
Weber's Law and Mach's Principle 

Andre K. T. Assis 

1. Introduction 

Recently we applied a Weber's force law for gravitation to implement 
quantitatively Mach's Principle (Assis 1989, 1992a). In this work we 
present a briefreview of We her's electrodynamics and analyze in greater 
detail the compliance of a Weber's force law for gravitation with Mach's 
Principle. 

2. Weber's Electrodynamics 

In this section we discuss Weber's original work as applied to electro­
magnetism. For detailed references of Weber's electrodynamics, see 
(Assis 1992b, 1994). 

In order to unify electrostatics (Coulomb's force, Gauss's law) with 
electrodynamics (Ampere's force between current elements), W. Weber 
proposed in 1846 that the force exerted by an electrical charge q2 on 
another ql should be given by (using vectorial notation and in the 
International System of Units): 

(1) 

In this equation, (;0=8.85'10- 12 Flm is the permittivity of free space; the 
position vectors of ql and qz are r 1 and r 2, respectively; the distance 
between the charges is 

r lZ == I rl - rzl '" [(Xl -XJ2 + (yj -yJZ + (Zl -ZJ2j112; 

r12=(r) -r;JlrI2 is the unit vector pointing from q2 to ql; the radial 
velocity between the charges is given by fIZ==drlzfdt=rI2'vIZ; and the 
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radial acceleration between the charges is 

where 

[VIZ" VIZ - (r iZ "VIZ)2 + r lz " a 12J 

r" 

dr lz dv lz dTI2 
rIZ=rl-rl , V1l = Tt' a'l=Tt= dt2· 

Moreover, C=(Eo J4J)"'!12 is the ratio of electromagnetic and electrostatic 
units of charge %=41f·1O-7 N/Al is the permeability of free space). 
This quantity C was first measured experimentally by W. Weber and 
Kohlrausch in 1856, when they found c=3.1·108 m/s. This was one of 
the first unambiguous and quantitative indications of an essential 
interconnection between electromagnetism and optics. 

In 1848, Weber presented a potential energy U12 from which he 
could derive his force by F21 = -r12dU1idrll: 

U = q,q, 1 [1- t;, ] " ---- . 
41fEo rll 2c l 

(2) 

There is a Lagrangian L and a Hamiltonian H from which we can 
also derive his electrodynamics. For a system of two charges q, and qz 
of masses m l and m1 interacting through Weber's force, we have a 
kinetic energy Til and a Lagrangian energy S12 given by: , , 

VI "VI V2 "Vl mlll i mZvl 
T1l=ml--+m,--=--+--, 

2 2 2 2 

S12= ql% ~ [1 + t;2
2
]. 

41fEo r ll 2c 

Note the change of sign in front of tTl in U12 and Sil. 
Weber's Lagrangian and Hamiltonian are then given by 

L = Til -SIZ' 

['.aL] H= Lqt-.- -L=T1l +UI2, 
kml aq k 

(3) 

(4) 

(5) 

(6) 

where tj to with k ranging from I to 6, represents the velocity com­
ponents, namely, XI, YI> ii, x2, Yz, and Zz, respectively. 

Weber's force can be obtained from S12 by the usual procedure. For 
instance, the x-component of F12 is given by 
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x _ d aS12 _ aS12 _ qjq2 X1-X2 [ _ f;2 rlll2] F
21
---- __ - _____ 1 _+ __ . 

dt oX I aXI 47fEo ri2 2c2 c 2 

(7) 

The main properties of Weber's electrodynamics are: 
A. It complies with Newton's action and reaction law, which means 

conservation of linear momentum for an isolated system of particles 
interacting through Weber's force and through other forces which also 
follow the law of action and reaction. 

B. The force is always along the straight line connecting the two 
charges, which means conservation of angular momentum. 

C. The force can be derived from the velocity dependent potential 
energy U12 , which means conservation of the total energy E == T12 + U12. 

