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Magnetostática



Aula passada
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Mas a Eq. (1) só nos dá o rotacional de A. 
Seu divergente continua indeterminado.

O teorema de Helmholtz diz que um campo vetorial só 
fica bem determinado se dermos seu rot e div.



Aula passada
Essa indeterminação de A fica clara, quando adicionamos 
a ele o gradiente de uma função escalar L qualquer:

A transformação (3) de A para A’ é chamada de 
transformação de calibre (ou “gauge”). A invariância de B
por essa transformação é chamada de invariância de 
calibre (ou “gauge”). Dizemos que a magnetostática é 
invariante por transformações de calibre (ou “gauge”).
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(3)



Aula passada
Podemos usar a liberdade de calibre para escolher o
divergente de A igual a zero na equação:
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donde:

Cada componente dessa equação é uma eq. de Poisson:
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Solução geral da magnetostática



Aula passada
Uma vez obtido A, podemos achar B:

(Lei de Biot-Savart)
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Elementos de corrente
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Correntes superficiais:



Elementos de corrente

Correntes lineares (fios):

A (x) =
µ0

4⇡

ˆ
T.E.

K (x0) dS 0

|x� x0|

B (x) =
µ0

4⇡

ˆ
T.E.

[K (x0) dS 0]⇥ (x� x0)

|x� x0|3

A (x) =
µ0I

4⇡

ˆ
T.E.

dl0

|x� x0|

B (x) =
µ0I

4⇡

ˆ
T.E.

dl0 ⇥ (x� x0)

|x� x0|3

r · E =
⇢

✏0
;

r⇥ E = �@B
@t

;

r ·B = 0;

r⇥B = µ0J+ µ0✏0
@E

@t
.

r ·B = 0 () B = r⇥A;

r⇥ E = �@B
@t

() r⇥
✓
E+

@A

@t

◆
= 0 () E = �r�� @A

@t
.

r2�+
@ (r ·A)

@t
= � ⇢

✏0
;

r2A� 1

c2

@
2A

@t2
�r


r ·A+

1

c2

@�

@t

�
= �µ0J.

A ! A0 = A+r⇤,

� ! �0 = �� @⇤

@t
.

r ·A+
1

c2

@�

@t
= 0.

r2�� 1

c2

@
2�

@t2
= � ⇢

✏0
;

r2A� 1

c2

@
2A

@t2
= �µ0J .

r2
 � 1

c2

@
2
 

@t2
= �f (x, t)

4

J (x) d3x

K (x) dS

Idl

J (x) d3x ⇠ K (x) dS ⇠ Idl

F = qv ⇥B

dqv = ⇢ (x)vd3x

9
=

; ) dF = dqv ⇥B = ⇢ (x)v ⇥Bd
3
x

F = qv ