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ABSTRACT. Weber’s electrodynamics is utilized to model supercon-
ductivity. We show that it successfully reproduces well known super-
conducting effects like the London moment, the Meissner effect and the
London penetration depth. The calculations presented here have the
advantage to include the mass of the free electrons where they belong,
namely, in Newton’s second law of motion.
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1 Introduction

In this work we utilize Weber’s electrodynamics to model superconduc-
tivity. As there is no resistance in superconductors, free electrons will
be accelerated under the action of electromagnetic forces. After the ex-
ternal force is removed, any acquired velocity will continue indefinitely
with its constant magnitude.

We first consider the London moment, namely, the magnetic moment
acquired by a rotating superconductor. When we rotate a superconduct-
ing body relative to an inertial frame of reference with an angular veloc-
ity Q a magnetic field B= QmQ/ e is developed throughout its interior,
where m = 9.1 x 1073! kg > 0 and e = 1.6 x 107!? C' > 0 represent the
magnitude of the electron’s mass and charge, respectively.
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We then consider the Meissner effect [1]. Experiments show that the
net magnetic field inside superconductors in the presence of an external
applied magnetic field decreases exponentially from the surface inwards
with a characteristic length called London penetration depth, Ap. A
surface current is induced in the superconductor material creating an
induced magnetic field inside it which completely opposes the external
applied magnetic field. This phenomenon is called the Meissner effect.

It is shown here how to deduce these two effects, the London mo-
ment and the Meissner effect, from Weber’s force coupled with Newton’s
second law of motion. The usual theoretical treatment of these subjects
is based on the works of Becker, London and co-authors |2, 3, 4, 5|. In
these earlier works the mass of the free electrons was introduced ad hoc
in purely electrodynamic equations describing the magnetic field of the
superconducting material. In the model presented in this work, on the
other hand, the mass of the test particle appears where it really belongs,
namely, in Newton’s second law of motion. This is the main advantage
of the present calculations.

The existence or not of an electric field penetration depth in super-
conductors will not be considered in the present work [6, 7]. It should be
emphasized that the London equations and the Meissner effect can also
be derived in purely classical terms based on the principle of minimum
action [8, 9.

2 Weber’s Force

Consider an inertial frame of reference S with origin O and a point
particle 1 electrified with charge ¢;. Let ¥y = z1Z 4+ y19 + 212 be its
position vector relative to the origin O of S, while 75 = x2Z + Yoy + 222
is the position vector of another point particle 2 electrified with charge
q2. The velocities and accelerations of these charges in S are given by,
respectively: @, = dry/dt, v = diy/dt, @ = dvy/dt = d*7/dt* and
Gy = diy/dt = d*7y/dt?.

The position vector pointing from ¢, to g; will be defined by 75 =
1 — 9 = 7. We also define in this reference frame the relative vector
velocity U712 and the relative vector acceleration di2 by the following
expressions: 1o = U1 — U2 and d12 = dy — do. The charges are separated
by a distance rio = r = \/(xl —29)%2 4 (y1 — y2)? + (21 — 22)%. The unit
vector 7 pointing from 2 to 1 can be written as 712 = 7 = (71 — 72) /7.

In the International System of Units and in vector notation Weber’s
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force ﬁgl exerted by particle 2 on particle 1 is given by [10, 11, 12, 13,
14, 15]:

A .2 ..

- — qiq2 T r rr
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2 2 dre, 12 ( 22 2 )

Z;Zi 7"% {1 + ;12 (1712 ‘U2 — g (7 T12)® + Fiz - 512)] (1
Here ﬁ]g is the force exerted by ¢; on ¢o, 7 = dr/dt is the relative radial
velocity between them, while ¥ = dr/dt = d*r/dt? is the relative radial
acceleration between the charges. In vector notation these magnitudes
can be written as: 7 = 7+ and 7 = [1712 - U19 — (’/‘A . ’(712)2 + 79 - 512] /’I".
The constant ¢ = 1//i08, = 2.998 x 10% m/s is the ratio of electromag-
netic and electrostatic units of charge. Its experimental value was first
determined by W. Weber and R. Kohlrausch. Its value is the same as
light velocity in vacuum.

In this work we will be dealing with neutral materials, so that the
electrostatic or coulombian component of equation (1), q;qo7/(4me,r?),
will not need to be considered in the calculations. For the London mo-
ment, the superconductor material is rotated mechanically relative to the
laboratory with velocities of the order of meters per second. The con-
duction electrons will acquire velocities of the same order of magnitude,
so that v; < ¢ and v < ¢, where v; = |v1| and vy = |Us|. Therefore, the
velocity components of Weber’s force (1) will be very small compared
to light velocity and will be neglected in the following calculations. The
only remaining term of Weber’s force which will need to be considered
here is the last component depending on the accelerations d; and do,
namely:

ol q1g2 T Ti2 - d12 toq1G2 T . 5
Fo = — = = (19 - d12) . 2
2 dme, 2 2 47 r (12 - G12) (2)

3 The London Moment

The London moment was predicted by Becker, London and others con-
sidering two cases: (I) a superconducting body set into rotation relative
to an inertial frame of reference, and (II) a rotating normal metal cooled
into the superconducting state while rotating [2], [5, pp. 78-83] and [16].
In this work we consider case (I) with two geometries, namely, a rotating
cylindrical shell and a rotating spherical shell.
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3.1 Rotating Cylindrical Shell

We first consider a superconducting cylindrical shell of radius R, and
infinite length with its axis along the z axis. We suppose it is com-
posed of a single monoatomic layer of superconducting material. This
assumption is utilized to illustrate clearly what are the source charges
producing the effect, the net forces they exert on the test charges and the
resulting motion of these free electrons. Arguments have already been
presented to show that if the London penetration depth (usually tens of
nanometers) is much larger than the thickness of the shell (monoatomic
in this first model, that is, of the order of one angstréom), then there
will be no London moment [17]. In Subsections 4.2, 5.1 and 5.2 we will
expand the monoatomic layer model to a model with many layers and
to a more realistic model of a continuous superconducting body with a
finite thickness.

The cylindrical shell is assumed to be electrically neutral, being com-
posed of a positive lattice with surface charge density o9y = 02 > 0 and
a set of free electrons with surface charge density oo = —o3. The
positive lattice will be identified with the macroscopic superconducting
sample, so that when we say that the superconductor is rotating with an
angular velocity Qg, the lattice is assumed to rotate with the same ve-
locity, namely, Q% = Qg We assume that the positive cylindrical shell
and the conduction electrons are initially at rest relative to the inertial
frame of reference S. In the time interval from ¢ = 0 to the final value
t = t; the superconducting material is rotated mechanically around the
2 axis with a variable and given angular velocity Qa4 (£) = Qo4 (£)2, until
it reaches a final and constant angular velocity QQJF ¢ = Qaypz. Our goal
is to calculate for 0 < t < ty Weber’s force exerted by this positive cylin-
drical shell acting on a test free electron located at a distance p from the
axis of the shell, figure 1. We then apply Newton’s second law of motion
in order to deduce the corresponding motion induced in the conduction
electron. That is, we assume that when we rotate the superconducting
material, only part of the body (lattice plus bound electrons) does indeed
rotate with the material. The free electrons, on the other hand, don’t
rotate together with the lattice because they don’t feel any friction. In
our model the free electrons will be dragged behind the positive lattice
due to the action of an induced Weber-force exerted by the lattice.

Consider an element of source charge dgs of the cylindrical shell
having a surface charge density oo and area das. In cylindrical coor-
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Figure 1: Particle with charge ¢; at a distance p; from the axis of a
cylindrical shell of length ¢ and radius Rs rotating relative to the inertial
frame of reference S with an angular velocity 5 (¢) around the z axis.

dinates das = Rodpadze, where ¢ is the azimuthal angle. Therefore,
dgs = 02das = 02 Rodpadzs. When the cylindrical shell is rotating with
angular velocity Q9(t) around the z axis, the position vector, velocity
and acceleration of this element of charge are given by, respectively:
7o = Ropo + 222, Uo = Roopo and dy = —RQQ%ﬁQ + RQQQ@Q, where
P2, ¢2 and Z are the unit vectors of cylindrical coordinates at the loca-
tion of dga, while Q = dQ/dt. The test charge ¢; will be a conduction
electron belonging to this cylindrical shell. It may also have centripetal
and tangential components of its acceleration. We assume that contact
forces maintain the conduction electrons at a constant distance p; = Rs
from the axis of the cylinder, so that p; = 0 and p; = 0. We consider
the test charge located at z; = 0. We assume that it will move along the
tangential direction ¢ with an angular velocity wi(t). Its position vec-
tor, velocity and acceleration are then given by, respectively: 71 = p1p1,
1 = prwipr and @ = —p1wipy + p1wiP1, where Wy = dwy/dt. Equa-
tion (2) yields the force exerted by the source charge dgs acting on the
conduction electron ¢ .

Integrating equation (2) over the surface of the cylindrical shell yields
the following net force acting on the test electron along the tangential
or azimuthal direction ¢1:

[eS) 2 ~
R oudga .
F:/ / Pl T (5, o)
z 2=0 0 r

2=—00
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_MOQIU232(Q2 —w1)p1p1/2, if p1 <Ry,
= ~Hoq102R2(Q2 — w1)Ra1 /2, if p1 =Ry, (3)
—10q102 Ro(Qa — W1)R3¢1/(2p1) ,if pr > Ry .

The calculation with p; = Rs and Qz = 0 had already been presented
before [18].

We now apply Newton’s second law of motion to a conduction elec-
tron located at p; = R, and moving only along the azimuthal direction,
namely:

—

F= m15:1 = ngdJl(ﬁl . (4)

Here F' represents the total force acting on the test electron with inertial
mass m; =m = 9.1 x 1073! kg. We are considering only the azimuthal
component of this force along the ¢ direction, as contact forces prevent
the electron from moving along the radial p direction.

There are two sets of charges exerting forces on any specific conduc-
tion electron, namely, (a) the positive lattice rotating around the z axis
with angular velocity Qo4 (¢); and (b) all the other conduction electrons
rotating around the z axis with angular velocity wy_(¢). These forces
exerted by the positive and negative charges of the cylindrical shell and
acting on any specific test electron with charge ¢ = —e < 0 will be rep-
resented by ﬁ2+7_e and ﬁg_v_e, respectively. As all conduction electrons
rotate together around the z axis, we have 7 = 0 and # = 0 for any
pair of electrons. Therefore, there will be no net component along the
azimuthal direction acting on any specific conduction electron due to all
the other conduction electrons, so that Fg_ _o = 0. The net force F
acting on any conduction electron will be then due only to the rotating
positive lattice of the shell, that is, F = F2+ et F2_ —e = F2+ e

We now combine Newton’s second law of motion, that is, equation
(4), with equation (3) for p; = Ry. Considering the force of the positive
lattice acting on a conduction electron we obtain the following equation
of motion:

o R Q —u R
_ Hoq102Ra( ;+ “1-) 2¢1 = mRyin_¢1 (5)

or
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el )

o = —wel
1 m+|mwc| 24+

where g1 = —e < 0. Here e = 1.6x107'° C' > 0 represents the magnitude
of the charge of the electron, while |mw.| = poeoaRa/2 > 0 represents
the magnitude of the so-called weberian electromagnetic mass for this
cylindrical geometry [18, 19].

Equation (6) shows that w;_ is proportional to Qs at any time ¢
during the time interval 0 < ¢t < t;. Therefore, wq_(¢) will also be pro-
portional to Qa4 (¢), no matter how Qo changes with time. Assuming
that the shell and the test electrons begin at rest, 94 (0) = w1 (0) = 0,
then the final value of wy_, represented by wi_(ty) = wi—y, will be pro-
portional to the final angular velocity of the positive lattice represented
by Qoy(t) = Qayy, that is:

v ")

=—7"" Q0 .
wi-s m+ my.| 21

This equation is valid no matter how fast the superconducting shell
reaches its final angular velocity. It can reach Q24 in 1 second or in 1
hour. It will also be valid if the angular velocity of the shell grows lin-
early, sinusoidally or with any other function of time. That is, the final
value of the angular velocity of the conduction electrons will be indepen-
dent of the history of how the rotating shell reached its final value. The
final state, namely, the final angular velocity of the conduction electrons
wi—f, will not depend on the history to get there. In conclusion, w;_y
will not depend on how Q4 (¢) changed with time. It will only depend
on the final value 22, r acquired by the superconductor material.

In any macroscopic material we have |my.| > m. For instance, in
the case of a niobium cylindrical shell of radius Rs = 0.1 m and surface
charge density oo ~ 2 C/m?, we have |mw.| ~ 2 x 1072 kg, which
is some five orders of magnitude larger than the inertial mass of a free
electron. With this condition equation (7) can be approximated to

m
([l ——)0Q 8
.y ( |mWC|) ves . (8)

where m/|mw.| < 1.

Therefore, according to Weber’s electrodynamics, when we rotate a
superconducting shell clockwise, the positive charges of the lattice will



314 A. K. T. Assis and M. Tajmar

exert a clockwise force on the conduction electrons making them move
in the same direction as the lattice. However, the inertial mass of the
electrons will make them lag slightly behind the positive lattice, figure
2 (a).

2 O, ¢

(@) (b)

Figure 2: (a) When the positive lattice of the superconducting cylindrical
shell is rotated around the z axis with an angular velocity 2o, ¢, it causes
the set of conduction electrons to rotate in the same sense with a slightly
smaller angular velocity wi—y = (1 — m/|mwc|)Qa4yr. (b) Magnetic
field B inside, at the surface and outside a rotating superconducting
cylindrical shell.

As is well known, the magnetic field B(p) at a distance p from the axis
of a cylindrical shell of radius R and surface charge density o rotating
uniformly around the z axis with an angular velocity 22 is given by:

—

é(p < R) = Bint = toRoQ2 |
B(p = R) = Bsur = tloRoQ2/2 , 9)
B(p>R)EBext:6.

Here Eim is the internal magnetic field at p < R, ésm is the magnetic
field at the surface p = R, while B, is the external magnetic field at
p> R.

We can now calculate the magnetic field of the rotating supercon-
ducting cylindrical shell of radius Ry composed of a positive lattice with
surface charge density 24 = o2 > 0 rotating around the z axis with
an angular velocity €24 ¢, combined with a set of free electrons having
a negative surface charge density oo = —oy and rotating around the z
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axis with an angular velocity wi_f = (1 — m/|mw.|)Qa1s. For p < Ry
equation (9) yields:

é(p < RQ) = Eint = ILLORQO'QQQ_HC,% — /LOR202w1_f2

A m A
= MORQJQQQ+fZ - /J,ORQO'Q <]. — ) QQJer
[mwe|
/,LORQO'Qm R 2m A
= Wﬂwz = —{ays2 . (10)

Similar calculations yield the magnetic field at p = Ry as given by
E(p =Ry) = Baur = mSoy sZ/e, while the external magnetic field goes
to zero for p > Ry, that is, B(p > Ry) = Bew = 0, figure 2 (b). It is
normally assumed that the magnetic field throughout a superconductor
has the value B = 2mQ /e. Our new result indicates that in the cylindri-
cal shell model with a single monolayer this value of the magnetic field
will be valid only inside the superconductor, being zero outside it and
having half of this value at its surface. In the next model of a super-
conducting spherical shell we will show that the radial component of the
magnetic field is continuous at the surface of the material, while only
the component parallel to the surface will be discontinuous.

Equation (10) is exactly the London moment, which has been exper-
imentally verified many times [20]. It indicates that the magnetic field
points in the same sense as the angular rotation of the superconducting
material. That is, the produced magnetic field is parallel to the angular
velocity of the positive lattice.

3.2 Rotating Spherical Shell

We now consider the same problem in the configuration of a supercon-
ducting spherical shell of radius Rs centered on the origin of the co-
ordinate system with the shell initially at rest in the inertial frame of
reference S. The positive lattice of this shell has a surface charge den-
sity o2+ = o2 > 0, while the negative conduction electrons have an
equal and opposite surface charge density, namely, oo = —o3. The
conduction electrons at this shell are also considered initially at rest.
We then rotate the positive lattice in the time interval 0 < ¢t < tf
around the z axis until it reaches the final and constant angular veloc-
ity Qg+f = Qo4 r2. The test particle with charge ¢; will be located at
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71 = 1171 = 71 (sin 67 cos 12 + sin b; sin 1§ + cos 01 2). Here we are uti-
lizing spherical coordinates (r, 6, ) with the angular velocity ¢ = w,
figure 3.

Z N\
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X

Figure 3: Particle with charge ¢; at the position vector 7 relative to the
origin of a spherical shell of radius Re which rotates around the z axis
with an angular velocity {2s.

We assume that contact forces will keep the mobile conduction elec-
tron at a constant distance r; = Ro from the center of the shell, so that
r1 = 0 and 71 = 0. When we rotate the shell relative to the inertial frame
of reference S, there will arise centrifugal forces pointing away from the
z axis of rotation, analogous to the forces acting on the Earth while it
is spinning daily around its axis relative to the frame of fixed stars and
causing its flattening at the poles. This effect will cause a redistribution
of charges of the spherical shell around the polar 8 direction, with free
electrons accumulating around the equator. This equatorial accumula-
tion of charges will stop when the coulombian forces generated by this
excess of negative charges at the equator balance the centrifugal force
generated by the rotation of the shell. In this stable configuration there
will be no motion of the conduction electrons along the polar 6 direction,
so that 8; = 0 and 6; = 0. It can be shown that this redistribution of
charges is negligible due to the large value of the electrostatic force when
compared with the centrifugal force. Therefore we will not consider this
effect in this work, assuming that the surface density of free electrons
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in the stable configuration will be equal and opposite the surface charge
density of the positive lattice. That is, we assume that the surface charge
density of the conduction electrons will be given by —o3, no matter the
value of the polar angle . We will concentrate our analysis in the motion
of the test electrons along the azimuthal ¢ direction.

The velocity and acceleration of the test particle relative to the
inertial frame of reference S are then given by, respectively, v; =
riwy sin 0141 and @ = —rjw? sin? 07 —r1w? sin 0; cos 91é1 +riw; sin 11
An element of source charge dgs of the spherical shell with surface charge
density oy and area das is given by dgs = oadas = o3 R2 sin fadfadps.
Its position vector, velocity and acceleration are given by, respectively:

7o = Rota = Ra (sin 2 cos paT + sin s sin o + cos 22) (11)

Uy = Rofdg sinbas , (12)

and

62 = —RgQ% Sil’l2 027:2 - RQQ% sin 02 COS 02@2 + RQQQ sin 02@2 . (13)

We integrate equation (2) over the surface of the spherical shell in
order to obtain the force exerted by the shell on a test particle with
charge ¢;. This integration yields [21] [15, Appendix BJ:

e 27 N
= odqa F
F(ri < Ry) = / / Hohi %2 (F12 - d12)
0 @

=0 2=0 47T T

. . dQ
61+QQX(QQXF1)—(;XF1] s (14)

Hoq10219
3

r1d1

3

. RS . ... R}
F(r1 > Ra) = poq102 {7”22 (7y - dy) 7 + 742 [
1 1
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The azimuthal components of equations (14) and (15) along the ¢
direction are given by, respectively:

F— {#oqmsz?‘l sin 0 (Qe — w1)$1/3, if p1 < Ry,

. : N . 16
—poqioa RS sin 61 (Qy — )P/ (372) if p1 > Ry . (16)

We now apply Newton’s second law of motion to a conduction elec-
tron with mass m; = m > 0 and charge ¢ = —e < 0 located at 71 = Ry
and moving only along the azimuthal direction ¢ with angular velocity
w1_. The azimuthal component of this equation can be written as:

—

F = mldl = ngch_ sin91¢1 y (17)

where F represents the net force acting on the conduction electron. Once
more there are two sets of charges exerting forces on any conduction
electron, namely, (a) the positive lattice rotating around the z axis with
angular velocity Qo4 (¢); and (b) the remaining free electrons spread over
the spherical shell and rotating together with angular velocity wy_(¢).
As all electrons move together around the z axis, we have 77 = 0 and
7 = 0 for any pair of electrons, so that there will be no net component of
the force along the azimuthal direction acting on any specific conduction
electron due to all the other conduction electrons. The only remaining
force acting on any conduction electron will be then the force due to the
rotating positive lattice of the shell.

Combining Newton’s second law of motion with equation (14) for
r1 = Ry and considering the azimuthal component of the force exerted
by the positive lattice acting on a conduction electron located at the
polar angle 6; yields:

_ toqioaR3 sin by -

3 (Qoy — w1 )P1 = mRow_ sinbr @y (18)
or
. lmws|
b = sl g 19
! m+ |mys| o (19)

where the magnitude of the so-called weberian electromagnetic mass for
this spherical geometry is given by |mws| = poeoaRe/3 > 0. This
equation shows that w;_ will be always proportional to Q2+, no matter
the value of the polar angle #. Therefore, all conduction electrons will
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undergo the same azimuthal acceleration around the z axis, rotating
together as a rigid body.

Once more we have |my ;| > m for macroscopic situations. We can
then integrate equation (19) from the stationary initial value Q94 (0) =0
up to the final and constant angular velocity Qo4 f(tf) = Qo4 yielding
the final approximate result for the angular velocity of the conduction
electron as given by:

wi-f = <1 - m) Doy, (20)

|mWS|
where m/|mw | < 1.

For this spherical geometry we arrived at essentially the same result
obtained earlier in the configuration of the cylindrical geometry, namely,
equation (8). That is, by rotating the positive lattice, the positive ions of
the superconductor will generate an azimuthal force on the conduction
electrons inducing them to move in the same direction as the lattice.
The inertial mass of the electrons will make them lag slightly behind the
positive lattice.

Consider a spherical shell of radius R centered at the origin of a
coordinate system and uniformly charged with a surface charge density
0. When this shell rotates uniformly around the z axis with an angular
velocity €2, it produces a magnetic field given by [22, exercise 14-6, pp.
14-3 and 14-4], [23, pp. 61 and 250] and [24, pp. 229-230]:

(r < R) = Bint = (21oR0Q/3)(cos 0F — sin 00) = (21, RoQ/3)2
(R) = Bour = toRo§2(4 cos 7 — sin 96))/6 ,
(r > R) = Beyt = poR*0Q(2 cos 07 + sin 00) /(3r3) .

oo oL o

(21)
Here Emt is the internal magnetic field at r < R, Esm is the surface
magnetic field at » = R, while B¢, is the external magnetic field at
r > R.

The internal magnetic field is uniform, having the same magnitude
and direction anywhere inside the shell. Outside the shell we have a
dipolar magnetic field. The radial component of the magnetic field along
7 is continuous at the surface of the material. On the other hand, the
poloidal component along é, parallel to the surface, will be discontinuous
at r = R.
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We can now calculate the magnetic field inside a rotating supercon-
ducting spherical shell of radius Ry composed of a positive lattice with
surface charge density oo = o2 > 0 rotating around the z axis with
an angular velocity €2a ¢, combined with a set of free electrons having a
negative charge density oo = —0o9 and rotating around the z axis with
an angular velocity wi—y = (1 — m/|mws|)Q24f. From equations (20)
and (21) we obtain:

- — 2 .2 m N
B(T < RQ) = Bint = *M0R20292+f2 — 7M0R20-2 1—-— QQJer
3 3 |mwé|
2m .

Once more we obtained the London moment from Weber’s electrody-
namics combined with Newton’s second law of motion. This effect was
now obtained by rotating a superconducting spherical shell around its
axis. We showed that the magnetic field anywhere inside the rotating
superconductor will be given by 2m€ly. r/e.

4 The Meissner Effect

The Meissner effect was discovered by Meissner and Ochsenfeld in 1933
[1]. The net magnetic field inside a superconductor in the presence of
an external applied magnetic field goes to zero due to surface currents
induced in the material. This phenomenon has since then been observed
in two cases, namely, (I) applying a magnetic field in the presence of a
superconducting body, and (II) a normal metal cooled into the supercon-
ducting state in the presence of an applied magnetic field. In this work
we consider case (I) from the point of view of Weber’s electrodynamics
with two geometries, namely, cylindrical and spherical shells.

4.1 Two Cylindrical Shells

The first geometry to be considered here is the configuration with two
neutral cylindrical shells of infinite lengths and radii R; and Ry > R;
concentric along the z axis. The outer shell is a normal conductor with
positive surface charge density ooy = 02 > 0 and negative surface charge
density o5 = —o9, while the inner shell is superconducting with positive
surface charge density o1+ = 01 > 0 and negative surface charge density
01— = —o1. All these charges are supposed initially at rest relative to
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the inertial frame of reference S. Our goal is to calculate the motion
induced in the conduction electrons of the inner shell when an external
azimuthal current is applied to the outer shell. We will also calculate the
net magnetic field produced inside the inner shell. We will assume that
the positive lattices of both shells remain stationary during the whole
process, as each atom has a mass much greater than that of an electron.
The conduction electrons of the outer shell will be accelerated by an
external source along the azimuthal direction during the time interval
0 <t < ty, moving around the z axis with a variable and given angular
velocity Oy () = Qo (t)2. They begin at rest and at the end of this
time interval they will be moving with the final and constant angular
velocity 2o_¢Z2.

As both shells are electrically neutral, the electrostatic or coulombian
component of equation (1), g1q27/(4we,7?), will not need to be consid-
ered in the calculations. In London moment we rotated mechanically
a superconductor. In the Meissner effect, on the other hand, the con-
ductor producing the applied magnetic field and the superconducting
material placed in this magnetic field remain at rest in the laboratory or
move with small velocities. The drifting velocities of the conduction elec-
trons in normal conductors have the order of magnitude of millimeters
per second. In superconducting materials the conduction electrons move
relative to the lattice with velocities v larger than this drifting velocity
of normal conductors, but still much smaller than light velocity. We can
then neglect the velocity components of Weber’s force (1). Therefore,
as it happened with the London moment, the only remaining compo-
nent of Weber’s force which will need to be considered here is the last
component depending on the accelerations @; and dsy, namely, equation
(2).

The test charge will be a conduction electron of the inner supercon-
ducting shell located at (p1, @1, 21) = (R1, ¢1, 0) which will rotate
around the z axis in the time interval 0 < t < ¢ty with a variable angular
velocity dg; /dt = wi—(t) which needs to be calculated. There are four
sets of charges which might exert a force on any conduction electron of
the inner shell in the time interval 0 < ¢ < ty, namely: (a) the sta-
tionary positive lattice of the outer shell with surface charge density oo
and zero angular velocity Q54 (t) = 0; (b) the set of negative conduc-
tion electrons of the outer shell with surface charge density —oo moving
with an angular velocity Qa_(t) = Qa_(£)2; (c) the stationary positive
lattice of the inner shell with surface charge density o and zero angular
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velocity Q14 (t) = 0; and (d) the set of remaining negative conduction
electrons of the inner shell with surface charge density —o; and angular
velocity wy_(t). These four forces acting on a test electron with mass
my =m >0 and charge @ =-e<0 will be represented by, respectively,
F2+ Zes F2_ —es F1+ _. and Fl_ _e. As all negative charges of the inner
shell move together with the test electron around the z axis, there will
be no component of Weber’s force acting on the test charge due to the
other electrons of the same shell. That is, equation (2) goes to zero for
this fourth set of charges represented by letter (d) when acting on any
specific conduction electron of the superconducting inner shell, so that,
B . —0.

