientador, o Prof. Mdario N. Tamashiro concorda com o expressado neste

relatorio e emitiu as seguintes opinides:

1-Declaracdo relativa ao relatorio parcial:

“Relatoério aprovado. O aluno apresentou muita dedicacao e iniciativa para encontrar
0S materiais necessarios para a execucao do experimento. Acredito que a segunda etapa
do trabalho, com o tubo de vidro metalizado, sera concretizada no prazo, tendo em vista
gue ja foram realizados vérios testes preliminares, bastando apenas obter uma metalizagdo
uniforme e sem partes foscas. O resultado, mesmo com o protétipo com partes foscas, foi
de qualidade superior quando comparado com o tubo de PVC com chapa espelhada”.

2-Declaracdo relativa ao relatorio final:

“Relatério aprovado. A segunda etapa do trabalho, com o tubo de vidro metalizado,
foi concretizada com grande éxito. A imagem tridimensional formada por este método tem
gualidade superior aquela obtida através de chapa metalica em tubo de PVC, sendo
comparavel ao produto comercial MIRAGE®, comercializado pela empresa Optigone”.

7 — Pesquisa Realizada:

A pesquisa realizada na internet se constituiu basicamente em encontrar as
referéncias citadas no artigo-base [4], que foi a inspiracdo para este presente trabalho.
Utilizei para isso programas de busca com as seguintes palavras chave: “pseudo-imagem”,
“espelho cilindrico”, “formagdo de imagem”. No préximo item do relatorio apresentamos

um sumario dos topicos discutidos em cada uma dessas referéncias.

8 — Sumdrio das Referéncias Citadas:

[11—Z. Jaroszewicz, A. Burvall, A. T. Friberg, Opt. Photon. News 16, 34—39 (Apr. 2005).

Este artigo especializado discute aspectos historicos e aplicagdes atuais do elemento

optico designado tecnicamente como axicon.

[2] — A.J. DeWeerd, S. E. Hill, Phys. Teach. 43, 90-92 (Feb. 2005).

Este artigo trata basicamente da formag¢do de imagem em espelhos de seccdo
cilindrica, primeiramente mostrando como os raios de um ponto-objeto refletem para formar

nao somente um ponto, mas sim duas linhas de imagem. Logo em seguida descreve como
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um observador percebe a imagem de um objeto e no final do artigo nos relata o efeito da
sensacao de profundidade. O artigo contém também um apéndice no qual os autores nos
mostram, através de um desenvolvimento matematico elementar, que a linha de imagem
virtual formada por uma superficie cilindrica se constitui em um segmento de uma curva
denominada limacon de Pascal. O cardioide representa um caso especial dessa classe de

curvas, apresentando uma cuspide.

[3]=D. E. Thomas, Sci. Am. 12, 158-171 (Dec. 1980).

Este artigo faz uma descri¢do das inversdes de imagem em espelhos cilindricos
(concavos e convexos), planos, espelhos com formatos de sela, toroidais e espelhos mistos,
ou seja, que sdao formados por mais de uma classe de superficies, suas peculiaridades de

reflexdo e projecao de convergéncia de raios em suas respectivas superficies.

[4] — M. A. Caussat, H. Rabal, M. Muramatsu, Phys. Teach. 44, 443—444 (Oct. 2006).

Este artigo foi a base para o experimento proposto na disciplina, com nossa sugestao

adicional do tubo de vidro metalizado por irradiagdo em camara de vacuo.

[51 - MIRAGE® - http://www.optigone.com.

Neste sitio eletronico comercial encontram-se as descricoes das caracteristicas
basicas do equipamento usado no laboratoério de Fisica Basica-1V, para elucidar a formacgao
de imagem em um ambiente peculiar, nesse caso, duas superficies espelhadas em formato
parabodlico, com um ponto-objeto no formato inusitado de um porquinho, convergindo os
raios na parte superior do dispositivo que contém um orificio, dando a sensa¢ao para um
observador externo e que nao tomou conhecimento do mesmo, que o objeto encontra-se
realmente naquela posi¢do, quando na verdade ele encontra-se no fundo, repousando na

superficie parabolica inferior.

[6] — C. Ucke, Phys. Unserer Zeit 38, 21-23 (Jan. 2007).

Neste artigo podemos encontrar fotos da versao comercial do MIRAGE®, bem como
uma discussdo da existéncia de uma segunda configuracao dos espelhos parabolicos na qual

ha também a formagao da pseudo-imagem tridimensional.
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[7] — Leandro Aparecido Nogueira de Paula (orientador: Pedro Raggio), Contribuicdo para a
construcdo de espelhos parabdlicos. Relatério de Instrumentagdo para o Ensino F-809, 1° semestre
de 2006, disponivel através do link:

http://www.ifi.unicamp.br/%7Elunazzi/F530 F590 F690 F809 F895/F809/F809 seml 2006/Lea
ndroA Raggio RF1.pdf

Este relatorio, que pertence ao acervo eletronico da disciplina F-809 (Instrumentagdo
para o Ensino), descreve um método para a confeccdo da superficie parabolica para a
formacao de imagem de uma maneira analoga ao produto MIRAGE® [5,6], comercializado
pela empresa Optigone, bem como uma discussao do problema associado conhecido como
balde de Newton, com seu desenvolvimento matematico mais rigoroso, aspectos fisicos

intrinsecos, além de detalhamentos historicos da mecanica classica a mecanica relacional.
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Royal Cabinet of Paintings Mauritshuis The Hague

A X1CON —the Most

Important Optical Element

Zbigniew Jaroszewicz, Anna Burvall and Ari T. Friberg

Johannes Vermeer is thought to have used a camera obscura for “The Girl with a Pearl Earring,” c. 1665-1667, Mauritshuis, The Hague. The
painting is widely regarded as one of Vermeer’s masterworks.
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Last year, the optics community celebrated the 50™ anniversary

of the formal naming of the axicon. Long before that, however,

axicons generated vivid discussions and disagreements, often of

fundamental importance to our understanding of optics. More

recently, axicons have become key components in practical and

scientific applications.

.H. McLeod coined the word “axi-

con” in 1954 from the Greek words

&lwvag (axis) and elkdva (image).!
According to his definition, an axicon is
an optical element that images a point
into a line segment along the optical
axis. The axicon should be a figure
of revolution and the object point
placed on its symmetry axis (see Fig. 3,
p- 37). The particular version proposed
by McLeod was a glass cone, but consid-
ering his definition, almost any optical
element with a rotational symmetry
qualifies as an axicon. For example, a
perfect lens is a special case of an axicon.
Also by McLeod’s definition, axicons
were used and analyzed long before
they given a formal name.

The title of this article should not be
taken entirely seriously. Nonetheless,
axicons—though unknown to most
people—are important in optics. How
can one measure their importance? Let
us assume that the most important opti-
cal element is the one that has generated
the most discussions, contradictions and
disagreements. By that criterion, the axi-
con surely wins. The number of axicon
applications has also increased signifi-
cantly in the last few years—another
indication of their importance.

Who discovered the pinhole
camera and when?

Chronologically, the pinhole camera can
be treated as the first axicon because, in
principle, it possesses an infinite depth
of focus. The question of who invented
this oldest image-forming device still
causes discussion among historians.
The earliest mention of the pinhole
camera seems to belong to the Chinese
philosopher Mo-Ti (5™ century B.C.).
Apparently, Aristotle (384-322 B.C.)
knew the optical principle of the pinhole
camera’s action. He observed a partially
eclipsed sun through the holes in a sieve

and questioned how the sun could make
a circular image when it shines through
a square hole.

Others give priority to the Arabian
scientist Alhazen (ca. 965-1040 A.D.),
considered one of the great optics
authorities of the Middle Ages. He
described applying the pinhole camera
to safely observe solar eclipses without
endangering the eyes, and he used it
as an analog to show how an image is
formed in the eye. Roger Bacon, who
also adopted the pinhole camera for the
eclipse of 1247, brought Alhazen’s work
into the European tradition.”

During the European renaissance,
the pinhole camera became an impor-
tant device both in science and art
(Fig. 1). In 1490, Leonardo Da Vinci
described it in his notebooks and may
have used it later for his studies of

perspective. Apparently, Giambattista
della Porta (1535-1615) was the first
European to publish information about
the pinhole camera, and therefore, he is
sometimes incorrectly credited with its
invention. He may have coined the term
“camera obscura,” which in Latin stands
for dark room, but della Porta probably
based his work on earlier books.?
However, artists immediately took

it up as a drafting tool, and there is

a long and more than secular discussion
about whether Vermeer used a camera
obscura as an aid to render perspective
(see facing page).® In the 17th and 18th
centuries, the pinhole camera became a
standard device for painters.

To add to the confusion of the cam-
era’s origin, the nomadic tribes of North
Africa, who lived in animal skin tents,
probably knew of the image-forming
ability of a tiny hole thousands of years
ago. A pinhole in a tent would project
an image of the scene outside.?

Poisson or Arago spot?

Perhaps the most important axicon
controversy was the famous affair of the
Poisson or Arago spot—a bright spot
created by interference in the center of
the shadow of an opaque disc or sphere.

Loun]

illum 1n tabula per radios Solis, quam 1n ceelo contin-
git:hoc eft,fi in ccelo fuperior pars dehiquiii patiatur,in
radiis apparcbit inferior deficere,vt rario exigitoptica.

S8, flien e 88 ]

Sic nos exaété Anno .1544,. Louanii eclipfim Solis
obferuauimus , inuenimusq; deficere pauld plus g dex-

Figure 1. Camera Obscura, Reinerus Gemma-Frisius, 1544. Note that the figure is dated
earlier than della Porta’s work. [See www.acmi.net.au/AIC/CAMERA_OBSCURA.html.]
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AXICON-THE MOST IMPORTANT OPTICAL ELEMENT

1 mm

®

beam. [Ref. 4]
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Figure 2. Image formation in the full shadow zone of an opaque sphere: (a) geometry of
the experiment, (b) object, (c) image formed in white light and (d) image using a laser

Even its name is not definitely estab-
lished. It is sometimes referred to as the
Arago spot (a term for which Google
found about 8,000 Web pages at the end
of 2004), and sometimes as the Poisson
spot (about 66,000 Web pages). The
Arago spot fulfills the definition of an
axicon; it is possible to use an opaque

MILESTONES

5th century B.C.

Earliest mention of the
pinhole camera made by
Chinese philosopher Mo-Ti.

spherical obstacle as an image forming
device (Fig. 2).4

It is well known that Poisson, an
adherent of the corpuscular theory of
light, noticed that a consequence of the
wave theory presented by Fresnel to the
contest of the French Academy in 1818
should be such a bright spot. Because this

IN AXICON HISTORY

965-1040 A.D.

Arabian scientist Alhazen
describes how to use the
pinhole camera to safely
observe solar eclipses.

DEVELOPMENT OF THE PINHOLE CAMERA —>

384-322 B.C.

Aristotle observes a partially
eclipsed sun through holes
in a sieve and questions
how the sun could make a
circular image when it shines
through a square hole.

was counter-intuitive, he discarded the
whole wave theory as incorrect. When
Arago experimentally confirmed this
result, which at first sight seems con-
trary to common sense, Fresnel’s theory
gained strong experimental support and
the corpuscular theory was refuted.
From that time on, the episode has
served philosophers of science as a
favorite example of “experimentum
crucis,” a crucial experiment that puts
a theory to the test.

Nevertheless, it seems that this funda-
mental controversy has been modified
over the years to fit the views and needs
of those who tell it. It is worth mention-
ing, however, that Fresnel obtained the
French Academy prize for his work
before the experimental results of Arago
became widely known (or at least pub-
lished), and that the contest’s commis-
sion assigned the award to Fresnel despite
the lack of experimental support for
his theory. Interested readers should
consult the excellent monographs of
J. Z. Buchwald and Nahum Kipnis for
more information.’