Although Weber pre..<;ented U12 in 1848, he proved the conservation of 
energy for his electrodynamics only in 1869 and 1871. In 1847, only one 
year after Weber had presented his force law (1), Helmholtz published 
his famous paper on the conservation of energy. In this work he showed 
that a force which depends on the distance and velocities of the 
interacting particles does not conserve energy, even if the force is a 
central one. This was the main objection that, from his first paper on 
electromagnetism of 1855/56, Maxwell advanced against Weber's elec­
trodynamics and the reason that, in his own words, prevented him from 
considering Weber's theory as an ultimate one (Maxwell 1965a, 1965b). 
Maxwell was wrong, but he only changed his mind in 1871, after 
Weber's proof (Harman 1982). When he wrote the Treatise in 1873, he 
presented the new point of view that Weber's electrodynamics is 
consistent with the principle of conservation of energy (Maxwell 1954). 
Helmholtz's proof of 1847 doe..<; not apply to Weber's electrodynamics 
because Weber's force depends not only on the distance and velocity of 
the charges but also on their accelerations. This general case was not 
analyzed by Helmholtz at that time. 

Other properties of Weber's law are: 
D. When there is no relative motion between the interacting charges 

(fI2=0 and r12=O), we recover Coulomb's force and Gauss's law. So all 
electrostatics is embodied in Weber's electrodynamics. 

E. Weber suceeded in deriving Faraday's law of induction (1831) 
from his force (Maxwell 1954). 

F. Weber derived his force from Ampere's force (1823) exerted by 
the current element fi/12 on fjdl l : 
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d 2F21 == -~ Il2r12 [2(dl
1 

• d~) - 3(r12 • dI1)(rI2 ' dlz)} (8) 
411" r

1
; 

Alternatively we can postulate Weber's law and derive Ampere's force 
between current elements as a special case of Weber's electrodynamics. 
From Ampere's force (8) Maxwell derived what is known as Ampere's 
circuital law in 1856, twenty years after Ampere's death. Maxwell was 
the fIrst to derive the circuital law even without the term with the 
displacement current. 

The force between current elements usually found in the textbooks 
is due to Grassmann (1845) utilizing the Biot-Savart magnetic field dBz 
of 1820, namely 

(9) 

Ampere's force (8) complies with the action and reaction law in the 
strong form for any independent orientation of each current element, 
while this is not valid in general for Grassmann's force (9). Both 
expressions give the same result for the force of a closed current loop of 
arbitrary form on a current element of another circuit. In the last ten 
years many experiments have been performed trying to distinguish (8) 
and (9) in situations involving a single circuit (for instance, measuring 
and calculating the force and tension on a mobile part of a closed circuit 
due to the remainder of the circuit). Although most experiments seem to 
favor Ampere's force over Grassmann's one, the situation is not yet 
completely clear, and more experiments and theoretical analysis are 
desirable before a final conclusion can be drawn. For references on this 
topic see (Assis 1989, 1992b, 1994). 

It should be remembered that Maxwell knew both expressions, (8) 
and (9). When comparing these assumptions he said that" Ampere's is 
undoubtedly the best, since it is the only one which makes the forces on 
the two elements not only equal and opposite but in the straight line 
which joins them" (Maxwell 1954, vol. 2, § 527, p. 174). 

The last property of Weber's law to be discussed here is undoubtedly 
one of the most important of them. It is also closely related to Mach's 
Principle: 

G. The law depends only on the relative distance between the par­
ticles, r 12, on the relative velocity between them, t 12 = dr12ldt, and on 

... 
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the relative radial acceleration between them, 

f 12 -=drnldt-=d2rI2Idt2. 

This is what we call a relational theory. These tenns have the same value 
in all frames of reference, even for 110ninertial ones. 

This is a distinguishing feature of Weber's electrodynamics. In the 
other formulations of electromagnetism the terms in the velocity and 
acceleration of the particles which are relevant depend on the velocities 
or accelerations of the charges either relative to a material medium like 
the ether, or relative to an inertial frame of reference. This last situation 
is typical of Lorentz's force law, F=qE+qvxB, where v is the velocity 
of the charge q relative to an arbitrary inertial frame of reference (and 
not, for instance, relative to the laboratory or to the magnet which 
generated the magnetic field B). 

After this short review we shall discuss the relation of Weber's 
electrodynamics to Mach's Principle. 