We assume that contact forces maintain any conduction electron at
a constant distance p; = R; from the axis of the cylinder, so that p; =
0 and p; = 0. We will be interested only in the motions along the
azimuthal ¢ direction. We include here only force components along
this direction. Newton’s second law of motion as applied to the test
electron of the inner shell can be written as:

—

F = mldl = leu.Jl_(ﬁl s (23)

where F represents the total force.

The total force F will be given by equation (3) for all sets of charges,
namely, (a), (b), (¢) and (d) above, acting on the conduction electron.
Combining equations (3) and (23) for these four sets of charges acting
on the test electron yields:

ﬁ2+,—e + ﬁZ—,—e + ﬁl—i—,—e + ﬁl—,—e

= *%mm [0232(0 — 1) — 2Ry (e — )+ o1p1 (0— 1) — 0] &1

= M1p1W1-P1 - (24)

Utilizingmi =m =9.1x10"3" kg > 0,1 = —e = -1.6x1079 C <
0 and p; = Ry in equation (24) yields:

RQO’Q QQ,
Rioy 1+m/|mwe|

= — (25)
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where |mw.| = poeo1R1/2 > 0 is the magnitude of the weberian electro-
magnetic mass for this cylindrical geometry. Utilizing that |my.| > m
and integrating equation (25) from ¢ = 0 to t = ¢ yields the approximate
final result:

RQO’Q m
- 1-— Oy 26
wi-f Rioq < |ch|) = (26)

where m/|mw.| < 1. This equation indicates that the negative electrons
of the inner shell will move in the opposite sense of the motion of the
negative charges of the outer shell. The magnitude of wi_; will be
generally larger than that of Q2_ ¢ in this example of a single monoatomic
conducting layer. When, for instance, 0o = 01 and Ry = 2R;, equation
(26) indicates that wi_y ~ —2Qq_;, figure 4 (a).

® Bapl

® Bres

ext

(a) (b)

Figure 4: (a) When the negative charges of the outer shell are accelerated
tangentially up to a final angular velocity Q,_, the negative charges of
the inner superconducting shell will reach a final angular velocity w;_y
given by equation (26) which has the opposite sense from that of Qo_¢
and a larger magnitude. (b) Magnetic field produced by these rotating
negative charges.

Utilizing equation (9) we can obtain the magnetic field produced by
these two negative rotating cylindrical shells. To this end we need to
add the magnetic field produced by the outer shell R, when its negative
charges are rotating around the z axis with the angular velocity Qa_ (2,
with the magnetic field produced by the inner shell R; when its negative
charges are rotating with angular velocity wi_sZ, where w;_ is given by
equation (26). According to Weber’s electrodynamics this net magnetic
field will be given by:
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— —

(p < R1) = Bres = —2(Ra03/(R101))(m/e)Qa— 2 = (m/[mwel|) Bapi »
—poR2028 22,
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A
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(27)
Here éapl = — 1o R202805_ 7% is the magnetic field produced by the ex-
ternal source, 57.65 is the residual magnetic field which will remain inside
the inner shell, while B, is the external magnetic field at p > Ro, figure
4 (b).

The magnetic field inside a single monoatomic superconducting shell
will not be exactly zero, although its order of magnitude will be much
smaller than the applied magnetic field. In the previous example of a
niobium cylindrical shell of radius R; = 0.1 m and surface charge density
o1 ~ 2 C/m?, we had |mw.| ~ 2 x 10725 kg, so that \Eres\/|§apl\ =
m/mw. ~ 4.5 x 1076 < 1. These orders of magnitude are compatible
with the Meissner effect. In the next Subsection we show that if the
superconductor is composed of three or more shells, the magnetic field
goes to zero inside it.

4.2 Four Cylindrical Shells

To illustrate the penetration depths of currents and magnetic fields in
the Meissner effect with Weber’s electrodynamics, we first generalize the
configuration of figure 4. The superconductor is now replaced by a set
of three infinite cylindrical shells of radii R, < Ry, < Rj. centered
along the z axis. Each superconducting cylindrical shell is supposed to
consist of a single monoatomic layer composed of positive and negative
charges. These cylindrical shells are surrounded by an external resistive
cylindrical shell of radius Ry > R1.. The positive surface charge densities
of the cylindrical shells 1a, 1b, 1¢ and 2 will be represented by o144 > 0,
o1+ > 0, 014 > 0 and o9y = 02 > 0, respectively. The conduction
electrons of the outer resistive shell Ry will be accelerated by an external
source along the azimuthal direction during the time interval 0 < t < ty,
moving around the z axis with a variable and given angular velocity
Qs (t) = Q_(t)2. They begin at rest and are accelerated until they
reach the final and constant angular velocity Qs_¢2 at t = ty. We will
assume that the positive charges of shells 1la, 1b, 1c¢ and 2 remain at
rest during the whole process. We need to obtain the angular velocities
W1—a, wi—p and wi_. of the conduction electrons of shells 1a, 1b and 1c
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as a function of the given angular velocity Q5 of the electrons of the
resistive shell 2.

Consider, for instance, a specific conduction electron ¢; = —e < 0 of
shell 1. There are eight sets of charges exerting forces on it, namely,
the positive and negative charges of shells la, 1b, 1c and 2. We can
utilize equation (3) to express the azimuthal components of these eight
forces by taking care if this test electron of shell 1b is inside or outside
the cylindrical shell of the source charges which are exerting forces on it.
We assume the charge neutrality of each shell such that their negative
surface charge densities will be equal and opposite the corresponding
positive surface charge densities, namely, 01—y = —0144, O1-p = —01+b,
O01—¢c = —014. and 02— = —oy. We are interested only in the azimuthal
component of Newton’s second law of motion along the ¢ direction. In
each line of the next equation, from top to bottom, we represent the
forces exerted by the positive and negative charges of shells la, 1b, 1c
and 2 acting on a conduction electron of shell 1. With ¢; = —e, the
azimuthal component of Newton’s second law of motion for this test
electron can then be written as:

Ho€ Rilj)a . ?a . .
0—wi_p) — — 2 (W1—q — wW1—
D) Ola Rlb( w1 b) Ola Ry (wl a — W1 b)

+ o1 R, (0 — w1—p) — o1 RE, (W1 — 1)

+ 01cR1pR1:(0 — wi—p) — o1 R1p Ric(W1—c — wi—p)

+ UQRleQ(O — uljlfb) — O’QRleQ(QQ, — d}l,b)] = lebdjlfb . (28)

By writing similar equations for a test electron of shells 1a and 1c we
will have three equations with three unknowns, namely, w4, wi_p and
w1—c. By solving this set of three equations we obtain that wy_,, wi_p
and wy_. will be proportional to Q. We can then integrate in time the
final solutions, obtaining the final values wi_qf, w1—pf and wi_c¢. The
solution of this set of three equations, approximated up to first order in
m/|mw.| < 1 for each shell, yields the following integrated final values
of w1_q, wi_p and wy_, respectively:



326 A. K. T. Assis and M. Tajmar

W10 =0, (29)

f

m oy R? R,
R o2 Qs 30
=0t |mwea| o1p R1p(R3, — R3,) > (30)
oy Ry m R}

IR - N OO c ), ;. 31
Wi—ef O1c Rlc < |chl| R%c - R%b > ( )

In these equations |mw 1| = poeo1.R1:/2 > 0 and |myy 2| = pocoaRe/2 >
0 are the magnitudes of the weberian electromagnetic masses for the elec-
trons of the cylindrical shells of radii R, and Rs, respectively.

As m/|mwee| < 1 and m/|mwei| < 1 we have wi_cp > wi_pr >
wi—qf = 0. That is, the angular velocities of these shells decrease rapidly
as we go from the external to the internal shell.

The magnetic field for each region can be obtained from equation (9)
by taking into account the azimuthal motion of the electrons not only in
the three superconducting shells la, 1b and 1c¢, but also in the external

shell 2. The net magnetic field in each region is then found to be given
by:

B;(P < Ru) = Biny = (j ;
B(Rlb <p< Ri.) = Bres = —QmO'QRlcRQQQ_fi/(eglc(R%C — R%b)) s
E(Rlc <p< R2) = éapl = —/,LORQO'QQQ_]C,% .
(32)

Once more the residual magnetic field B,..s = |§Tes| is much smaller
than the applied magnetic field Byp = |§apl|. Moreover, the magnetic
ﬁeld decreases quickly to zero for p < Ryp, that is, é(p < Ryp) = émt =
0.

The qualitative behavior of the angular velocity of the conduction
electrons at each shell and the net magnetic field in each region are
represented in figure 5.