Predating this famous incident,

G. F. Maraldi probably observed the
Arago spot for the first time almost a
century earlier.5

Diffraction-free beams or
subject to diffraction?

The Bessel beam, first proposed 18 years
ago, provides a more recent example of
axicon imaging.” Following the beam’s
first presentation, a hectic discussion
regarding its nondiffracting qualities took
place.? Usually a nondiffracting beam is

1490 A.D.

Leonardo Da Vinci
describes the pinhole
camera in his notebooks.

AXICONS

1247 A.D.

Roger Bacon adopts the pinhole
camera for the eclipse of 1247,
bringing Alhazen’s work into the
European tradition.
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understood as a solution of the wave
equation separable into two parts; one
depends only on the propagation coordi-
nate, whereas the other is a function of
the transverse coordinates and remains
unaltered for any position along the opti-
cal axis. Obviously, in the case of an infi-
nite aperture, the Bessel beam, described
as Jy(kap)exp(ikyz)—where k=2/\,
\ is the wavelength, and o? +y% =1

(o and vy are the radial and axial direc-
tion cosines)—fulfills the definition of

a diffraction-free beam.

Nevertheless, it was claimed that even
with a finite aperture, the Bessel beam
maintains much of its nondiffracting
character.® Supporters of this view based
their argument on the comparison of a
Bessel beam’s invariance range with a
Gaussian beam of waist equal to the
Bessel beam’s central lobe. Of course,
the Rayleigh range of the Gaussian beam
is much shorter than the length of the
Bessel beam’s focal segment, but one can
hardly view this as proof of the Bessel
beam’s increased resistance against
diffraction. In a Bessel beam, the energy
flow is not axial, but takes place under
the angle 6 (Fig. 3).

Therefore, successive points along the
focal segment are powered by annuli of
increasing radius on its aperture, outside
the width of its central lobe. In other
words, the Bessel beam is an interference
pattern, in which the outer rings continu-
ally maintain the central maximum and
prevent it from spreading (Fig. 3). When
isolated, the central lobe of the Bessel
beam would spread out as quickly as a
Gaussian beam of the same waist.

AXICON-THE MOST IMPORTANT OPTICAL ELEMENT

Figure 3. Focal segment OA formed by a classical linear axicon described by . H. McLeod
[Ref. 1] and the cross-section of the focal segment. The radius of the central peak is given
by pg=c\/a, where a=sinf and c=0.3827. [Ref. 12]

Superluminal velocity or not?
The most recent axicon controversy
regards the superluminal velocity of
the Bessel beam. A short session on the
Internet reveals a huge number of papers
dealing with this subject. We mention
just a few of them in order to give some
examples.

One experiment in which a superlu-
minal velocity was announced is inter-

esting because of its historical context.
It deals with the axial velocity of the
interference fringes created by a bound-
ary wave from an opaque sphere (an
Arago spot), superposed with a spheri-
cal wave originating from the center of
the drilled sphere. Nevertheless, this is
an example of phase velocity, which can
be superluminal. In another experi-
ment, an ionization front produced

1818
Poisson notices that a consequence
1600s of Fresnel’s wave theory should be 1954
The pinhole camera the bright spot that comes to be J.H. McLeod

becomes a standard
device for painters.

named for him and Arago, who
experimentally confirms this result.

WAVE-OPTICAL AXICON IMAGES —>

introduces the
name “axicon.”

MODERN AXICONS —>

1700s

G. F. Maraldi probably observes the
Poisson or Arago spot—a bright
spot created by interference in the
center of the shadow of an opaque
disc or sphere—almost a century
before Poisson and Arago.

1535-1615 A.D.

Giambattista della Porta is

the first European to publish
information about the pinhole
camera. He may have coined
the term camera obscura.

1980s

The diffraction free
Bessel beam provides
a recent example of
axicon imaging.
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Figure 4. lonization tracks produced by an advancing ultrashort (~70 fs) optical
Bessel beam pulse at four successive times. The propagation range of the pulse is about
9.2 mm. The ionization front moves at the Bessel pulse’s superluminal group velocity.
Insets: (a) axial profile of the ionization front; (b) transverse electron density profiles at

two time delays. [Ref. 9]
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Figure 5. Poisson line for FEL alignment. The inset shows the Poisson (or Arago) spot
from a 25 mm diameter sphere illuminated by a laser, in observation plane at the dis-
tance of 100 m. The curve is the calculated intensity profile out to the edge of the

shadow. [Ref. 13]

by the focal segment of a pulsed Bessel
beam turned on in an ambient gas was
measured to be superluminal (Fig. 4).°
One proposed interpretation refers to
the so-called scissors effect. Although the
velocity of the scissor blades is sublumi-
nal, their contact point can move faster
than light. This analogy is immediate if
one takes into account that the Bessel
beam can be considered as an azimuthal
superposition of plane waves of equal

inclination with respect to the optical
axis. In other words, its spatial-frequency
spectrum is a circle.

However, there is no possibility of
obtaining superluminal communication
because every point of the focal segment
is independent of its neighbor, created
by the corresponding aperture annulus.
To establish communication between
two points on the image segment, the
signal must first move between the

respective annuli in the aperture and
then proceed to the optical axis. When
this is taken into account, the commu-
nication velocity turns out to be sublu-
minal and the causality law saved. The
whole issue of superluminal velocity is
actively debated in the literature and
has passionate opponents'® and
proponents.'!

Modern applications

The Bessel beam neither breaks the laws
of diffraction nor enables superluminal
communication. Nonetheless, the classic
axicon line image (as the Bessel beam
used to be called) has a number of inter-
esting applications. The most important
uses of Bessel beams were, and still
remain, in alignment activities. Axicons
form a long and narrow light segment
along the optical axis and serve first of
all as elements defining a reference line.
This application is fully justified when
one takes into account that the ratio of
the diameter of the central peak to the
length of the focal segment is comparable
to /R, where R is the aperture of the ele-
ment.'? This allows for accuracy on the
order of 10°°.

The list of metrological applications
covers possibilities such as the alignment
of optical systems and mechanical
devices, testing the flatness of large sur-
faces, detecting small objects by observ-
ing scattered light, optical triangulation
and sectioning. We illustrate here one
particular example, which is interesting
because of its historical contexts; namely,
the oldest wave-optical axicon image, the
Arago spot, is proposed for the alignment
of a modern free electron laser (Fig. 5).1

Another important application of
axicons lies in imaging with an increased
depth of focus. Logarithmic axicons
are indicated as the best ones for this
particular task, because the optical inten-
sity remains constant along the focal
segment.'*

Optical tweezers for the manipulation
of micro-objects were proposed simulta-
neously with the Bessel beams, and soon
the use of axicon lines for particle trap-
ping was observed and appreciated.

In recent years, optical tweezers have
attracted much attention, and they have
been converted into standard devices for
the positioning of biological cells.
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Investigators have obtained more-com-
plex axicons producing higher-order
Bessel beams, twisted beams and optical
vortices by adding an angular phase term
to the transmittance.

The focal segments of such wave
fields show, apart from interesting topo-
logical properties, a pipeline intensity
and a rotating phase structure that
can exert torque on trapped particles
and rotate them as a result of angular
momentum. Optical spanners—primar-
ily making use of orbital rather than
intrinsic or spin angular momentum,
and of Laguerre-Gaussian beams instead
of fields attributed to the optical twist
phenomenon!é—were obtained in this
way (Fig. 6).

Another rapidly developing applica-
tion area in which axicons play a key role
is nonlinear optics, particularly optical
frequency doubling by Bessel beams, a
use initiated by the seminal work of
Wulle and Herminghaus.!” Related topics
include the pumping of active media and
dispersion compensation. A recent pro-
posal suggests the use of an axicon in
optical coherence tomography for recov-
ering the three-dimensional structure of
the human eye.!®

The types of axicons available—
and the variety of the fields they gener-
ate—have grown considerably in recent
years. Apart from the Bessel beams, new
continuous wave and pulsed solutions
have emerged, such as the X-waves,
Matthieu beams and parabolic non-
diffracting fields. Some of them allow
generalizing the axicon definition and
ignoring the requirement of radial sym-
metry.!® Fabrication technology has also
advanced. Besides the classical cone axi-
cons and the conventional Bessel beam
set-ups, a variety of diffractive counter-
parts consisting of ordinary lenses and
other variants flourish.

Hopefully, we have demonstrated that
axicons are among the oldest known
optical elements. Despite their long and
turbulent past—or maybe thanks to it—
axicons still offer novel, exciting possibili-
ties in research and applications. Most
important, we are convinced that as
axicons embark on the second half-cen-
tury of their formal existence, they will
give rise to useful discussions of funda-
mental importance in optics.

AXICON-THE MOST IMPORTANT OPTICAL ELEMENT

OAM-SAM
Time
0 msec
40 msec
80 msec
Y 120 msec

Figure 6. A light beam with a rotating polarization vector carries spin (SAM), whereas

a beam that rotates as a whole carries orbital angular momentum (OAM). Both spin

(11 per photon) and OAM (rih per photon) can on their own set a microparticle into rota-
tion (center and right columns). If the beam’s OAM is Th per photon and if the beam is
oppositely circularly polarized (spin = -1h per photon), the rotation stops (left column).
[See www. physics. gla.ac.uk/Optics/projects/opticalSpanner/]

OAM+SAM
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The Dizzying Depths of
the Cylindrical Mirror

Alan J. De Weel’d and S. EriC Hi”, University of Redlands, Redlands, CA

typical introduction to geometrical optics

treats plane and spherical mirrors. At first

glance, it may be surprising that texts sel-
dom mention the cylindrical mirror, except for the oc-
casional reference to use in fun houses and to viewing
anamorphic art.!?> However, even a cursory treatment
reveals its complexity. Holzberlein used an extended
object to qualitatively illustrate that images are pro-
duced both before and behind a concave cylindrical
mirror.? He also speculated on how this extreme astig-
matism results in an observer’s dizziness. By consider-
ing a simple point object, we make a more detailed
analysis of the cylindrical mirror and the dizziness it
induces. First, we illustrate how rays from a point ob-
ject reflect to form not one point image but two line
images. Next, we describe how an observer perceives a
likeness of the object. Finally, we suggest how confus-
ing depth cues induce dizziness. Although we focus on
the concave cylindrical mirror, the discussion is easy
to generalize to the convex cylindrical mirror.

Astigmatism and Line Images

The image of a point source is the point through
which all of its reflected rays either converge or proj-
ect. Familiar examples of these two cases are the real
image of an object (outside the focal length) reflected
in a concave spherical mirror and the virtual image of
an object reflected in a plane mirror. A concave cylin-
drical mirror has a circular cross section like a spheri-
cal mirror and a straight cross section like a plane
mirror. Figure 1 illustrates how rays reflected from

et Ohject

Fig. 1. Reflections from cross sections of a concave cylin-
drical mirror. Rays reflected by a straight section of the
mirror project to a point behind it, and those reflected
by a concave section converge to a point in front of it.

-
=
&

the former converge to a point in front of the mirror,* Fig. 2. Two line images are formed when a point object
is reflected in a concave cylindrical mirror.
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Fig. 3. When viewing a likeness, the ray entering an
eye intersects one line image and projects back to the
other.

while rays reflected from the latter project to a point
behind the mirror.

The picture gets more complicated when we con-
sider the rays reflecting from all points on the cylinder,
not just those along narrow sections. Figure 2 shows
how the reflected rays converge to points along a line
in front of the mirror and project to points along a
curve behind the mirror. For example, the two upper
reflected rays converge to a point above and in front
of the mirror, while the two on the right project back
to a point to the right and behind the mirror. Reflec-
tions from the whole mirror produce the two lines
images shown in Fig. 2, which are similar to those
produced by an astigmatic lens.” The real line image is
straight because of the symmetry of the mirror along
the z-axis. We show in an appendix available online®
that the virtual line image is a segment of a limagon.”