3. The Mach-Weber Model 

In order to implement quantitatively Mach's Principle we need to modify 
Newton's law of gravitation by including terms which depend on the 
velocity and acceleration between the interacting bodies. This was never 
done by Mach himself. In our opinion the best model in this direction 
seems to be some kind of Weber's law for gravitation. In the first place 
this would comply with Mach's idea that only relative positions and 
motions are important, as this force depends only on rn. r 12, and i'12' It 
also depends on the accelerations of the source and test bodies. So it has 
embodied in it the possibility of deriving ma, the centrifugal and Coriolis 
forces as real gravitational forces arising from the relative acceleration 
of the test body and the remainder of the universe. 

Here we list some (but not all) people who have worked with this 
model. The first to propose a Weber's law for gravitation seems to have 
been G. Holzmiiller in 1870 (North 1965, p. 46). Then Tisserand, in 
1872, studied a Weber's law for gravitation and its application to the 
precession of the perihelion of the planets (Tisserand 1872, 1895). 
Weber himself and ZOlner obtained this law as applied to gravitation 
around 1876, when implementing the idea of Young and Mossotti of 
deriving gravitation from electromagnetism (Assis 1992b; Woodruff 
1976). Later on Paul Gerber obtained essentially the same potential 
energy up to second order in lie (Gerber 1898). He obtained this law 
independently, following ideas of retarded time, without discussing 
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Weber's work. He also studied the precession of the perihelion of the 
planets. Gerber's work was criticized by Seeliger (Seeliger 1917), who 
was aware of Weber's electrodynamics. The work of Tisserand applying 
a Weber's law for gravitation in celestial mechanics was also discussed 
by Poincare in a course which he delivered at the Faculte des Sciences 
de Paris during 1906-1907 (Poincare 1953, see especially p. 125 and 
Chap. IX, pp. 201-203, "Loi de Weber"). None of the authors tried to 
implement Mach's Principle with these force laws. 

Although Mach dealt with many branches of physics (mechanics and 
gravitation, optics, thermodynamics), we are not aware that he ever 
mentioned Weber's electrodynamics. We also do not know any reference 
of Einstein to Weber's force or potential energy. The first to suggest a 
Weber's law for gravitation in order to implement Mach's Principle 
seems to have been I. Friedlaender in 1896 (Friedlaender and Fried­
laender 1896, p. 17, footnote, p. 310 in this volume). They seem to have 
been also the first to suggest that inertia should be related to gravitation. 
Hofler in 1900, although opposing Mach, mentioned Weber's electro­
dynamics when discussing Mach's Principle (Norton 1995). Hofmann in 
1904 suggested a kinetic energy that depended on the product of the 
masses, on a function of the distance between the interacting masses, and 
on the square of their relative speed, which is somewhat similar to 
Weber's potential energy when applied to gravitation (this volume, p. 
128). In this century we have Reissner and Schrodinger considering 
relational quantities in gravitation to implement Mach's Principle 
(Reissner 1914, 1915, this volume, p. 134; Schrodinger 1925, this 
volume, p. 147). They arrived independently at a potential energy very 
similar to that of Weber, apparently without being aware of Weber's 
electrodynamics. In 1933, we have Przeborski discussing Weber's law 
and other expressions in connection with Newton's second law of 
motion, although not analyzing Mach's Principle directly (Przeborski 
1933). More recently we have Sciama (1953). Although he made an 
analogy between gravitation and electromagnetism, he did not work with 
a relational force law, and his expression did not even comply with 
Newton's action and reaction principle. He also did not mention Weber's 
electrodynamics. Brown was closer to this idea, although his force law 
is different from Weber's one (Brown 1955, 1982). Moon and Spencer 
published an important work on this topic (Moon and Spencer 1959), 
although they did not consider Weber's law or relational quantities. 
Edwards worked explicitly with relational quantities and with analogies 
between electromagnetism and gravitation (Edwards 1974). Once more 
Weber's electrodynamics is not mentioned. Barbour and Bertotti opened 
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new lines of research working not only with relational quantities but with 
intrinsic derivatives and with the relative configuration space (ReS) of 
the universe (Barbour 1974; Barbour and Bertotti 1977, 1982). Eby 
worked along this line and studied the precession of the perihelion of the 
planets (Eby 1977). Although he worked essentially with a Weber's 
Lagrangian, he did not mention Weber's work. Treder, von 
Borzeszkowski, van der Merwe, Yourgrau, and collaborators have 
worked with and discussed explicitly a Weber's force applied to 
gravitation. References to their original works and to other authors can 
be found in (Treder 1975; Treder, von Borzeszkowski, van der Merwe, 
and Yourgrau 1980). Ghosh worked with closely related ideas, although 
he was not aware of Weber's force (Ghosh 1984, 1986, 1991). More 
recently we have Wesley and a direct use of Weber's law (Wesley 1990). 
He also worked with a potential similar to Schrodinger's potential energy 
(Schrodinger 1925), without being aware of that work. 