4.3 Two Spherical Shells

We now perform a similar calculation considering two concentric spheri-
cal shells of radii Ry and Ry > R; centered at the origin of the coordinate
system. The outer resistive shell has a stationary positive charge density
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(a) (b)

Figure 5: (a) Qualitative representation of the angular velocities of the
conduction electrons of each shell. (b) Magnetic field in each region
between the shells.

o9 > 0 and a negative charge density —o2. These negative charges will be
considered initially at rest, being accelerated azimuthally by an external
source around the z axis during the time interval 0 < ¢ < t;. They will
move around the z axis with a given angular velocity Oy (t) = Qo (£)2,
until they reach the final and constant angular velocity 2o_¢2. The in-
ner superconducting shell has a stationary positive charge density o1 > 0
and a negative charge density —o;. These negative charges will also be
considered initially at rest. Due to the azimuthal forces exerted by the
other charges, they will begin to rotate around the z axis with an an-
gular velocity & (t) = wi—(t)Z, until they reach the final and constant
angular velocity wi_¢2. Our goal is to calculate w;_s as a function of
the given Q5_ . We will also calculate the magnetic field inside the inner
shell.

The test charge will be a conduction electron of the inner super-
conducting shell located at (r1,61,¢1) = (R1,01,¢1). Contact forces
will keep it at a constant distance from the center of the shell, so that
71 = 0 and 71 = 0. We will be interested only in its motion along the
azimuthal direction ¢ with an angular velocity dy;/dt = wi—, so that
6, = 0 and 6; = 0. The velocity and acceleration of the test charge
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along the azimuthal direction are then given by v; = Rjwi_ sinf1¢;
and d; = Ry sin 0wy 1, where wy_ = dwq_ /dt.

As in the Subsection 4.1, there are four sets of charges acting on any
conduction electron of the inner shell during the time interval 0 < ¢t < ty,
namely: (a) the stationary positive charges of outer shell with radius Ro
and surface charge density ooy = o2 > 0; (b) the negative charges
of the outer shell with radius Ry and surface charge density oo = —o9
moving with a given angular velocity Qs (¢)2; (¢) the stationary positive
charges of the inner shell with radius R; and surface charge density
o1+ = o1 > 0; and (d) the negative charges of the inner shell with radius
R; and surface charge density o1 = —o; moving with angular velocity
wi—(t)2. Each one of these forces has already been calculated, being
given by equations (14) and (16), with the appropriate values of o, R and
Q. They will be represented by F2+ ey Fy_. —e F1+ _e, and Fi_ —e- We
utilize the azimuthal component of Newton S second 1aw of motion F=
m1a1 m1R1 sm@lwl 901 WlthF F2+ _(>—|—F2_ _(>—|—F1+ —e+F1— —e-
Utilizing m; = m, ¢t = —e < 0 and r; = R; we obtain:

F’2+,7e + F’Zf,fe + F:lJr,fe + Z:—:17,76

o in¢ 0 4 R
_ _/1, qlo'QRQRl S v (0_&)17)@1 1% quQRQRl sin 1(92,—(4)1 )@1
3 3
o R?sin@ . . -
_ %(O*wl_)ﬁlero
= le sinﬂlwl_cﬁl . (33)

This equation can also be written as:

L«'J1_=— 2=

o2y |mWs~| Q - _O'2R2 1_ m
o1 Ry m+ |mW5| o1 Ry

)Qg_ . (34)

‘mWS|

where |mws| = poeo1R1/3 > 0 is the magnitude of the weberian electro-
magnetic mass for this spherical geometry. As before, usually we have
|mws| > m. This equation shows that wy_ will be always proportional
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to Q5_, no matter the value of the polar angle §. Therefore, all con-
duction electrons will undergo the same azimuthal acceleration, rotating
together as a rigid body around the z axis.

Integrating this equation from ¢ = 0 to ¢t = t; yields the final result
given by:

wl_f _ 0'2R2 ‘mwé| Q O'QRQ (1 . m )

_ o R —
01R1m+|mws\ f

where m/|mw | < 1.

These equations indicate that the conduction electrons of the inner
superconducting shell will be accelerated in the opposite direction of the
acceleration of the electrons of the outer resistive shell. Moreover, the
magnitude of the angular velocity acquired by the inner electrons will
be usually larger than the angular velocity of the electrons of the outer
shell. If, for instance, 01 = 02 and Ry = 2R, then wi_y = —2{s_;.

Utilizing equation (21) we can obtain the magnetic field due to these
two spherical shells. To this end we need to add the magnetic field
produced by two sets of charges, namely, (a) the outer shell Ry when
its negative charges with surface density —o9 are rotating around the z
axis with the angular velocity Qa_;2; and (b) the inner shell Ry when
its negative charges with surface density —o are rotating with angular
velocity wi_ 2 given by equation (35). According to Weber’s electro-
dynamics, this net magnetic field inside the inner superconducting shell
will be given by:

—

2 .2 .
Byes(r < Ry) = —§MOR20292—fZ - 5M0R1U1w1—fz

el s ™ B (36)
‘mWs|

where Eapl = —(2uoR20282_f/3)% is the applied magnetic field in this
region and |mws| = poeo1R1/3 > 0 is the magnitude of the weberian
electromagnetic mass in this spherical geometry. The applied magnetic
field would be the net magnetic field in the internal region r < Ry if the
inner superconducting spherical shell were not present. As m < |mys|,
we have B,.s < Bgp, indicating that there will remain a small residual
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magnetic field in the internal region, as it happened in the case of two
cylindrical shells.

In the region Ry < r < Rs we need to add the uniform magnetic field
due to the outer shell with the dipolar magnetic field due to the inner
shell. In this case we can neglect m compared with |my 5| in equation
(35) as m/|mws| < 1, so that wi_y &= —02R2Qs_ /(01 R1). Utilizing
that 2 = cos 7 — sin 6, the net magnetic field in this region can then
be expressed as:

£] L2 5 . poRioiw - 2 cos 07 + sin 60
B(Rl) = —5 g/},ORQO'QQQ,fZ -+ Tl_l)rgl 1 1 f(3T3 )

oR20o9_rsinf ~ 1 -
_ HoTt2027%a-y SN 0 — *MOR202(2C05072+Sin99)L927f
2 6 |mW&|
o Qo_rsind -
~ Hol2028s_ f sin F (37)

2 b
and

pioRio1w1_ 1(2 cos B + sin 0)
3r3

= 2
B(R1 <r< RQ) = —gﬂoRQOQQQ_fZAJ —

MOR?RQO—QQQ_J"(Q cos 07 + sin 9@)

2 R
~ — o RooaQo_ 07 — sin 60
HoR202Qs_ f(cos 07 —sin 00) + 3,3

3

(38)

The present situation will be equivalent to the configuration of figure

4 with one difference. In the situation of two ideal cylindrical shells of
infinite lengths carrying azimuthal currents, the magnetic field between
the shells will always be the same, no matter the value of the current
in the inner shell. In the more realistic situation of two spherical shells,
on the other hand, the magnetic field between them will be the uniform
magnetic field produced by the outer shell, combined with the dipolar
magnetic field produced by the inner superconducting shell. They have
the same orders of magnitude, as can be seen from equation (38). This
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alteration of the magnetic field around the superconductor is always
shown in experiments related to the Meissner effect, due to the fact that
any real superconducting sample has a finite volume.

Equation (38) indicates that the magnitude of the magnetic field
at @ = w/2 rad just outside the superconducting spherical shell
is larger than the magnitude of the applied magnetic field éapl =
—(2poR20209_/3)%. This behavior is typical in the Meissner effect.

Equation (36) shows that the magnetic field has a poloidal direction
around the inner superconducting spherical shell and does not pene-
trate it, except for the residual magnetic field ETES = méapl [Imws|. As
m/|mws| < 1 we have |Byes|/|Bapt| < 1. That is, the magnitude of
the residual magnetic field inside the superconducting spherical shell is
much smaller than the magnitude of the applied magnetic field. This
property represents the essence of the Meissner effect.

4.4 A Spherical Shell Inside a Cylindrical Shell

We now perform a similar calculation considering a superconducting
spherical shell of radius R; inside a resistive cylindrical shell of radius
Ry > Ry, figure 6. They are centered on the origin of the coordinate
system, with the axis of the cylindrical shell along the z axis. They
have positive and negative charge densities represented by, respectively:
o1 > 0, —01, 02 > 0 and —o2. We assume that the positive charges
of both shells will remain at rest relative to the inertial frame S. The
negative charges of both shells are considered initially at rest. As before,
we assume that during the time interval 0 < ¢ < t; an external source
accelerates azimuthally the negative charges of the outer shell with a
variable and given angular velocity (a_ (t) = Qa_(£)2 up to a final and
constant angular velocity Q2. Our goal is to calculate the induced
motion of the conduction electrons of the superconducting inner shell.
We will also obtain the magnetic field produced by this system. As
before, we are only interested in the force and motion along the azimuthal
¢ direction. We will once more neglect the coulombian and velocity
terms of Weber’s force, so that the only remaining component will be
that given by equation (2).