Depth and Dizziness

Although a point object is mapped to two line im-
ages, observers who look at their reflections in a con-
cave cylindrical mirror will recognize their likenesses
(despite their being blurred, distorted, and reori-
ented®?). In order to understand how the likeness of
a point object is perceived, it is important to consider
the role of an observer.

For a point object, each ray reflected from the con-
cave cylindrical mirror both intersects the line image
in front of the mirror and projects back to the line im-
age behind it. Therefore, the ray connecting these two

THE PHYSICS TEACHER & Vol. 43, February 2005

lines and the eye determines the direction in which
the likeness is viewed. This is shown in Fig. 3 for two
eyes in different locations. Unlike an image in which
a point of an object is mapped to a single point, the
likeness cannot be considered to have a fixed location.
As an observer moves left or right, the direction of the
gaze changes as if the likeness were located at the line
image in front of the mirror. However, as an observer
moves up and down, the direction of the gaze changes
as if the likeness were located at the line image behind
the mirror.

Viewing with two eyes provides similar depth
information to that gathered by using one eye and
moving around. Because of their physical separation,
the eyes look in slightly different directions to view
the same object. The nearer the object, the larger the
angle between the directions in which the eyes gaze.
This “angle of convergence” cues the observer to the
object’s depth.!” For two eyes oriented horizontally
(in the x-y plane in Fig. 3) the two rays of their gazes
cross at the line image in front of the mirror, indicat-
ing that the likeness is there. However, if the eyes are
oriented vertically (in the x-z plane), the two rays
project to the line image behind the mirror, indicating
that the likeness is there. When the two eyes are off
axis, their gazes do not converge.

A single, stationary eye also provides a depth cue,
the amount of accommodation required to focus.!”
The focal length of the lens is adjusted by the ciliary
muscles, so their tension gives information about the
distance of an object. If the muscles are relaxed, then
the object is far away; if they are tense, the object is
nearby. This means of determining depth is com-
plicated by a cylindrical mirror’s two line images. A
lens focused to the front line’s depth would project a
vertical line segment on the retina, while one focused
to the back line’s depth would project a horizontal
segment. If the lens were focused at an intermediated
distance, an oval shape would be projected on the
retina.!! We suspect that the eye compromises and
focuses at a point between the line images where each
axis is equally well focused. This is called the “circle of
least confusion” for an astigmatic lens.’ It is our expe-
rience that when viewed with just one eye, a reflection
in a cylindrical mirror is fuzzy but not dizzying.

Dizziness is likely a result of confusing depth cues.
When an observer’s eyes are along either the horizon-
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tal or the vertical axis, the angle of convergence places
the likeness at the depth of one of the line images, but
accommodation places it between the two line images.
Identifying the exact physiological cause of the diz-
ziness would require further exploration, but we can
conceive of two possibilities. The inability to mentally
reconcile these inconsistent depth cues could produce
a confusing sensation. Alternatively, the focus and the
aim of the eyes may keep adjusting in a futile attempt
to achieve both a clear likeness and consistent depth
cues, producing an uneasy sensation of motion. If the
observer’s eyes are not along either axis, convergence
does not give a clear depth cue, which seems to make
the confusion worse. In our experience, the dizzying
effect is the worst while tilting one’s head from side to

side.

Summary

We have explored the interesting properties of the
concave cylindrical mirror by building on the familiar
descriptions of plane and spherical mirrors. As with
an astigmatic lens, the cylindrical mirror maps a point
object to two line images. However, an observer can
resolve a recognizable likeness of an object. The dif-
ferent depth cues provided by accommodation and
convergence are probably the cause of the dizziness an
observer may experience. The analysis for a convex cy-
lindrical mirror is the same, except that both line im-
ages are virtual. The depth cues are not as confused for
object points near the convex cylindrical mirror since
the line images are not very far apart.

References

1. See, for example, Thomas D. Rossing and Christopher
J. Chiaverina, Light Science: Physics and the Visual Arts
(Springer, New York, 1999), pp. 52-53 and pp. 60-62.

2. McLoughlin Bros., The Magic Mirror: An Antique Op-
tical Toy (Dover Publications, New York, 1979). This
book of anamorphic pictures comes with a flexible mir-

92

ror that can be formed into a cylinder.

3. Thomas M. Holzberlein, “How to become dizzy with
Derman’s optical puzzle,” Phys. Teach. 20, 401-402
(Sept. 1982).

4. Since the cross section is circular, not parabolic, this
only holds for paraxial rays.

5.  Frank J. Pedrotti and Leno S. Pedrotti, Introduction to
Optics, 2nd ed. (Prentice Hall, Upper Saddle River, NJ,
1993), pp. 98-100.

6.  See EPAPS Document E-PHTEAH-43-012502. This
document may be retrieved via the EPAPS homepage
(htep://www.aip.org/pubservs/epaps.html) or from fep.
aip.org in the directory/epaps/ in the phys_teach folder.
See the EPAPS homepage for more information.

7. E.H. Lockwood, A Book of Curves (Cambridge Univer-
sity Press, Cambridge, 1967), pp. 45-51.

8.  Samuel Derman, “An optical puzzle that will make your

head spin,” Phys. Teach. 19, 395 (Sept. 1981).

9. Alan]. DeWeerd and S. Eric Hill, “Reflections on
handedness,” Phys. Teach. 42, 275-279 (May 2004).

10. David Falk, Dieter Brill, and David Stork, Seeing the
Light: Optics in Nature, Photography, Color, Vision, and
Holography (Wiley, New York, 1986), pp. 207-209.

11. This can be demonstrated by modeling the lens and ret-
ina with a converging lens in front of a sheet of paper. A
small light bulb shielded so that it only shines
toward the cylindrical mirror approximates a point
object.

PACS codes: 42.78, 42.66

Alan J. DeWeerd received his B.S. from the University of
California-Irvine and his M.S. and Ph.D. from the
University of Wisconsin—-Madison. His current research is
in optics. He teaches a course on light for future elemen-
tary school teachers.

Department of Physics, University of Redlands,
Redlands, CA 92373; Alan_DeWeerd@redlands.edu

S. Eric Hill received his B.A. from Carleton College and
his Ph.D. from the University of Minnesota. His area of
research is condensed matter.

Department of Physics, University of Redlands,
Redlands, CA 92373; Eric_Hill@redlands.edu

THE PHYSICS TEACHER & Vol. 43, February 2005





Appendix to “The Dizzying Depths of the

Cylindrical Mirror”

Here, we show that the virtual line image produced
by a cylindrical mirror for a point source is a limagon
(or limagon of Pascal). All rays from a point object,
incident along the same vertical strip of a cylindrical
mirror (e.g., the purple rays in Fig. 2), project to one
point. If there were a plane mirror running tangent to
the strip, this point would be the image. The point lies
as far behind the tangent plane mirror as the object
lies in front of it. A view of this in the x-y plane (with
the object at the origin) is shown in Fig. 4, where B is
the ray from the object to a point on the cylindrical
mirror, p is the vector from the object to the corre-
sponding point on the line image, R is the radius of
the mirror that points to where the ray reflects, and
C extends from the object to the center of the mirror.
Recognizing some similar angles and using the law of
cosines leads to the following relations:

3P =Bcos(0—¢) (1)

B*=C?+R*+2CRcos 0, ()
and

C2=R>+ B>~ 2RBcos (0 - ¢). (3)

Simplifying these equations yields
p=2R+2Ccos 0, (4)

which is the polar equation for a limagon.” Figure

5 shows the limagon produced when a point object
is reflected by a cylinder. Reflection from the con-
cave (blue) portion of the mirror produces the outer
(blue) loop of the limagon, while reflection from the
convex (red) portion produces the inner (red) loop.

Fig. 4. Construction for finding a point on the virtual
line image.

Fig. 5. Virtual line image of a point object reflected
from a cylinder is a limacon. Reflections from the blue
and red segments of the cylinder produce the blue and
red loops, respectively.
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Mirror Images

The mirror image is not always a faithful reflecrion: it can be

inverted, reversed in handedness or distoreed in other ways. The

transformations are analyzed through a few basic curved mirrors

he ways in which a plzne mitror

daes (and does not) transform the

objects il reftects are familiar to
everyone, The image of a rght hund ap-
pears as 4 left hand, but jts shape and
size gre onafered. As 2 visit to §@ Tun
hiouse shaws, however, mot all mirroes
genesafe such faithful images, Plate ob-
servied that a piece of refeciing metal
bent into-a concave sylinder can form an
image of 2 right-hand glove that 3 itsedl
right-handed. More penerally, by intro-
ducing warious curvatures into reflec-
img surfaces il & possible 10 creste mir-
rars thiat chiange the shape, size, oricnta-
tiom & handedness of the objects they
reflect in dramatic and disturling ways,

The number of different cusved mer-
rar surfaccs is infinite, but they could
all B¢ assembled from just a Tew kinds
of bask region Any small region of
a curved surfoce can be described in
terms ol s curvalure along u paic of
perpendicutar axes whose origin bes al
Ihe region’s center af curvature, The di-
rections of these principal aves are de-
lermuned by the directions of minkmum
and maximum curvature on the surface.
The curvature of sach axis can be can-
vex, concave or planas, The axes serve
o define six basic tvpes of reflecting sur-
face: each type is a simple mirror whogse
awverzll shape iz defined by & pair of
principal curvatures. These six basic
surfaces are the plane mirror, for which
hath principal axes are planar: the con-
wer mirrar, for which bath are comves;
the concawve mirrer, for which both are
concave; the convex cylder, for which
one wxis s convex and one is planar: the
tancave cylinder, for which ane is con
cive and the other is planar, and the
s le, Tor which ane 15 convex and the
other iz concayve.

Over the past live years 1 have been
studying reflecting surfaces such as bells
and toruses that can be constructed by
joiming mirrors of thess six types. The
images created by such compound mir-
rors are diverss, bul | have lourd that
they also hawe cerfain stnking regubari-
tics: underdying iraits that can be atirib-
ted 1o the characeer of the basic com-
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ponents from which the mirrors are cre-
ated. [ndeed, it & often possible to pre-
dict the appearance of mages reflected
in even the mast claborate compound
mirrars, I order to understand com-
pound mirrors and the images they gen-
crate, then, il is necessary b begin by
discussing the fight-refecting properties
of the gix hasic mirnocs

Cunsid.-::r_ tirst, a puzzling and Tunds-
mental question about the plane
mirror: Why does such = miror ex-
change right and left but not. up and
down? In other words, why 12 10 that
when a book b held up o a plane mirrar.
cach belter appears reversed and the se-
guende of letiers runs fram right to left.
whireas the order of the lines From the
top ol the page 1o the bollom is un-
changed? This parados can be iraced Lo
the confusion between the handedness
of oo image and il orsentation, Actually
for un observer Facing a plane mirmor the
direclions right and left are ot changed
any mare than the directions sp and
down, This fect can be demonstrated by
comparing a ciock face with fis image i
A plane mirms,

The femiliar geametry of & clock face
makes it 4 useful standard object with
which o sludy object-imapge relations
for differently curved mirrors Inomy
gwn investigations 1oely on o clock face
that has the ring of oumerals on 3 trans-
parent plastic backing. An observer
hobding such & ¢lock Face toward a mir-
ror 15 able to view nod anly the mirror
image b nisa the real object, at least
from the back. Through the transparent
backing the observer sees the oumerals
of e object clock (reversed and run-
ming counterclockwise) as well ay the
imuges they generate.