Although we could quote many other authors and papers, we stop 
here. This short list gives an idea of the continuing effort and research 
that has been performed by many important people along this line (trying 
to implement quantitatively Mach's Principle by some kind of Weber's 
law). We are following these ideas, although we were not aware of many 
of these works when we began. Here we present how we deal with this 
subject (Assis 1989, 1992a). 

Our basic idea is to begin with a gravitational potential energy 
between two particles given by 

- _ m"m~ [ _, fi'l _ (10) U
12 

- H 1 __ exp( ar
1
). 

, r 2 c' 
" In this expression, Hg is an arbitrary constant, mg1 •2 are gravitational 

masses, ~ is a dimensionless constant, and a gives the characteristic 
length of the gravitational interaction. Newton's potential energy is (10) 
with Hg=G, ~=O, and a=O. 

The first to propose an exponential decay in the gravitational 
potential energy were Seeliger and Neumann, in 1895-1896. What they 
proposed would be equivalent to (10) with Hg=G and ~=O. An expo­
nential term in Newton's gravitational force (but not in the potential) had 
been proposed much earlier by Laplace, in 1825. For references and 
further discussion see (Assis 1992a; North 1965, pp. 16-18; Laplace 
1969; Seeliger 1895). In this century there is a remarkable paper by W. 
Nernst proposing an exponential decay in gravitation (Nernst 1937). 
These exponential decays have been proposed as an absorption of gravity 
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due to the intervening medium, in analogy with the propagation of light. 
In this case a would depend on the amount and distribution of the 
intervening matter in the straight line between mg1 and mg2' Alternatively 
it has also been proposed to solve some gravitational paradoxes arising 
in an infinite and homogeneous universe (indefinite value of the potential 
or of the gravitational force). In this last situation a may be considered 
as a universal constant irrespective of the medium between mgl and mg2' 

To our knowledge we were the first to propose the exponential decay 
in a Weberian potential (Assis 1992a). 

To simplify the analysis in this work, we will consider the arbitrary 
constant Rg as equal to Newton's gravitational constant G. Moreover we 
will treat a as a constant irrespective of the medium between the 
particles 1 and 2. Its value will be taken as a=HJc, where Ho is 
Hubble's constant (Assis 1992a). We will also take ~=6, as in our 
previous work (Assis 1989, 1992a). 

The force exerted by mg2 on mgl can be obtained utilizing F 21 = 
-r I2dU12ldr12. This yields: 

F ""_G m
g
lm

g2r [1_l fi2 +~rliI2 
21 2 12 2 2 .2 

~2 C C 

He [ (f;'l] +-T12 1-__ exp(-HOr 1)c). 
c 2 c 2 

(11) 

We now integrate this expression for a particle of gravitational mass 
mgl interacting with an isotropic, homogeneous and infinite universe. Its 
average gravitational matter density is represented by Po. In order to 
integrate we utilize spherical coordinates and replace mg2 by pori sin 82 

dT2d82d'P2' We integrate from 'P2=0 to 21r, from 82=0 to 1r, and from 
r2=0 to infinity. The procedure is the same as in (Assis 1989, 1992a). 
We perform the integration in a frame of reference relative to which the 
universe as a whole (the set of distant galaxies) has an overall 
translational acceleration ~ and is rotating with an angular velocity Ulu(t). 
Relative to this arbitrary frame of reference, the particle mgl is located 
at the position r 1 and has a velocity VI =dr/dt and acceleration a1 =JT1J 
dt2

• The final result of the integration is found to be 

Fu1 "'-Amg1 [al+UluX(UluXrl)-2WuXV1- d;uxrl-aU]' (12) 

In this expression 
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4" , f'" 411" Po A=_H ~Po r
2
exp(-ar

2
)dr

2
=-G,-. 