The force acting on any conduction electron of the inner shell will
be due to four sets of charges, namely, the positive and negative charges
of the outer shell, together with the positive and remaining negative
charges of the inner shell. The force exerted by the first two sets of
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Figure 6: A superconducting spherical shell inside a resistive cylindrical
shell.

charges is given by equation (3) with the appropriate values of o, R and
Q. The force exerted by the last two sets of charges is given by equation
(16) with the appropriate values of o, R and 2. We now add the forces
due to these four sets of charges utilizing charge neutrality, oo = —09
and o1_ = —o7, together with the assumption that the positive charges
of both shells remain at rest during the time interval 0 < t < ¢y, so
that Qo (t) = Q14 (¢) = 0. We consider a test electron of the inner shell
located at (Ry, 61, 1) moving with angular velocity wy_. Its azimuthal
equation of motion is then given by:

—%qlm [0232(0 —@1-) = 02Ra (Do — 1) | é1

_ MoqulR% sin 91

3 (0 7&)1,)¢1 +6: le sin@lwl,gél . (39)

With p; = Rysin#; and ¢ = —e < 0 we obtain:

i =

_30‘2R2 |mW3| ~2 N_30'2R2( _ m
- 201 Imws|

201R1m+|mws| > 927 ’ (40)
where m/|mws| < 1. Here |mws| = poeor1R1/3 > 0 is the magnitude
of the weberian electromagnetic mass for this spherical geometry. This
equation shows that w;_ will have the same value for all charges, no
matter the polar angle 6 where the test electron is located. Therefore,
all negative charges of the inner superconducting shell will be accelerated
azimuthally as a rigid body.

Integrating equation (40) from t = 0 to t = t; yields:
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~302Ry  mws] Qo s ~ 30y [ m 0
2 01R1 m + |ng‘ =7 2 0'1R1 |ng| =1
(41)

The magnetic field can now be obtained combining the field due to
the motion of the conduction electrons around the cylindrical outer shell
given by equation (9), with the magnetic field due to the motion of the
conduction electrons around the inner spherical shell given by equation
(21). Inside the inner superconducting spherical shell the magnetic field
is given by:

Wi—f =

—

. 2 .
Byes(r < Ry) = —ptoRo02Q0_ 2 — guoRlalwl,fz

m oo Rs R m =
= 3——=QOy_4=—-DB,, 42
e o Ry 1% Imys| o (42)
where éapl = —poR202Q_2 is the applied magnetic field. The net

magnetic field in the region » < R; would have the value of the applied
magnetic field gapl if the superconducting inner spherical shell were not
present. The presence of the inner spherical shell modifies the magnetic
field inside it, so that the net value is now given by ETCS. Asm < |mws|
we have |§T€S| < \Eapl\. Therefore the magnitude of the remaining
residual magnetic field inside the superconducting spherical shell is much
smaller than the magnitude of the applied magnetic field. This same

property happened in the case of two cylindrical shells.

The magnetic field in the region between the inner spherical shell
and the outer cylindrical shell can also be obtained by equations
(9) and (21). In this region equation (41) can be approximated to
wi—f & —302R2Qs_ /(201 R1) because m/|my,| < 1. Utilizing that
2 = cos 0 — sin 00, the magnetic field at the surface of the inner super-
conducting shell will be given by:

2] 1 5 . JRic w1 £(2cos 07 + sin 6O
B(Rl) = *5 NORQO'QQQ_JCZ —+ hII}% K 191%1 f(37a3 )
r—R1

3o RooaQo_psind ;1 )
_ 3w 20242 fsm Q_ZMORzaQ(QCOSW—i—SiH%)

m

Oy
|mWs| !
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Qo_¢sinb »
~ 3,uOR20242 ¥ sm&e . (43)

In the region between the inner spherical shell and the outer cylin-
drical shell the magnetic field will be given by:

o REc1wi (2 cos OF + sin 06)
3r3

é = 7M0R20'292_f2 -

,uOR?RQUQQQ,f(Q cos 07 + sin 9@)

R —oR2020s_ ¢(cos 07 — sin 60) + 5,3

(44)

Once more the present situation will be equivalent to that of figure
4 with one difference. In the situation of two ideal cylindrical shells of
infinite lengths carrying azimuthal currents, the magnetic field between
the shells will always be the same, no matter the value of the current
in the inner shell. In the more realistic situation of a superconducting
spherical shell inside a resistive cylindrical shell, on the other hand, the
magnetic field between them will be the uniform magnetic field produced
by the outer cylindrical shell, combined with the dipolar magnetic field
produced by the inner superconducting spherical shell. They have the
same orders of magnitude, as can be seen from equation (44).

Equation (44) indicates that the magnitude of the magnetic field at
6 = 7/2 rad just outside the superconducting spherical shell is larger
than the magnitude of the applied magnetic field éapl = —poRo0oo s 2%,
This behavior is typical in the Meissner effect.

Equations (42) and (43) show that the magnetic field has a poloidal
direction on the inner superconducting spherical shell and does not pen-
etrate it, except for the residual magnetic field Bres = méapl /Imws|-
As m/Imws| < 1 we have |§r€s| < |§apl|. This property represents
the essence of the Meissner effect. It has been deduced in this paper
as a consequence of Weber’s electrodynamics combined with Newton’s
second law of motion.

In this Section we considered only case (I) where a magnetic field
does not penetrate into a superconductor. This is not too surprising
as a temporary skin effect is already observed and explained in normal
conductors. A real challenge is posed when the magnetic field is expelled



Superconductivity with Weber’s Electrodynamics. .. 335

once a current-free conductor is cooled down to the superconducting
state. This case (II) will not considered in the present work.

5 London Penetration Depth
5.1 Superconducting Cylinder

We now consider a superconducting cylinder of infinite length, inner
radius R; and outer radius R, centered along the z axis. We assume
that this hollow superconductor is inside a normal resistive cylindrical
shell of radius Ry > R,. Their axes are located along the z axis. Consider
a test electron g1 = —e < 0 of the superconductor at a distance p from
the z axis, with R; < p < R,. We assume that at the initial time ¢ =0
all charges are at rest. During the time interval 0 < ¢ < t; an external
source generates a given variable azimuthal angular velocity Qo (¢) for
the electrons located at the external resistive cylindrical shell Ry, figure
7. Our goal is to obtain the angular velocity w(p, t) induced in the test
electron as a function of its distance p and time ¢. This problem will be
solved with Weber’s electrodynamics utilizing equation (3) coupled with
Newton’s second law of motion.

Let R’ be a variable distance of integration in the superconducting
cylindrical material, with R; < R’ < R,. There are six groups of charges
exerting forces on a specific conduction electron of the superconductor
located at a distance p from the z axis, namely, (a) the positive and
negative charges of the superconductor located in the region R; < R’ <
p; (b) the positive and negative charges of the superconductor located
in the region p < R’ < R,; together with (c) the positive and negative
charges of the resistive cylindrical shell located at Rs. As usual, we
will assume charge neutrality of the superconductor cylinder, together
with charge neutrality of the external cylindrical shell. Moreover, we
will assume that the positive charges of the superconductor and external
shell will always remain at rest. The external shell has positive and
negative surface charge densities given by g9y = 02 > 0 and 05— = —09,
respectively. The positive and negative volume charge densities of the
superconductor will be written as ne > 0 and —ne, respectively, where
n > 0 represents the number density of the conduction free electrons,
while e = 1.6 x 10'? C > 0 is the magnitude of their charge. We now
apply equation (3) to these six groups of charges when acting on the
conduction electron located at a distance p from the z axis.

We first need to obtain the azimuthal force exerted by the charges of
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Figure 7: (a) Superconducting cylinder S of inner radius R; and outer
radius R, inside a resistive cylindrical shell of radius Rp. (b) Cross-
section of the system with a conduction electron g; = —e < 0 of the
superconductor at a distance p from the z axis.

the superconducting cylinder located between R; and p acting on a test
electron located at a distance p from the z axis. To this end, we first
consider a cylindrical shell of radius Ry = R’ and thickness dR’ such
that R; < R’ < p. The volume charge densities of this cylindrical shell
will be represented by +ne, where the upper (lower) sign represents the
positive (negative) charges of the cylinder. The angular velocities of the
positive and negative charges of this cylindrical shell will be represented
by 0 and w(R'), respectively. We then utilize the third line of equation
(3) and integrate it from R’ = R; up to R’ = p. Therefore, the sum
of the azimuthal force exerted by the positive and negative charges of
the cylinder acting on the conduction electron with charge ¢ = —e <0
located at a distance p from the z axis will be given by:

. 2~ rp 2~ p
F o [0 moo-alpdr -0 [ RO(R) ()R
2p R'=R; 2p R'=R;
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2,5 rp
i /R _ RPO(R)AR (45)

Analogously the force exerted by the positive and negative charges of
the cylinder located between p and R, acting on a test electron located
at p can be obtained integrating the first line of equation (3), yielding:

2 A R, 2 ~ R,
F=loCl02 [ prio_iy(p))ar —1eC 0% / R6(R)—o(p)|dR’
2 R'=p 2 R'=p

+  rRo
_ f1o€*np R

5 (R)dR' . (46)
R'=p
Consider now the external and resistive cylindrical shell of radius Ra
with a positive surface charge density ooy = o2 > 0 always at rest,
024 (t) = 0, and a negative surface charge density o3 = —o2 moving
with angular velocity Qs_(¢) around the z axis. The force exerted by
these two shells and acting on a test electron located at a distance p
from the z axis and moving around it with angular velocity w can also
be obtained by the first line of equation (3), yielding:

- €02 PP . €02 PP . . ©€02 PP .
F= %RQ[O—w(p)]—%RQ[ng—w(p)] — _HeCR2PP b O,
(47)
According to equation (4) the azimuthal component of Newton’s sec-

ond law of motion applied to the test electron located at a distance p
from the z axis can be written as:

F=ma = mpi(p)¢ , (48)
where F represents the total force acting on this test electron.