The transparent clock face is particu-
Larly us=ful in that its numerals serve to
define lateral divectsons in the plane tan-
gent 10 the merror il ifs Center of curvi-
ture. For example, 116 identifies the
directicn [roam the center of the clock
[doe o the numeral [1; similarly, 5:30
identifics the direction from the ceater
of the clock 1o the poinl midway be-

tween the numerals 5 ard &, (08 i3 as-
sumed throughout this discussion that
the ehserver and the abpect are close o
the axis of the mirrer: the line throogh
the mrirvor's center of curvatune that 1s
perpendicular o the tangent plane at
that point |

This coordingle gyslem provides o
means of explicitly describing the ¢lu-
sive destinciion between handedness and
orentziion, The numerals in the plone-
muireoT image of A transpanend chock face
run in counterclockwise erder, just as
the mumerals viewed through the back
of the clock face itself do. Compar-
ing the real object with the image “'fzce
tey face,” then, il is appurent that nei-
ther the direction 9:00 (right) nor 34K
{left] mor 1200 (up) noe 6000 (downl 5
changed by the plame mirror, Because
orientation is not changed along any di-
rection in the piane of the mirror, the
numerals i the image of a clock face
run in coumterclockwise sequence. But
Manc mirrors (amd all ciher mirrors) do
invert the dircctions forward and buck-
wird: whercas the actual cleck's [nam
[aces away from the observer, the image
clock’s [romt [aces toward the observer
This single inverson crealés an image
with reversed handedness. It is [or the
same reason thai the image of a right-
handed plove is lefi-hapded, To avonl
confusion in what follows [ shall em-
ploy “invert” to describe changes in the
orientation of a0 imege and “reverse’
to deseribe changss m handednes.

ken an abject #§ held parallel to

the surface of @ plane mirror, the
[orward-backward inversion & evident,
If & clock fsee is held perpendicular o
the mirrar, however, the same iransfor-
mation has a dilferent result. When the
clock face is perpendicular 1o the mir-
ror and in & vertical posithon, the lor-
ward-backward inversion iransposss 1
and % fas well s | and 11, 2 and 10, and
s0onl, sothat right and lefit appear o be
inverted, Similarly, il the clock is held
perpendicular ta the mirrar and in a hor-
izontal positaon, the foresrd-backward
inversion transposes boand 12 das well






MULTIFLE TMAGES of n single: abjed, in
this instonee an uppercase £ on ke vlesd
in # “mmairix mimer' with o oempledy corved
surlsce, shown bere in top and oblique views.
The smanotkly connecied surfnce of the mir
ror comsisis of eonvex, concave and saddle
shaped regions, esch of which reflects an km-
age oF e singghe, fined X Onwing fo the differ-
eitd light-reflecting properties ol the varioms
reglans some of the imoges Bave reversed
hamdedmess whereas olbers are not reversed.
The mutrix mirror showm is one of an mAnite
viriely of compossd mirrers thal cam be cre-
ated by jeining mirrors of six basic types
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a5 1 and 5, 11 and 7, and =0 an), so that
fhw mirror seems o invert up and doen,
A plane mirror creates what is tradi-
tignally called a virtual image: an im-
age that scems 1o be behind the surface
of the mirror, In other words, the re-
ficcted light waves that form a plane-
EIFEGE image sppear (o emanate from &
rerand behind the mirrar. The fundamen-
tal optieal law of reflection states thar
1he amgle of reflection of a light ray must
be equal bo the angle of incidznce. From
thes law 11 follows that the image of an
object i a plane mirror sems to be as
lar behird the mirror as the object & in
Tront of it, The image of an obiect thres
feel m frant of the mirrer appears witlh
the same size, shape and orientation (hat
with the epposiie kandedness) as an ob-
it placed three feer behind the mirror.
Adimogt the same onalysis can be ap-
phied b corrvex mirrees, which also give
rige e virtogl imiages, Like o plane mir-
COF, & COMVEX OLred mverts arendation
oely aleng the farward-bockward direc-
tion and not along ary latersl direciion;
hiemoe it reflects aprighl, reversed im-
ages. Because the surface has & conves
curvature, howeser, the relbecled light
Wwives seem o emaniic {rom-3 poing
that is mad as far behind the micror as the
poant where u plane-mirror image is ap-
parently positioned. The conves-mimos
image i therefore reduced in size com-
pared with its planc-mirroes counterpart
Any lateeal direciion along which 2
curved mirrar is planar or sonvex can
be called & noninverting direction. What
constitutes an inverting direction? Con-
sider what happens 10 0 wave front of

light when 1 15 reflected from the sur-
face of & curved mirrar. The incident
wave fronl 8 sphencal and diverging,
but after reflecition it can ke either
spherical or asymmedrical, and it can be
eifher diverging (possibly ar a race dif-
ferent from that of the medent wave
[ramt) o comverging, that is, parts of the
wave may be coming topether, 1115 the
passing of ome part of the wave through
another that creates a laveral inversson,
The crossing takes place at the poind
where the mirrer focuses nooming Light
waves to form whal is called the real
image of the object The directions
along which the mirror cavses parts of a
wivd 1 converye determing which lat.
cral directions are inverting. [ arienta-
i 15 faferally inveried aleag beih prin-
cipal axes of a curved base marrar, an
image with reverssd handedness is gen-
erated. [T orientation o ieveried along
anly are lateral axis, o noareverssd im-
age is gepzrated. The leteral inversions
are in addition 1o the [orward-backward
muersion comman tooall stirrors In
gencral if the number of inversions (in-
cluling the foreard-backward one} is
odd, the image has reversed handed-
ness: il dhe number Is cven, the image
has nonreversed handedngss,

Tt praion of the ehserver is an im-
partant facter in the formation af mir-
foF imadges. An observer can socoan
inverted, real image only i the light re-
fheted from the mirrar is brought to a
locus at & poini between him and the
aurface of the mirror, that is, the obsery-
er musl intercept the wave front anly
after they have comverged. Plane and

convex misrors, which do not bring
wave [ronts fo convergence, canndgd -
troduce lateral inversioms, Moreover,
when un observer is close o a corved
mirror, no matter what the mverting
peogeries of the mirree are, the imape iz
always sirnilar to a place-mi e image
The wave fronts do not have space in
which 1o converge before they reach the
observer’s eye, and so the image s up-
right, reversed and {oompared with a
plane-mirror image) neither much miug-
nified nor much reduced. An image sim-
ilar bo & plane-mimer image = also in-
variably [ormed when the object {rather
tham the abseryver) i close to (he surface,
The explanation in this case, however, 15
that for an object up against & mirres the
seciin of the rellecting surfoce that ac-
Lually forms the imape is almaost planar,

concive mirror can pive rise e ot
lezsz theee distinet kinds of mirror
im#ge. To begin with, it can generate
cither & real or a virtual mmiage, depend-
ing om the position of the object with
respect fo il mireor's focal point: the
point where incoming planar wave
fromds sither converge or appear to 4i-
verge. For an ohject berween the focal
point and & concave atireos the refected
wave [ranls diverse, ssemingly from a
point behind the mirror, so that fhe im-
age isa virtuzl are, Foran object placed
beyond the focal point of the mirror, re-
fected wave feomis canverge along all
latgral direciions 10 focus at 2 point on
the ahservers side of the mirrar. The
image in this case is real,
Therefore when an object is betwesn

BASHC CURYED MIRRORS from which comprand mirrors ore
coustriclid @ described in forms of @ pair of porpendicular axes
{rafor] thot pass through each mirrae's exiiter of curvatore, The die
rections ol the principsl axes sre determimed by the direztion of mis-
imum find madimum corvadture an the sueface; 1he shape of each
axis cam be couvex, concave o planar, The axes serve 1o define siy
types off reflecting surface; the plane micrar, for which bath corva-
\ures are planar; tse convex mirror, for which bolls curyaleres are
LapveRs the cdatave initror, For which bolb comvatures are concave;
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the convex cylinder, for whick ane curvatere is convex ond the other
is planar; the comcive cylinder, for which nne eurvatere i concave
ond tise oiber & planar, asd the ssddle, For which sne curvature ks oon-
wAvy gl e otker is conves, The image-forming progeriies of 1he
mirrers are iletrated @ the lowsr pends, nhere a0 spperease §
serves o the snndard rellected sbject, Im sume cases o single maleror
i gl rse 1o different imeges in different clrewmstances, [ is as-
sumed that beth the ohserver and thi abjec 4r¢ positiened on the axis
lne: o perpradicalar fine through he mirror's cester of eurvatee,






the facal poant and a concave mirror, The
mirrar generales a virtaal image for an
chserver at any distance. The fmage &
an upripht, revéssed reflection (hat i
milgnified compared with 2 plape.mir-
ror image. When the obiect & bevond
the focal point, there are n number of
posgibilitees, For example, when the abe
SOPVEE i bBelween the mirmor surface
and the point at which the real taags i
focused, be intercepts the converging
wive freats before they have actually
comeerged. In this case it is the observes
who must being the wave fronts e fo-
cus, and the result &5 o blurred image
that is upright, reversed und larger than
a plarg-mirror image would be.

Wisen the observer is beyond the posi-

F 1 tion of 4 real image, the concave mirror

La introduces inversions along all fzters]

H .

o directions, In other words, when btk ___.d-f"'""_

w the observer and the object are sufi b
cieotly far fram the surféce of the mir-  —

1 rof, & iramsparent ¢lock fzce is refecead |

T 50 that the: insage of each numeral zp-

peiars in a position 180 deprees (or =i &

hours) around the elock face. The ne- LB,

meral 1 appears at 7400 and 7 =& L4 2 rﬂfl‘l’

" appears 1 320 and & at 240, and o on {8 or
f Since thie directions [2:00 fup) and 600 'IE 2
" {dawn] are inveried, the image is usside | B/
. down. The positions of the obiect and l"a 5

the observer determine whether the im. a

age is magnified, reduced or the same
size compared with jts plene-mirror
counterpart. Since arieniation & iovert-
ed aleng all lateral dizections: B i in-
verted along both principal axes of cur-
vatwre; (hese bwo inversions 2nd the
froat-ta-back ane make an odd num-
ber, 2nd 0 the image is not only mvers-
ed bt alio reversed.

With a concave mirree and an objsce
pluced beyend the focal paint i 1= possi-
e for the observer and the mirror im-
age 1o be at about the same pomt on the
mirror axis. In this mstiznoe the resalr i
a frtally magnilked image: an unrccog-
nizalsle image that “lights up” the enptire
surface of the mirror, The same kind of
image can be scen o any curved mirmor
that can generate g real image.