3 g c 2 0 3 H~ 
(13) 

In Newtonian mechanics, this expression is zero. 
To complete the formulation of a Machian dynamics, we need the 

principle of dynamical equilibrium (Assis 1989). According to this 
principle, the sum of aU forces of any nature (gravitational, electro­
magnetic, elastic, nuclear, etc.) on any particle is always zero in all 
coordinate frames, even when the particle is in motion and accelerated. 
We represent by Ef~IFjl the resultant force acting on mg1 due to N local 
bodies j (like the gravitational force of the earth and the sun, contact 
forces, electromagnetic forces, friction forces, etc.). The principle of 
dynamical equilibrium can then be expressed as: 

(14) 

Utilizing (12) this can be written as 

4,FJ, ()2 
A -mgi"u x WUxrJ + mg1wu xv1 

dw 
+mg1 dtU 

xr1 + m g13 u =mg1 3 j • (15) 

This is essentially Newton's second law of motion with 'fictitious' 
forces. In the Mach-Weber model these are real gravitational forces 
which arise in any frame of reference in which the universe as a whole 
has a translational acceleration a., and is rotating as a whole with an 
angular velocity Wu' The proportionality between Newton's inertial and 
gravitational masses (the principle of equivalence) is derived at once in 
this model as the right-hand side of (15) arose from the gravitational 
interaction (12) of mgJ with the isotropic matter distribution surrounding 
it. The constant A must be exactly equal to I, and this is known to be 
approximately true since the 1930s with Dirac (Assis 1989, 1992a). 
Equation (15) takes its simplest form in a frame of reference in which the 
universe at large is essentially stationary (a.,=0, w"=O, dwJdt=O). This 
explains the coincidence (in Newtonian mechanics) that the frame of the 
fixed stars is the best inertial frame we have, namely, a frame in which 
there are no fictitious forces (Schiff 1964). 
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Discussion 

Vucetich: When you introduce the expression for the force, you 
explicitly introduce Hubble's constant, which is not a constant, generally, 
but varies in time. So do you get a varying gravitational constant? 
Assis: The Hubble constant in this model is introduced as the term in 
the exponential decay. So if you write that expression in terms of 
Hubble's constant. you have two choices: If the universe is expanding 
and sO on, you get that the Newtonian gravitational constant is related to 
Hubble's constant. If one is varying, the other is also varying. But if 
the universe has no expansion, and Hubble's law of red shift has another 
origin, like tired light or any other thing, then Hubble's constant and 
Newton's gravitational constant will be constant in time. So that depends 
on the origin of the red shift. 
Lynden-Bell: You take a totally isotropic universe. 
Assis: No, I assume you can always divide the universe into two parts 
- one anisotropic, and one isotropic. 
Lynden-Bell: Yes, but I think if you take a small but significant thing 
like the center of the Galaxy, or the Great Attractor, or something like 
that, which is far away, and in the system, you'll find that the mass is 
slightly anisotropic. 
Assis: Not necessarily, because this anisotropy may also appear in the 
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other constants, which you apply in the force. So, like Dicke (1961, 
1964) said, the effects may cancel out in the end. 
Lynden-Bell: Well, that might happen, but I think in a purely 
gravitational situation, I don't think it does [see, for example, (Nordtvedt 
1975)]. 
Brill: If you try to implement into your scheme the principle of 
relativity, according to which influences take a finite time to propagate, 
would you then need to introduce advanced potentials? If I start 
accelerating now, then I see the distant universe accelerate now; but 
because what I see now happened earlier, the universe must have started 
accelerating a long time ago. 
Assis: Yes, what I would say is that only recently have people begun to 
introduce retardation in Weber's law. There is a paper by Wesley 
(1990), who introduced that since 1987. Not only in electrodynamics, 
but also in gravitation. And so the situation is still open with regard to 
what we will get with retardation in Weber's law applied to gravitation 
and electrodynamics. But this is a new area of research which is being 
performed nowadays, so I can't answer it now. 
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