The sum of equations (45), (46) and (47) yields the net force F' acting
on the conduction electron located at p. Applying this net force to the
azimuthal component of Newton’s second law of motion yields:

205 [P 2n05 [P
_ Mo / R’%(R’)dR’ _ HoCTTpPY / R'&(R)dR'
2p R'=R; 2 R'=R;
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eoapP - PN
— wRQQQ_ =mpw(p)P . (49)

This is an integral equation with the unknown w(p). We can obtain
the differential equation satisfied by w(p) utilizing that [25, p. 44]:

R'=g(p) R'=g(p) /

W Jr—s00) r=f(p) 0P
+ {222 Flp.gto) - 212 Flp, po1 (50)

This equation is valid for arbitrary functions f(p), g(p) and F(p, R').
We define a positive magnitude Ay, by

m
A = . 1
E=V hone? (51)

This positive magnitude is the so-called London penetration depth.

Deriving twice equation (49) as a function of p, utilizing equations
(50) and (51) and rearranging the terms, we obtain the following second
order differential equation:

d%e dw

Aipd—pz + 3Aid—p —po=0. (52)

We now define the dimensionless magnitude u = p/\;, and utilize a
change of variable by defining the magnitude v(u) as v(u) = uw. With
these definitions equation (52) can then be written as:

u?v” v’ — (W 4+ 1 =0, (53)
where v' = dv/du and v" = d?v/du®. This is the modified Bessel func-
tion of order 1. Its general solution is given by

v(u) = erlh(u) + oKy (u) (54)

where ¢; and ¢y are arbitrary constants, while I;(u) is the modified
Bessel function of order 1 and K7 (u) is the Hankel function of order 1.
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According to equation (49) we will need to integrate these modified
Bessel and Hankel functions from u = R;/Ar, up to u = R,/Ar. Typical
values of Ay, range from 50 to 500 nm, while R; and R, have macroscopic
values, so that R,/Ar > R;/Ar > 1. We can then approximate I;(u)
and K (u) by their asymptotic behaviors

L(u>1)=

o (55)

K,(u>1)= \/Zeu . (56)

These asymptotic behaviors are valid for arbitrary values of the modified
Bessel and Hankel functions of the order v.

and

In these limits we then have:

v(u)  crli(u) + o Kq(u) c1 et T et et
uw u = or w2 \ECQW =
(57)
We defined here the magnitude cs by ¢3 = ¢1/ V27 and we utilized once
more that we are interested only in values of u = p/A, when u > 1.

We can now apply equation (57) into equation (49). After performing
the two integrations and utilizing once more R,/Ar > R;/Ap > 1 we

obtain
c3 = ,M /ie*Ro/ALQZ_ ) (58)
m )\L

Here |mwe2| = poeoaRa/2 > 0 is the magnitude of the weberian elec-
tromagnetic mass for this cylindrical geometry.

By equations (57) and (58) we obtain that & given by & = cze /u®/?
will be proportional to Q>_, no matter how Qy_ changes with time. In-
tegrating w in time, we obtain the angular velocity of the test electron,
w(t), as being proportional to the angular velocity Qo_(¢) of the elec-
trons located at the external resistive cylindrical shell Ry. Both angular
velocities, w(t) and Qq_, begin from rest, that is, w(0) = Q2_(0) = 0.
When )5 reaches its final and constant value {2o_; at t = ¢y, then w
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will also reach its final and constant value ws(p). The integrated re-
sult of equations (57) and (58) yields this final angular velocity of any
conduction electron located at a distance p from the z axis as given by:

el ty 2|mW 2| R, eP/ AL
c — /)\
wr(p) = W/ cadt = " p/AL)s/zg
(59)

The uniform applied magnetic field Eapl generated by the current
flowing in the external shell Ry is given by:

Bapl = —jioRa09Q0_ 2 = —po09Va_a? (60)

where V,_4 is the drifting velocity of the conduction electrons at the
resistive shell Ry given by Vo_g = RoQa_y.

Equations (59) and (60) yield the value of the final angular velocity
ws(R,) of the conduction electrons located at the outer surface R, of
the superconducting cylinder as given by:

0€oo R
wi(Ry) =~ MWl drg,  _pecolladg

6/\L |-§apl|
m R, m R, ’

mR,
(61)
Equations (51), (60) and (61) yield the tangential velocity v:(R,) of
the free electrons at the outer surface of the superconducting cylinder as

given by:
Az|B, .
() = gl = <2l [Ty, (62

Equation (59) shows that we could then obtain how the angular ve-
locities wy(p) of the conduction electrons of the superconductor vary as
a function of their distance p to the z axis. We now calculate the value
of this angular velocity very close to the outer surface of the supercon-
ductor, that is, at a distance p = R, — d, with 0 < d < R,. Equation
(59) yields:

wi(R, —d) = wy(Ry)e~ > . (63)
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This equation indicates that the induced current in the superconductor
exists essentially only at its surface, decreasing exponentially as we go
inside the body.

The magnetic field inside the superconductor can be obtained by the
sum of two fields, namely, (a) the uniform applied magnetic field, éapl,
generated by the external resistive shell; and (b) the magnetic field due
to the induced currents in the superconductor. The magnetic field at a
distance p from the z axis due to the induced currents can be obtained
utilizing the first line of equation (9). To this end we consider a cylindri-
cal shell of radius R’ such that p < R’ < R,, thickness dR’, with positive
charges at rest and negative charges rotating around the z axis with an
angular velocity wy(R’). We then replace the surface charge density o
of this shell as appearing in equation (9) by +nedR’, where the upper
(lower) sign represents the positive (negative) charges of this shell. We
then add the applied magnetic field due to the resistive cylindrical shell
of radius Ry with the magnetic fields due to these positive and negative
cylindrical shells of radius R’ and thickness dR’. After integration in R’
we obtain that the net magnetic field at a distance p from the z axis will
be then given by:

R,
B(p < R,) = Bapi — ptonez R'w;(R")dR' . (64)
R'=p

Utilizing equation (59) we can integrate equation (64). For p > Ap
this integration yields:

B(p < R,) = Bapi (65)

| o—Ro/Ar (eRn/AL Y Ro)
p

Finally, the magnetic field very close to the outer surface of the su-
perconductor, at a distance p = R, — d, with 0 < d < R,, is given
by:

B(R, — d) = Bapre™ ¥ = —j1,Ry0982y_p2e~ Y20 (66)

This equation shows that the magnetic field penetrates into a su-
perconductor typically only up to the London penetration depth Ar.
When d = A\, the value of the magnetic field will be decreased to 1/e of
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the value of this field in the external surface R, of the material, being
negligible beyond this point.

5.2 Superconducting Sphere

We now consider a more realistic model of a superconducting sphere in-
side a resistive cylindrical shell. They have a common center and the
cylindrical shell is aligned along the z axis. The superconductor has an
inner radius R; and outer radius R,, while the cylindrical shell has a
radius Ry > R, > R;. As usual we will utilize charge neutrality and
assume that the positive charges of the superconductor and cylindri-
cal shell remain at rest during all the time. Consider a test electron
q1 = —e < 0 of the superconductor located at the polar angle 6 from the
z axis and at a distance r from the origin, with R; < r < R,, figure 8.
We assume that at the initial time ¢ = 0 all charges are at rest. During
the time interval 0 < ¢ < t; an external source generates a given variable
azimuthal angular velocity Qs (¢) for the electrons located at the exter-
nal resistive cylindrical shell Ry until they reach a final given angular
velocity Qo . Our goal is to obtain the angular velocity w(r, t) induced
in the test electron moving around the z axis during the time interval
0 <t < ty. This problem will be solved with Weber’s electrodynamics
utilizing equation (16) coupled with Newton’s second law of motion.

Let R’ be a variable distance of integration in the superconducting
spherical material, with R; < R’ < R,. Once more there are six groups
of charges exerting forces on a specific electron of the superconductor
located at a polar angle # and at a distance r from the origin, namely,
(a) the positive and negative charges of the superconductor located in
the region R; < R’ < r; (b) the positive and negative charges of the
superconductor located in the region r < R’ < R,; together with (c) the
positive and negative charges of the resistive cylindrical shell Ry. The
external shell has positive and negative surface charge densities given by
024 = 09 > 0 and 09— = —o09, respectively. The positive and negative
volume charge densities of the superconductor will be written as ne > 0
and —ne, respectively, where n > 0 represents the number density of the
conduction free electrons and e = 1.6 x 1071 C' > 0 is the magnitude of
their charge. We now apply equation (8) to these six groups of charges
when acting on the conduction electron located at a distance r from the
origin.