T

Curl.-n:t] miFrors that dre not sections
of a sphere generally reflect imaaes
thirt are ransformed in an asvmmerrie.  CROCK FACE with 5 transparsnt backing serves ui::zm d:;mmt:. :'Ihrld:::t_ln-
| way, For exa . the mirror 1 ; [POE0 R § EmTer ot i ceober of carvature. For exam 00 [dentifics the ko clican
2hi¥%iu5m Db'lgsl::l::.it and Elgri:.g.::: from the center of the clé<kl Iv the sameral 2 and 1823 identifics the direction fram e center
: : s . 0l peime msteny between the aumersl: 10 and 11, AB sbsecrer bolding such a clock up o a
Sufrors arc, tompared Wil the core: v i alble 5o sew fhe resi nemera {reversed and running cousterchckmise) s well s thelr
spondicig plunc- ot apherical-mimor - Al e valit et ot o o1 & plane mirror and the real
ages, elongated or shorfened i Cortzin g Lare thorks arx compared “face fo face” (o), it hecames evident 1hat thie plane microe
lareral directions, docs pet imvert ariestation aloay aay biteral direction; 1be 2 im the image appears at 2500, the
When the curvature along both prin- 1t D0 sl v wm. Neithoer 121000 {mpl mar 600 idown) mor 300 Cright) mar 3:00 €lef) |5 28 -
cipal axes of 4 nensymmeitical mirror s verting Srecsies. ARbeeph the plme mirror introdoces no kil nvesions, the handedmess
known, it is possible to predict the pes.  of e immge & reveesel. Macvower, 2 plane mirror, like sny other misvse, daes fmvert arienta-
oril appearance of the images Copsjd. 108 deng the forward-Saciward gafs, s thel an observer looks Into the mievoe 10 see hjects
er the mizrar thai s shaped fike & con- in frost af B fhe clock face & beld perpesdicular to the surfoce of Ii-EJ'I'I_L!'le, either right
svlinder. This basi i amd k=l (H or wp and derem (o) e lmveried. A conves mirroe () does not invert arbmtation

vex cylinder. This isic clrved mirror sy mxy Baterad dicectins cither, znad 5o | taa creates an mprighl, reversed imoge. For 8 con.
Sels approxicately like a comiex mimor @ e i e Wity il e bt e smlicknity cce o the SurEurs (e, ovite.
dlang dircctions parallcl to the CONTEL g i et Bwerted misg mary Ietaral irsatson. o fhat once epain =m upeight, reversed image B
curvatune and like & plane mirtor along  Fermed 1 fhe sl i Se obifect ae ssliciently Far frem the concave mirror, Bowever,
directions parallel 1o the plane curva-  orieststios I imverted aleny adl biteral dlrectinns, An liveried and reversed Emape bs formed.
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ture, crealing images that are redoced in
size along the first axis but neither re-
duced nor magnified along the second.
fy applying the rules of plane geometry
it 5 possible o poedict from the convey

ond plane-mirror images a fairly acca
raie represcniation of the single imags

that would appear in 8 eonves cylinder

Similar predictions can be made for
the images refbected n a concave cyvlin-
der, a basic mirmr that acts Appeoxi-
mabely like & ¢oncave mirror along onc
principal curviture and like a pline mir-
ror zlang the other. Wher cither the ob

-

B

server or the object 15 suficieatly chose
i the surface of a concave cylinder
{close enough so that in the same situa
tbon a simple concave mirror would ere-
ale an upright, reversed and magnified
imagsl, the image reflected by the con-
cave crlinder is upright, reversed and

IRCIDENT W SA0TS
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SIZE, DRIENTATION AND HANDEDNESS of 5 mirmer image
are determined by the way in wisich wave Eronts of lipht are irans.
formed by reflection, The wave fronts emanatisg from the sbject
(prurt are spherical and diverging. The rellected wave fromts (oadark
cam e diverging or eonverging. For a plane mirror (a) the rellected
wave Eronks appear io diverge froms & poist as Ear behind the surface
of the mirrer a5 e ebject {Blact dw) is in front of it Heoce the ob-
SErver views an mpright, reversed image Goslored dard that i neither
larger mor smaiber than the real sbjict, The sitoation i similar for &
convex nirror (kL although the relloctied wove fronts appear fo di
verge Erom a podnt that is nod as far behind the serface and the imnge
& therekore smaller, For o concave mirror a nmmber of cases must be
considered. When the object bs between the mirror and the focal poimt
[where inzident rays parnlbel 0 the mirror avis are Focused], the re-
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REFLECTED 'WMVE FRONTS

fected wave Fronts agpear bo diverge from a poisd Earther behind the
mirror than the point whire 2 plone-ssitror image would ke formed
Ik A4 a result an spright, reversed image that is larger thas its plane.
mdrror coundenpant is created, When the ebject is 24 the foes) pint (),
the refecled wove fronts are Aat and the elbseryer mmd fecus them,
ereatimg an upright fmage (bad & magnificd compared with @ plane.
mireas image. When 1he alject & bryosd the focnl point, the reflect-
od wave fromts converge in front of the mirrer, An sbserver befween
1he mirrer ond the fecal poind mesi focus the wove fronts Before they
bave comvergod, creating am upright, reversed and magnified image
{zh An observer who is bevond the Focal point intercepts the wave
fronts after they have converged, and the imaage is reversed and in.
verted { F The exast position of the sbserver determings whelher the
image is mognifed, reduced nr the seme size a5 8 plane-mirror image,
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magnified along thw concave axis, When
the obscrver and the object are suffi-
ciently (az {ram the mirrer {far eaough
40 thal & simple concave mirror wecsld
reflect annverted, reversed image), the
resull is quite different

Wave [ronts reflecied from the suor-
face of the concave cylinder, imstead of
being inverted e all lateral directions as
they wre after reflection from a concave
micrat, are imverted lnterally only slong
e cancave corvature, Because the re-
sulting mage has a total of twe lnvers
siond tone [ateral and onc froci-to-
back] i 15 pol reversed, 0 thal & left
hand &5 reflected s @ keft hand. Depend-
ing on the positlens of the object and
the observer, the image can be magni-
fied, reduced or the same size along d:-
recliona parallel te the concave corvas
ture. Morcaver, the lajeral orientition
of the concave curvature determings the
lzteral orentation of the micror image;
hencé by riptating the axizs of the mirror
it is possible to give the image any orien-
tation, When the axs of concve curva-
{ure iz poaitioned lwoeizontally, the pon-
reverssd imape appears wpside down.

The wave fronts emanating from 2
point on an ebjpect arg spherical until
1hey reach the mirror surface of 2 con-
cave cylinder, Afiter refiection from the
surface they become increasingly asym-
metricil until they finally come w0 &
focus, Since the converging wave fropts
are lacking in symmetry, however, they
crods over pol through 8 single point
but through a line parallel to e con-
cave evlinder's planar curvature. An ab-
sxrver [arther away from the mirror
than this focal line is able to s 2 nan-
reversed mizror image by focusing the
asymmedrical, inveried wave fronis, bt
the resulting image i generzlly Blurred
and distarted. The burriness diminishes
az the observer mowves pway from the
miTror because as the wave fropts meve
past the focal line they approach a pla.
nar fand thig symmetrical) shape. It i
nat anly the cencave cylider dhar has
ths praperty, Any curved mirtor thas
Tacks redudional symmetry can focus in-
coming light from & paind sourcs 10 2
Ipous of pointa rather than e o single
point. Hence tve images reflected in mar-
rogs auch as the convex cylinder are alio
alfecaed by this blurring, which ks refar.
ed to astigmatism i the oye.

Tn clorify these matees | lnd it help-
ful to distinguish etween twe types
of mirrer image. What 1 call & primary
imiges is created by & mirror alone and
“hangs"” in apace, appearing at the mir-
rars focal podnt o tin the cuse of asym.
metrical mireors) af the locus of focal
paints, What Teall o secomdary imige is
created by the mirror in cenjunction
wiih an observer and can be said o be
pasitioned in the eve of the alserver (oo
the surface of the reting or on a phota-
graphic plate). The concept of primary

™ COMVER-CYLINDER MIARDH

CORUEX MIRRGR” :

FLaE MEROA

._.-'-

CONYEX CYLINDER acts somewhat Hke o plase mirror abong ong Bioral axie and ke o
convex mirror aloug the other Bteral axis. By projecting Fram the corrmgponding plane and
conyex-mirrar imagos, it b5 poihle e prodict the sppestascs of the symmatrically s
formed bmege reflected in the convex cylinder, The image s oprighd, reversed and reduced In
size along the axis of convex curesture, The same kind of gromedric constroction cun be em-
phaved to onalyee the image formidd when the convex clinder is tipped to fthe right ar the 1y,
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CONCAVE CYLINDER acts like a concave mirror slong s avis
apd like 3 plane muirror along (e other, so that wisen the alsirver
ard the object are safficiently distasl, orisntation & mveriod along
just one axis and o nanFevired image is Formed, When the nxis of
conesve curvalure is boriantal, a is shown at the left, right and beft

B

became inverlimg direclions, so that the nonreversed image is uprighi,
When the anis of comcuve curvotore & vertieal, o8 is showin al (b
right; up and down hecome bsverting directions, sod so the nonre-
versal lmage bs spside down. The pesifions oF the object and the ob-
servir determing whather the image appears magnified or reduced,

nonreversed mages generated by & con-

and secondary images serves [ooesplain
now & murcer shiped like w concave cyl-
inder can eambine the propertics of a
plane mirrar, which reflects virtual im-
ages, and & concave mirror, which (for
sufficiently distant observers and ob-
prcta) reflects real images. How can an

image act as il H were m tao places ag
ance? This puzzle of depth perception,
ksown as the parailax paradosx, is re-
solved by the iden that the image is nei-
ther in front of the mirror sor behind it
but is in the eye of the beholders.

[t is imporiant 1@ understand (bl the

cave cylinder are the resubt of a single
reflection of light, A pair of plane mir
rars joined at right angles can also cre-
ate nonreverssd mages, but they arise
from two separsle reflections and thus
[rom two separate inversions of light,

SADDLE MIRROR ncts like o convex mirrat aloag ane axis asd
like @ coneave mbrrer abong the otler, Whan the shacrver and (he ob-
ject nre safficiemily distasi, the seddle sarface inveris oriestation
abowrg dicections Ukl pass throuph the center of a kil but ned along
direeiion that pme throwgh the center of o valley. The sricntatios of
(he image iv determiined by the orlentation of the bieral sxes, When
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the axis of concave corvature b borimostal (7] the mirmre iverts
9:04 and 300 but not &100 and 12:00, 3 50 3m wpright, nesrey ersed
imoge is formed. When the mirree i turned 45 degrees clockwise
1r|'i.eﬁ|'_|. dhe mmirrar invers the direcions 1530 and 7:38 bul nod 4150
aed 10:38 As & resild the image clock is retated 90 degrecs clock-
wite {nr twice the rotation of the mirrork and oppesrs tn be i it side,

e —————l
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Indeed, when an object is held up 1o
such a configuration of mirrors, three
images are observed: an upright, re-
versed image appears in esch of the
plane mirrors and 3 nonreversed image
resulting from o double reflection &p-
pears at the boundary between the twa.

The concave cylinder is not the only
basic curved mirror in which nonre-
versed images result from a single re-
flection of light. Consider the =addle-
shaped mirror, which acts approximane.
Iy bike & convex mirror along one of its
principal axes of curvature and like 2
concave mirror along the other. For an
observer or an object sufficiently close
to the surface, the saddle mirror, much
like the concave cylinder, generates up-
right, reversed images that are reduced
along the axis of convex curvature and
magnilied along the axis of concave cur-
vature. The images created for disrant
observers and abjects differ according
to-the orientation of the mirror.

The surface of a saddle mirror can be
divided into two hills 2nd two valleys,
arranged so that the centers of the hills
lie on the axis of concave curvature and
the centers of the valleys lie on the axis
of convex curvature. Hence each latersl
direction that passes through the center
of a hill iz inverting, whereas each later-
&l direction that passes through the cen-
ter of a valley is noainverting. If the sad-
dle mirvor is held so that its hills lie on 2
herizontal line, 9:00 and 300 become
inverting directions, whereas 12:00 and
6:00) become noninverting ones. Since
12:00 and 6:00 are not inverted, the im-
age of an abject is upright: since orienta-
tion i5 inverted along only one lzteral
direction, the image is nonreversed, In
addition, compared with a plane-mirror
image, the nonreversed image is usually
reduced in all lateral directions. (It is
possible, however, for the image 1o ap-
pear magnified along the direction of
Cconcave curvature,)

otating the saddle mirror clockwise
45 dearees brings the centers of the
hills to 4:30 and 10:M), s0 that these di-
rections become inverting, whereas 1:30
and 7:3} become noninverting. In this
case [2 appears at 3:00 and 3 a1 12:00, 6
appears at %l and 9 at 644 The image
is still nonreversed, but it has been rotat-
¢d 90 degrees so thatl it appears to be
lying on ils side. When the mirror is ro-
taled another 45 degrees, so that the cen-
ters of the hills lic on a vertical line and
the centers of the valleys on a herizontal
one, 12:00 and 6:00 are inverted but not
00 and 3:00. In other words, the nonre-
versed image is upside down. In general
if a saddle mirror is rotated by any given
amount, the image of a fixed object iz
rotated in the same direction by approz-
imately twice that amount,
The properties of the saddle mirror
can be made clearer by imagining how
such a mirror would reflect a transpar-






ent clock face equipped with an hour
hand. As the real hand makes one 12
haur jourrey around the face, the image
tansl il makes one complete ratation
aboul the nonreversed image face, but
{from the point of view of the abserver)
il maves n the apposite directzon, I the
mirror itsedl tums in the counterclock-
wige direction so that it compleles one
rolation every 24 hours, howsver, the

midson of the tmage hand due o the
retation of the mirror and the motion of
the amage hand due to the redation of the
object hand cancel each other. Indeed,
the imzpe of the moving hour hand
appears 1o be stationary, wheress he
image of the stationary clock faos com-
pletes oae counterciockwise rotadion
every 12 hours

By joining together mirrars of the six

basi types it 15 possible to create an
endless varicty of compound mirrocs
with curions light-refiecting properties,
Far example, [ have designed and pat-
ented a series of mirrers, beginning with
& saddle mirrar, thal cin generale a
nonreversed imapge o several soch im-
apes of 2 single abject, Although the im-
ages are smaller than the cocresponding
plame-mirrar images, they exhibit sdrik-

MULTILORE MIRROR, such as the three-labe version showm, is a
compousd mirmer generatid by rolating 2 saddle, or twe-lobe, sur-
face abeart o plane surface. Like the saddie, the mali@ohe mirror gee-
ernbes ponreversed images and imverts orientntion alesg dlpections
that pess {hrossh the cenfer of o hill buf not abong dircctions that
- pass thromgh the conter of 8 valley. YWhen the mimrer is positioned as
is shown ot the mpper lelt, 2:00, 600 and 10200 are inverting direc-
lions, ond 50 an § appears 34 2:00, & 12 a1 6:00 and o 4 ot 1080 On
(he ofher hand. 12:08, £:068 and 800 are noninverting directions, so

| e

thal anelher 12 appears nt 12:00, amolber 8 2t 3200 and another 4 at
400, Two momreversed images of each sumeral are genernted, The
risultis a nomreversed 24-Bour clock Face. Wiven the Goree-babe mir-
ror is rutaled &0 degrees clockwise, 35 & shown al the upper right,
1200, &:00 amd B0 becomc inverting directions and 2:04, &:00 ond
101 becssne moninverting ones. The 24-hewr image deck fuce i
theie potated 0 degrees cochwive. Whes the ebject clock & moved
sway [rom the mirror axis the refected 24-Bour clock face divides
Intn two nonreversed 12-hour clocks. as ts shown a1 the lower BefL
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ing clarity, These compouwnd mirrors are
derivid from the basic saddle mirros by
rotating {in & complex manner) & saddie
miftor about a planar region, possibly
one a5 small as a single poind. In this way
a saddle surface with any number of
lobes, ar hills, can be geperated, and 30
call these refecting surfaces multilnbe
MIErrors.

As I have already demonsirited for
the saddle mirror, or two-lobe mirror,
on o multilobe mirror lateral directions
[rom & center of curvature that pass
through the center of a hill are Inverting,
whereas those that pass through the cen-
ter of a valley are nonimverting. When a
thres-lobs mirror i placed with its hills
at 208, 00 and 10;00, it inverts those
directions but not 12:00, 4:00 and 8:00,
which are the directions taken by the
valleys. Because of the inversions an 8
appears af 2:00, & 12 appears at 600 and
1 -1-;_'_r||'|:-:|.r:1 Al Ty Berause of the non-
inverting reflecti however, amother
1% appears at 12:00, another 4 ap 4040
and another # at %00, [ndeed, provided
the surface 15 continuous 2od smoo
1w mnages appear for each of the 12
niwierals on the object chock face. Be-
cawse each of the two 5205 of 1mage no-
merals appears in clockwise order, the
imuage of the 12-hour clock face is 5 24
hour elock face.

If the three-lobe mirror is rotated G0
degress, it inwerts F2:00, 4:00 and £:00
bt mot 246, G0 and 1000, In thas
case the image is still that -hour
clock, but it has one 12 at 34 vl 3n
adher at %00, one 10-at 4200 and anoth-
er af 100}, 2nd 50 on. In general if the
three-lobe mirror 1= rotated by & g
amount, the mirror image of & fixed ob-
ject is rotafed in the sme direction by
one-and-a-half times that amount.

An hour hand on & ransparent cloc
face reveals & more siriking ma
tinn of the same phepomenon, As
hour hand colates about the o Anspar
ent 12-hour clock face two image hour
hands are vigible on the nonreversed 24-
hour image clock [ace. Each hand ro-
tates 180 degrees in 12 hours Al the end
of 11 howrs, then, the two image hands
have exchanged positions, and only 2F
feg the real hour hand has completed
two [2-hour rotatbons has each of the
image hands returned @ s original po-
sition. [t &5 also nberesiing to note that
whien a transparent clock face s moved
to ome side of the three-lobe mirroe, so
that the center of the face no longer
o the mirror axis, the nonreverssd
hour image clock fuce divides info teo
nomreversed 12-hour clock faces,

A saddle-shaped mirror with & lobes
(ahere @ is equal o op greater tham 2
can create § — | nooreversed mmages of
nnple obpsct. Thus the four-lobe mer-
ror can generide thres nonreverssd m-
apes, reflecting @ 11-hour clock face s
a J6-hour clock face. In addition. when
a mirror with » lobes is rotaled by a

FOUR-LOBE MIRROR, shown i top and obligee vicws, gemerates thiee nonreversed im-
#ges of an ebpect Here the mirror i positioned so that it invetts 150, 4230, Tr30 and 10:3 % bud
ot 5:00, G600, 5:00 and 12:00. The resslt is o monreversed imoge of a 36-hour cleck Face.
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BARIC REGHINS IN A COMPOUND MIRROR are mimed along smocth houpdaries (sl
lack linesh that cam be clesificd nocording to their cfect oa two sets al curves o the serface
of the mirror, Tie corves are the boundary pamBets (broken Siacd fned and tlve bosndary per.
pendbeubiars (ke cofared fises) 1hat lie in the regions oo each side of the boundary, The bux-
like mirror with rennded edges chevwn bere is mads up of three Kinds of region: planar, cenvex
and cunvex cylisdrical. Ts all cises, as ane moves from enc side of a bomndary o ihe other, the
inverlimg propentics of both the dary parnlbels and 1he L fary perpendicalars nre an-
chasged. For example, af the top of the front face, where 3 plane region joiss o conves exllndei-
cal rogiom, (Be boundary parllels are planar and hence are nopinverting on both sides of e
boundary; the boundary perpendlculars change From plonar to comves, bl boll of those car.
valures ure noninverting, A bousdasy that does ned change the inverting properties of either s
pamalilcls or its perpeniicubars is calbed 2 simple houndary, and g compousd mirrar that includes
saly simple housdarics reilects a single, comnected image of @ fixed object, The size of the
parts of he Image, Bowever, may vary seconding 40 the regious in which they are refiected,

COMNVEX REGKIN -

T SADDLE REGKW

BELL BOUNDARY {salid dlack) changes il mverting properties of houndary perpendic-
ulars (frafen caler] hot mot of boundary parallels (braken Backl. A bowndary of this kimd
inins a comvex rogion o 0 saddic region fa bell mirror. Simee the inverting properiies of ke
buundary perpendicalars are changed, 2 pair of images 5 crested For each pair of regions.
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given anmtount, the image of o fixed ob-
jeet i rofated in the same direction by
wfin — 1) times that amount, Converse-
Iy, if an object reflected in 2 stationary
a-lobe mirrer is rotated by a given
amounl its image & rotated in the oppe-
site direction by 1500 — 1} times that
amount.

Sad-:l}:-shupcd mireors are only one of
the many kinds of compound mir-
rars that can be made to form more than
one image of & single object, Indecd.
with the cndless prasibilities for con-
necting basic marrors, the compound
mirrars thal reflect multiple  images
would seem to defy classification. The
situmtion is nor s hopeless as il appears,
however, The key to the sofution is te
consider not only the basic regions that
make up-a compound mircer but also
the boundaries that separade one region
from another, (14 is assumed that the
“join” between twe basic regions of a
compound @rirror 15 smooth, with no
discontinuities.) The boundaries of z
compound micrar 211 into thres main
categorics, and if the calegory of a par-
ticular boundary can be identificd, the
appearance of mirror images on each
side ol @ can be prediceed,

The best way io describe 2 boundary
an A compound mirror is by considering
its relation 1¢ twa sets of cusves that fie
an the mirrar surface; the curves that
run paralicl 1o the boundary und those
that run perpendicularly across i, Like
iny urve on the surface of & mirror, o
boundary parailel or & boundary per-
pendicular can be described as nonin-
verting (if s curvature i either convex
or planar) or inverting (i % corvalure is
concave) A boundary belween two ha-
s egions, then, can be categorized ac-
cording o the way the imveriing proper-
ties of its parallels and perpendiculars
change a5 o travels from one side of
the boundary 1o the other.

For example, §eall 2 boundary simple
il, a5 ooe goes from ore side todhe other,
ncither the paraliels nor the perpendic
ulars are trunsformed from inverling
curyes Ly noginveriing omes {7 vice ver-
sa). Compound mirrers whase regions
arg all jomed by simple boundaries gen-
crale u single, connected mmage of an
object. Parts of the image m various re-
gions ¢f the mirror may differ in size
depending an the curvature of thase re-
geons but the parts ane attached to one
apother jusl as they are atached in the
real olject,

A boundary where the perpendiculars
change from invering 1o pominverling
e the parallels do not change charac-
ser is what [eall a bell hoondary, As one
might expect, & mirror shaped like 2
bietl, which consists of & convex region
jvingd (o u maddle region, is an example
of & compound mirror with & boundary
of this kind_ Because the inverting progp-
eriwes of the perpendiculars change at






the boundary, a pair of iages is creat-
ed for exch pair of regions. The images
arg enantiomarphic (they have opposit
hardedness), and they are arraved sym-
medrically on apposite sides of the Bell
boundary.

hen a befl mirror {or any com-
pound mirror that creates pairs of
enantiomorphic images) s turned about
i |#leral anis parzllel to the bell bounda-
ry, the images may annihilate each othes
by merging and disaprearing. Turning

ENANTIOMORFHIC IMAGES (having opposile bandednes) ap-
pear symemetrically on opgeeite sides of w bell boondary. The bedl mir-
rar refeets an wpright, revenied image in s toavel repiow and oo in-
verlid, nonreversed one in @5 saddle region. The opper sequence of
plotographs shows the effect ca the image when the miror & torned

Gk (e W

hand, since
feceed |y
the reverzed
VEX TEEION T
through & tomp

& SEITRE OF

mirror orientation, the nonreverssd om-
age fher appears in the saddle region
compbetes two {ull rolations for eachro-
keiton of the mirror. In this way Lhe non-
reversed and reversed imapes always
present n.'clrru::;n‘lpl“r:g sides to the belk
boundary as well 85 to cach odher.