The azimuthal component of Newton’s second law of motion applied
to a conduction electron of the superconductor located at the polar angle
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(2) (b)

Figure 8: (a) Superconducting sphere S of inner radius R; and outer
radius R, inside a resistive cylindrical shell of radius Ry aligned with the
z axis. (b) Cross-section of the system in the zz plane with a conduction
electron ¢; = —e < 0 of the superconductor at a polar angle 6 from the
z axis and at a distance r from the origin.

f from the z axis and at a distance r from the origin is given by equation
(17), namely:

F = mrsinfo(r)g (67)

where F represents the total force acting on it along the azimuthal ¢
direction.

Following the procedure of Subsection 5.1 we obtain that the az-
imuthal component of Newton’s second law of motion of this test electron
is given by:

Fe_ fro€*n SQin 0o /T R/4w(R/)dR/_ fro€”nr sin 0 fto R'&(R)dR'
3r R'=R; 3 R/=r
o i 9 g s
- WRQQQ, = mrsin 0w (r)g . (68)

2

There is a common factor sinf in all terms of this equation which
can be canceled out. Therefore all conduction electrons of any spherical
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shell of radius r inside the superconductor will rotate together around
the z axis as a rigid body.

The integral equation (68) has the unknown w(r). Deriving twice
this equation as a function of r, utilizing equation (50) and rearranging
the terms yields the following second order differential equation:

d2é do .
A%pWJrZD\%E —p=0, (69)

where A\, = /m/(pone?).
We now define the dimensionless magnitude ug = r/Ar, and utilize
the change of variables va(sg) = sg/

(69) can then be written as:
3\ 2
2 —

where v = dvg/duy and v§ = d*vy/du3. This is the modified Bessel
function of order 3/2. Its general solution is given by

%), With these definitions equation

2.1

usvy + ugvy — v =0, (70)

va(ug) = c1lg o (uz) + cal_g/2(us) , (71)

where ¢; and c; are arbitrary constants, while I3/5(ug) and I_g/9(u2)
are the modified Bessel functions of orders 3/2 and —3/2, respectively.
According to equation (68) we will need to integrate these modified
Bessel functions from us = R; /AL up to us = R,/AL. As before, we also
have R,/Ar > R;/Ar > 1. We can then approximate I 3/5(us2) by their
asymptotic behaviors given by equation (55).
Therefore
. c111(ug) + oKy (u2) N e"?

= ~ C4
3/2 3/2
Ug Ug

(72)
where we have defined the magnitude ¢4 by ¢4 = (¢1 + ¢2)/V/ 2.

We can now apply equation (72) into equation (68). After performing
the two integrations and utilizing once more R,/Ar > R;/Ap > 1 we

obtain
Cq = —mecﬂ 1/ EB_RO/ALQQ_ . (73)
m >\L
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Here |mw.| = poecaR2/2 > 0 is the magnitude of the weberian electro-
magnetic mass of the electrons of the cylindrical shell Rs.

Therefore w = c4e*2/ ug/ % will be proportional to >_, no matter how
0y changes with time. Integrating in time w yields w(¢) proportional
to Qs_(t). Both angular velocities begin from rest. After Qs_ reaches
its final value Qy_y, then the final value wy(r) of the angular velocity of
any conduction electron located at a distance r from the origin will be
then given by:

euz [t 3|mwcg| o~ Fo/A er/AL
wy(r) = ug/z/_ cadt = /e T/AL)S/ZQ
2
(74)

The value of the angular velocity of the conduction electrons at the
surface of the superconducting spherical shell, ws(R,), is then given by:

3|ch2| /\L 3€‘LLOO'2R2 >\L 36AL|§apl|
=y ==y =
w(Fo) m R, 2 ! om R, - f 2mR, '’
(75)
where Eapl = — o R202829_ 12 is the uniform applied magnetic field gen-

erated by the current flowing in the external resistive shell Rs.

Equation (74) shows that we could then obtain how the angular ve-
locities wy(r) of the conduction electrons of the superconductor vary as
a function of their distance r to the origin. We now calculate the value
of this angular velocity very close to the outer surface of the supercon-
ductor, that is, at a distance r = R, — d, with 0 < d < R,. Equation
(74) yields:

wr(Ro — d) = wp(Ro)e e . (76)

This equation indicates that the induced current in the superconductor
exists essentially only at its surface, decreasing exponentially as we go
inside the body.

The magnetic field inside the superconductor can be obtained com-
bining the uniform applied field Eapl generated by the external shell with
the field due to the induced currents. The magnetic field at a distance
r from the origin due to the induced currents can be obtained utilizing
equation (21). To this end we consider a spherical shell of radius R’ with
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R; < R’ < R, thickness dR’, with positive charges at rest and negative
charges rotating around the z axis with an angular velocity wy(R'). We
then replace in equation (21) the surface charge density o of this shell by
+nedR’, where the upper (lower) sign represents the positive (negative)
charges of this shell. We then add the applied magnetic field due to the
resistive cylindrical shell of radius Re with the magnetic fields due to
these positive and negative spherical shells of radius R’ and thickness
dR'. After integration in R’ the net magnetic field at a distance r from
the origin will be then given by:

B(R; <1 < R,) = Bap — %(2 cos OF + sin 9@)/ R*wp(R)dR
r R'=R;
2 fo
— “pone R'w;(R")dR' . (77)
3 R/ =r

Utilizing equation (74) we can integrate equation (77). For A\ <
R; < R, < Ry this integration yields:

é()\L < Rz <r< Ro) = éapl

2,2 R )\5 Ro R
e Fo027%2 AL “2e /ALy, (2 cos 07 + sin 66) {er/)‘L(r/)\L)‘W2

2m 3\ Ar
_ eRi/AL(Ri/)\L){]/z}
ne’psoaRy o [Ro _ g, eRo/AL e/
—o == —e /Ay 2 - .
ALy e 2 fz[(RO/AL)W (r/)\L)l/Q] (78)

Therefore, utilizing Z = cos 87 —sin 66, the magnetic field at the outer
surface R, of the sphere is given by:

= 3 .3 - .
B(R,) = §uoRgagQg_f sin 00 = Q‘Bap” sin 06 . (79)

That is, it is a poloidal magnetic field.
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Finally, the magnetic field very close to the outer surface of the su-
perconductor, at a distance r = R, — d, with 0 < d < R,, is given
by:

B(R, —d) = B(R,)e ¥t = guORQUQQQ_f sin Bfe 4/ e

5 (80)

= —|Bgp| sin ffe L
2

This equation shows that the magnetic field penetrates into a su-
perconductor typically up to the London penetration depth Ar. When
d = Ar, the value of the magnetic field will be decreased to 1/e of the
value of this field in the external surface of the material, being negligible
beyond this point.

6 General Discussion

If the effects of superconductivity have a classical explanation, it should
also be applicable to cases at very low resistivity as Edwards noted al-
ready [8, 9]. On the other hand, one finds magnetic fields frozen into
collision-less plasmas, but not expelled like it is observed in cases of a
fully developed Meissner effect. An explanation for the “critical field”
where superconductivity cannot be maintained any longer is beyond the
scope of this work.

All calculations presented in this paper were based essentially on
Weber’s electrodynamics coupled with Newton’s second law of motion
applied to a conduction electron of the superconductor. In particular,
we utilized the component of Weber’s force which depends on the accel-
erations do and @7 of the source and test charges, g and g7, respectively,
as given by equation (2).

We first deduced the London moment showing that when a supercon-
ductor rotates relative to an inertial coordinate system with an angular
velocity ﬁ, an internal magnetic field is produced given by B =2m /e.
This effect was deduced utilizing the force exerted by the positive lattice
of the superconductor acting on its conduction electrons. This force de-
pends on the time variation of the angular velocity of the conductor. It
acts while the material increases its angular velocity. Weber’s force has
an azimuthal force component proportional to dﬁ/ dt.

In this work we also showed that when a magnetic field is produced
around a superconductor, permanent currents will be induced on its
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surface. The magnetic field produced inside the superconductor by these
surface currents will cancel almost exactly the applied magnetic field,
except for an extremely small residual value. This behavior represents
the essence of the Meissner effect. This fact was deduced utilizing the
component of Weber’s force which depends on the time variation of the
angular velocity of the conduction electrons located at the outer resistive
shell and producing the applied magnetic field. That is, we utilized the
component of Weber’s force which is proportional to dQls_ /dt.

We also deduced the London penetration depth. We showed that
the current induced in the superconductor exists essentially only at its
surface, decreasing exponentially as we penetrate the superconducting
material. The net magnetic field at the outer surface of the supercon-
ductor is tangential to its surface.

In the original works of Becker, London et al. the masses of the
free electrons appearing in the London moment and also in the Meiss-
ner effect were introduced ad hoc in purely electrodynamic equations.
In particular, these masses were introduced in equations describing the
magnetic field of the superconducting material. In our treatment, on the
other hand, the mass of the test particle was introduced where it really
belongs, namely, in Newton’s second law of motion. This is the main
advantage of the present treatment of these topics.
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