An array of four or more regions all
poined by bell boundaries forms what |
call a matrx mireor, The simplest mir-
rar of thiz kind & the tee-hy-mwo matmx
consising of two mddic regiona joined
at 2 point &md separaied by a convex

about o laferad axis: the two Images arc first annidilsted, memping and
diappraring from the surface, and then rescrested. The lower se-
guence shows the effects of tuming the mérvor clockwise: the re-
versod fmape remains upright, whereas the nooreversed one maadkes
ftwa foll redstions in the cowrse of & slogle rotation of the mimer.
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region on onc side and & concave region
on the other. By continuing this patiern
it is possible to construct & matrix mir-
ror with any number of rows and cof-
umns, For example, a fve-byfive ma-
Irix can be put topether that reflects as
many &5 13 imapes of an object. The
four bell bourdaries that separate the
regions in the two-by-twa matrix mir-
ror come together at @ single pednt, and
it appears it i only ai such a point that
a convex region and a concave one

can meel This would explain why no
boundarics seem 1o change the invert-
ing properties of both boundary paral-
lels and boundary perpendicalars,

Like beli mirrars, matrix mirrecs can
be made 10 form enantiomorphic paics
of images. When a mairix mirroc is -
od obfiquely, it can b made to generate
dauble pairs, which can also be simulta-
neously annihilated or created. On ao
compound mirror, however, is it pos-
sible for more than [our images of 2

BELL BOUNDARIES

MATRIX MIRROR consisis of four or more basic regions joined by bell boundardes, Tn this
example, cosves, concave dad saddie-shaped regions are brought tegether in & repeated fwa-
by-fwe pattern, Because there are bell beundaries on ad least two sides of cach baste reghos, it is
possible t0 penerate &8 many as four images in each two-by-twa cell of fhe matrix, By tilting
the mireoe obfiquely doulile pairs of enanfiomesphic Images cam be annibilated and created.
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single object to meet 2t the same poink,

The saddle and planar regions of mul-
flabe mirrors are also joined by kel
houndaries that give rise to some inter.
esling images. For exampiz, although a
three-lobe mirrar normally reflecis fwao
nonreversed images of an object, if an
observer holding the micror with one
hill &t 13:00 begins to ratate the top of
the mirros toward him, the two noore-
versed Images move toward the mirros’s
planar region. When ihe ts'o images are
close enough Lo the planarregion, one of
them divides into three rew images, two
of them nonreversed &nd one reversed.
If the mirrer is then durned again, the
reversad image may annzhilate any one
of the three nonreversed images, leav-
ing agzin oaly two noareversed imapges.

ke third kind of boundary on com-
pound mirrors is one that changes
the imwerting properties of the bound-
ary parallels bot not of the perpendicu-
fars. [ eall this kind of boundary 2 torus
boundary because it separztes the con-
e outer region and the saddle-shaped
mner region thai make up a torus-
shaped mireor. There are actuzlly fwo
torus boundaries an a toras mirror, one
boundary joining the convex and saddle
regions arownd the bodtom of the torus
and the olher joining the twg regions
arpund the top. For the purpases of this
discussion, however, it will suffice ta
consider the torus from the top view
onty, g0 that the bwa basic regions form
a pair of concentric rings, wilth the sad-
dle region on the inside, the convex re-
gion on the outsidde and a single forus
boundary separating the two
Viewed axially, this section of & tarus
mirror presents two images of 2 single
object: & reversed imags on the onter
convex region and 1 noarcversed iFrage
on the inner saddie region. Although
these imapes have oppesite handedness,
they differ from the epantiomorphic
pairs reflecied m bell or matriv mirroes
in that they are not placed symmetrical-
ly with respect 1o the boundary between
them. Insiead the fwo torus images ap
pedr 180 degrecs apart on their respec-
tive rings. Far example, when the object
iz a clock face, the borus mirrar gen-
erales [Wo Concentric Imapes, one re-
versed and running counterclockwese in
the convex region and one nonreversed
fmr also running counterclockwise in the
saddle region. Hence if the 12 on the
auter imape appears at 12:00, the 12 en
the inner image appears o1 6:00. In efec
the. nonreversed image of the clock is
turped inside ouwt: the neareversed -
merals run counterclockwise and their
tops point irward, The connection be-
tween the reversed and the nonreversed
images on a lorus mirror is unusaal,
For exomple, the reversed 12 appeirs
clese 1o the nonreversed 4,
If abjecis are moved over the tarus
mirrar, their images undergo pecaliar
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BOUKMOARY PARALLELS

o
BOUMDRAY FERPENDICLEARS

TORUS BOUNDARY {eid Mack) changes the inverfing proper-
ties of boundsry parallels (sroben blecd) bat pot thots of houndary
perpetidiculans {frokar folor] O the torusshaped mirror shown in
the dizgram at the 1ifi, the (e boundsry separates the duter convex
region of the mimror from the inmer saddieshaped regioe. These re-

mohons near the torus boondary, In-
gtead of annihilating each other, like en-
antiomorphic imagee on a bell mirror or
a matrix mirvar, the images flow togeth-
¢r 10 form an extremely distoried image
aE the tarus boundary, The reversed and
neareversed images of & single object
combing (o form o ring-chaped image:
the ring iz compossd of pars of fouor
images {fwo reversed and two nomre-
versed), The new images flow ou af the
originil nonreverséd image muoch zs
they do in multilobe mirroes.

The peculiarities of the torus mirror
bring me to the paint with which I shall
end this examination of cureed-mirror
images. From: the' preceding discnssion

IMAGE REACTIONS om & toroidsl mirror are Semontrmted b5 the
changing ferms of & reflected band. Whs the band & moved over
the mirrar, the nonreversed aage bn ibe saddleshaped region sader-
goes 8 comples xchange with the reversed image in the comves re-

SAOOLE FEGION

LOMVER REGION

TOEUS BOUMOARY

of compound mirrors it should be clear
that reversed end nonrcversed imeges
differ in more than harndedness. For ex-
dmple, all nonreversed Emapges cam To-
taie with respect to fixed abjects, whers-
as their reversed cOUNCErPpErts 2Fe con-
srained o remain either upright or
mveried. Moreower, afthough on bell
end matrix mirrers reversed and nonne-
versed imapges are elways 2ffected equal-
Iy by p=ir and double-pair creations and
amnibslenons, on muliilobe and torus
ImETOEE B noareversed mepe may divide
nlo thres new Images (iwo nonreversed
end oo reversed), whereas 1% reversed
maie remams miact

Althongh tmages can be created and

ghmns create pairs of imsges that have oppesile handedness and are
positioned 180 degrees apart. Is the photopraph at the right a cleck
fsce & riflecled a8 TWo concimiric image o, ecoe reversed and man-
mig counlerchockwise and the other monreversed and also rannimg
coumlerclockwise, The inner clock appeans to be terned Insbde ouL

destroved, reverssd and nosrewersed
images always appear and disappear
m egual numbers, even in the multilebe
and torus mirross. For o given com-
pound mirror the number of reversd
images minus the number of nonre-
versed Images is & constant “magic num-
ber,” no miller bow many images exist
aftogether. For cxample, the five-by-five
midlris mirer caEn give rise o 13 rec
versed images and 12 nonreversed fm-
ages; itz magic number & 13 — 12 ar 1.
[f the mirree is tipped 50 that four rows
of five imsges cach annibilate ane an-
ather, five single imoges remain; three
gre revepsed and two are nonreversed,
50 thut the magic oumber sl equealy |

gise. The sxchamge of ene image for the viber on the toroidal mirror
& geite wnlikr the creation snd annihilation of paired imoges o o bell-
whaped mirror: on the (orus fthe revensed and nenreversed images af n
single ohject sre ot adjscent but are 180 deprees from each other.
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		- O primeiro, menos elaborado, consiste em uma chapa espelhada (inox, ou qualquer outro material espelhado que não apresente qualquer rugosidade ou dobra), a qual será curvada e inserida no interior de um tubo de PVC usado comumente em construções. O tubo rígido servirá apenas como suporte para o material espelhado. Esta implementação, por utilizar materiais mais simples, mas ainda assim conseguindo manter íntegra a essência do fenômeno abordado, visa a sua fácil reprodução por eventuais interessados em apresentar esse experimento em sala de aula ou qualquer outro meio de divulgação científica, onde queiram explorar os conceitos físicos associados. 

		- O segundo, um pouco mais laborioso, consiste em recobrir tubos de vidro em formato cilíndrico, nas especificações de dimensão estabelecidas previamente, por uma fina camada de tungstênio evaporada e depositada sobre a superfície de vidro em uma câmara de alto vácuo. A viabilidade deste processo de metalização já foi discutida com o especialista do laboratório didático de vácuo do IFGW (Sr. Carlos Salles Lambert), que irá acompanhar e efetuar o procedimento. Por envolver técnicas de irradiação de metais e necessitar de uma câmara de alto vácuo, essa implementação não é amplamente disponível.  
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The Levitating Buddha:
Constructing a Realistic
Cylindrical Mirror Pseudo Image

Maria Alicia Caussa t, Escuela Tecnoldgica No. 8 “Juan Bautista Alberdi,” La Plata, Argentina

H éC tor Ra ba I » Universidad Nacional de La Plata, Argentina

M l k Iya Muramats U, Tnstitute of Physics, University of Sao Paulo, Brazil

here are several interesting experiments

involving image formation that can be easily

implemented using mirrored foil, a very inex-
pensive material. When the foil is somewhat bent by
holding its opposite edges and slightly pulling them
together, cylindrical surfaces are generated. They
behave as cylindrical mirrors, and circular or ellipti-
cal cross sections can be made. A project that can be
easily built with the mirror foil is the generation of
a pseudo image that is so compelling in its appar-
ent reality that it can easily be taken to be the object
itself.

When a mirror foil is bent into a complete circular,

Continuum of
pseudo images

Observer
TRy
TR PVC tube
with mirror
mylar

Object

Fig. 1. Pseudo image formation near the axis of a mir-
rored cylinder. After only one reflection in the mirror
each object point is mapped into an axial line, and
a continuum of images can be perceived when the
observer moves axially. Two such images are shown.

THE PHYSICS TEACHER & Vol. 44, October 2006

cylindrical mirror, a slender object located along its
axis forms a continuum of pseudo images along the
same axis (see Fig. 1). These pseudo images along

the axis can be of very good quality. To that end, care
must be taken that the cylinder is as perfectly round

as possible. Besides, the object must be of restricted
extension in the radial direction for deformations (due
to spherical aberration) to remain tolerable.

The observed result is not technically an image,
as not all the rays coming from an object point go
through a single point (as also happens in anamorphic
images in cylinders). Instead, the mirror behaves as an
axicon,! because rays coming from every point in the
object contribute, after one reflection in the mirror,
to a focus line in the axial direction. These rays also
seem to come from a virtual line image in the trans-
versal section containing the point. Asa consequence,
the observed image has a strange behavior; when the
observer moves in the axial direction the image ac-
companies the movement (Buddha seems to levitate
in Fig. 2). The image is also rotated 180° around the
axis of the cylinder with respect to the object.?

The astigmatism of the image formed by a cylin-
drical mirror and other related facts were recently
discussed in detail.? As shown in Ref. 3, rays from a
point object converge to two “line images” instead of
a single point image. One of them is real and the other
is virtual. For an object at the center of the cylinder, as
in this case, the real line image is also along the axis.
Let us call the radius of the cylinder R and restrict our
attention to the image of points on its axis. The focal
length of a horizontal cross section of the cylinder is

DOI: 10.1119/1.2353588 443





Fig. 2. The levitating Buddha pseudo
image. PVC tube is 10 cm in diameter
and 12 cm high.

R/2 (half the radius) as it behaves as a spherical mirror,
and the object distance to the mirror is R, so the line
image distance is also R with unit magnification. In
this case, the virtual line image is a circle of radius 2R
in the same horizontal plane as the object. A viewer’s
gaze must pass through both of the line images to
receive the rays, so the axial image seems to move ver-
tically accompanying the movement of the observer.
When the image is observed with both eyes, their axis
convergence locates the image near the center of the
cylinder if the eyes are in a direction transversal to the
cylinder axis and behind the mirror if the eyes are par-
allel to that axis. When the image is illuminated with
a flashlight or a laser, the illusion is that the object
itself is being illuminated. This experiment also helps
verify that only one reflection in the cylindrical mir-
ror is involved for each ray as it can be easily observed
following the laser ray. Hints to improve the effect: It
is convenient to include in the scene some neutral ma-
terial (such as dark velvet) as a background to distract
away from the regions where aberrations are impor-
tant. Use an object that can be easily recognized, and
also one where deformations do not necessarily impair
the apparent quality of the image. One possible way
to continue the experiment is to suggest pupils ex-
plore what happens to the image when the cylinder is
slightly modified into a cone.

There is a device on the market that produces a
real image with some similarities to this one. It is
composed of two high-quality (and prize) parabolic
mirrors face to face, one of them with a hole where the
real image is formed.# Each ray suffers two reflections
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in that device. The one we are describing is very cheap
and can be easily constructed in a classroom. It re-
quires only a piece of PVC tube and a piece of mirror
foil, which cost only a few dollars.
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Spielwiese

Das Bild vom Bild -
der Zauberspiegel Mirage

CHRISTIAN UCKE

Ein Griff ins Leere, wo man etwas deutlich
sieht — das verbliifft schon. Méglich macht
das eine einfache optische Konstruktion, die
aus zwei parabolischen Hohlspiegeln zusam-
mengesetzt ist. Damit entsteht das reelle Bild
eines Gegenstandes, das man auf den ersten
Blick nicht von der Wirklichkeit unterscheiden
kann.

ine Fata Morgana ist eine optische Illusion. Versucht

man, sich ihr zu nihern, so wandert sie scheinbar weg
oder verschwindet ganz. Bei dem Zauberspiegel Mirage ist
es noch schlimmer: Deutlich sieht man zum Greifen nah
und dreidimensional einen Gegenstand - und kann ihn
doch nicht anfassen. Dieser Illusion kann man sich selbst
mit dem Wissen um ihr Zustandekommen nicht entziehen.

Dieses Verwirrspiel erzeugt ein Zauberspiegel, Mirage
genannt. Er besteht aus zwei gleichen, annihernd parabo-
lischen Hohlspiegeln, die mit der Offnung aufeinander lie-
gen. Die kommerziell erhiltlichen Spiegel haben tublicher-
weise einen Durchmesser von 23 cm (Abbildung 1). Der

Abb. 1 Der Zauberspiegel Mirage besteht aus zwei gleich
grofBen Hohlspiegeln. Nur in der linken Abbildung, in der die
beiden Hiilften aufgeklappt sind, sieht man das reale
Schweinchen im Hohlspiegel. Bei den beiden anderen Abbil-
dungen handelt es sich um das reelle Bild der Figur.

© 2007 Wiley-VCH Verlag GmbH & Co. KGaA, Weinheim

obere Hohlspiegel hat zentral ein Loch von sechs Zentime-
tern Durchmesser. Befindet sich in der Mitte des unteren
Spiegels ein kleiner Gegenstand von nicht mehr als etwa ei-
nem Zentimeter Grofde, so erscheint er bei optimal schri-
gem Einblick als dreidimensionales, reelles und seitenrich-
tiges Bild genau in der Offnung des oberen Spiegels. Das
Loch selbst verhilt sich wie ein Spiegel. Das Schweinchen
in Abbildung 1 spiegelt sich darin. Nihert man dem Loch
eine Fingerspitze, spiegelt sie sich darin: Man kann mit dem
Finger durch den imaginiren Spiegel hindurchsto3en. Es
spiegelt sich sozusagen Etwas an Nichts.

Entdeckung per Zufall

Die Entdeckung eines solchen Zauberspiegels geschah -
wie nicht selten - durch puren Zufall. Etwa 1970 siuberte
der Angestellte Caliste Landry ein Labor in Santa Barbara in
der Universitit von Kalifornien und stief dabei auf einige
sehr grofse Hohlspiegel von Suchscheinwerfern. Sie lagen
zufillig so wie beim Zauberspiegel Mirage aufeinander.
Landry wollte den Staub in der Offnung des einen Spiegels
wegwischen - da war aber nichts. Sofort benachrichtigte er
den Physikprofessor Virgil Elings tiber den verbliiffenden Ef-
fekt. Beide zusammen patentierten dann 1972 diese Ent-
deckung [1]. Im gleichen Jahr kaufte Virgil Elings seinem
Patentkollegen alle Rechte ab und verkaufte sie 1977 wei-
ter an die amerikanische Firma Optigone, die seither das
Original herstellt. Sie hat auch ein Modell ,Giant Mirage“ mit
einem Durchmesser von 56 ¢cm im Angebot. Da das Patent
mittlerweile ausgelaufen ist, sind jetzt Nachbauten auf dem
Markt, bei denen die Kriimmung der Spiegel nicht immer
ausreichend gleichmifig ist, wodurch Verzerrungen bei den
optischen Erscheinungen auftreten.
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ABB. 2 ’ STRAHLENGANG
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Hohlspiegeln.

Die Erklirung dieser optischen Illusion macht man sich
an Hand einiger Uberlegungen zum Strahlengang in Hohl-
spiegeln klar. Die mir bekannten Modelle von Hohlspiegeln
haben tbrigens weder eine eindeutig parabolische, noch
eine eindeutig sphirische Form, sondern liegen irgendwo
dazwischen. Der prinzipielle Unterschied zwischen beiden
Formen liegt darin, dass ein parabolischer Hohlspiegel einen
exakten Brennpunkt fiir ein Parallelstrahlenbiindel hat,
wihrend ein sphirischer Hohlspiegel eine so genannte

ABB. 5

OPTISCHE ABBILDUNG
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Berechnung der optischen Abbildung. Hierin sind M; und M-
die Kriimmungsmittelpunkte der Spiegel, F; und F, Brenn-
punkte, r der Kriimmungsradius und t der Abstand der
Scheitelpunkte der Spiegel.
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ABB. 4 BLICKWINKEL
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Spiegel 2

Die lllusion ist nur unter gewissen
Blickwinkeln sichtbar.

Kaustik aufweist: Ein Parallelstrahlenbiindel vereinigt sich
nicht genau in einem Punkt. Fiir die Illusion ist das praktisch
nicht von Bedeutung, da eine optische Verzerrung der fiir
die Abbildung verwendeten kleinen Gegenstinde kaum
sichtbar ist. Die folgenden optischen Konstruktionen be-
ziehen sich auf einen parabolisch geformten Hohlspiegel,
lassen sich aber ohne wesentliche Anderungen auf sphiri-
sche tibertragen.

Die Hohlspiegel liegen so aufeinander, dass sich die
Brennpunkte beider Spiegel jeweils gerade im Scheitel
des gegeniiberliegenden Spiegels befinden. Vom Punkt P
(Brennpunkt F; des Spiegels 1) ausgehende Strahlen werden
deshalb am Spiegel 1 parallel reflektiert und dann am
Spiegel 2 in den Brennpunkt F, des Spiegels 2 fokussiert
(Abbildung 2). Dort entsteht deswegen ein reelles Bild ei-
nes Gegenstandes, der sich im Punkt P befindet.

Da beim Punkt P jedoch auSerdem ein virtuelles Bild
des Gegenstandes am Spiegel 2 entsteht (Abbildung 3), er-
gibt sich zusitzlich ein reelles Bild des virtuellen Bildes. Das
Schweinchen scheint auf einem Spiegel zu stehen. Die re-
ellen Bilder sind aufgrund der Mehrfachreflexion in den
Spiegeln kontrastschwicher als die Originale.

Aus dem Strahlengang in den Hohlspiegeln ergibt sich
auflerdem, dass die Illusion nur unter gewissen Winkeln
sichtbar ist. Bei zu steilem Hineinblicken in das Loch er-
kennt man nur das Original, bei zu flachem Einblick sieht
man nur eine Spiegelfliche (Abbildung 4). In einem sehr
schmalen Winkelbereich relativ nah am Loch sind Illusion
und Original gleichzeitig (beispielsweise in Punkt Q) er-
kennbar. Je nach Objektgrofie konnen die eingezeichneten
Winkelbereiche noch schmaler sein.

Geometrische Optik am Zauberspiegel
Mit der grundlegenden Formel (1) fiir die Abbildung an
sphirischen Hohlspiegeln lassen sich einfache Berechnun-
gen durchfiihren, die zu tiberraschenden Resultaten fithren
[2,3].

© 2007 Wiley-VCH Verlag GmbH & Co. KGaA, Weinheim





In ihr bedeuten s die Gegenstandsweite, s' die Bildweite, f
die Brennweite und » der Kriimmungsradius des Spiegels:
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Ein reelles Bild im Loch des oberen Spiegels kann grundsitz-
lich nur durch eine gerade Anzahl von Reflexionen an den
Spiegeln entstehen. Betrachten wir zunichst nur zwei Re-
flexionen (Abbildung 5). Ein Gegenstand G erzeugt am
Hohlspiegel 1 ein reelles Bild By, das aber nicht realisiert
wird, weil Spiegel 2 im Weg ist. Da der Abstand ¢ der Spie-
gel gleich der Gegenstandsweite s ist, gilt

@

~ | =

1 2
+ ==

s r
Damit ergibt sich s' = tr/(2t - 7).

Das Bild B; ist der ,Gegenstand“ fiir die nichste Refle-

xion an Spiegel 2. Wir substituieren s = ¢ - s' und benutzen
wieder Formel (1)
2 6)
r

1
s Ty
Daraus folgt s" = 2tr(t - ©)/(r* - 6tr + 41%).

Das Bild B, befindet sich genau dann im Loch des ersten
Spiegels, wenn s" = ¢ ist. Damit ergibt sich eine Bestim-
mungsgleichung fiir den Abstand #:
412 - 8rt + 32 = 0. 4
Diese quadratische Gleichung liefert zwei Losungen:

t; = 0,57 und £, = 1,57.

Die erste Losung stellt den schon diskutierten Fall dar;,
dass das Loch des Spiegels 1 genau im Brennpunkt des Spie-
gels 2 liegt. Die zweite Losung ist jedoch uiberraschend. Be-
finden sich die Spiegel im dreifachen Abstand der Brenn-
weite (Abbildung 6), so ergibt sich ebenfalls ein reelles Bild.
Dieses lisst sich auch tatsichlich - mit etwas Aufwand - be-
obachten. Man muss den oberen Spiegel nur vorsichtig bis
zu dem gegebenen Abstand hochheben. Dabei sollte man
seitlich einfallendes Streulicht moglichst vermeiden, da das
Bild sonst kontrastschwach wird.

Noch iiberraschender ist jedoch, dass man beim Hoch-
heben des oberen Spiegels noch viele weitere reelle Bilder
sieht. Diese entstehen beispielsweise durch vierfache Re-
flexion. Mit der gleichen Vorgehensweise wie oben lassen
sich die entsprechenden Abstinde der Spiegel berechnen.
Allerdings wird das Verfahren schnell uniibersichtlich und
fithrt im Weiteren zu Polynomen hoherer Ordnung, die dann
keine geschlossene Losung mehr ermoglichen.

Mit geeigneten Spiegeln von Autoscheinwerfern oder
Ahnlichem Lisst sich der Doppelspiegel auch selbst bauen.

Zusammenfassung
Der Zauberspiegel, Mirage genannt, besteht aus zwei glei-
chen, annédhernd parabolischen Hohlspiegeln. Diese liegen
mit der Offnung aufeinander. Der obere Spiegel hat ein zen-

© 2007 Wiley-VCH Verlag GmbH & Co. KGaA, Weinheim

ABB. 6

DREIFACHER ABSTAND

Spiegel 2

trales Loch, in dem zwei reelle Bilder eines Gegenstandes er-
scheinen, die man auf den ersten Blick nicht von der Wirk-
lichkeit unterscheiden kann. Der Gegenstand selbst befindet
sich am Boden des unteren Spiegels. Mit den Gesetzen der
geometrischen Optik ldsst sich dieses Phdnomen erkléren.

Stichworte
Zauberspiegel, Mirage, geometrische Optik, optische Tdu-
schung.
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Auch im dreifa-

chen Abstand der

Spiegel ist ein
reelles Bild zu
beobachten.
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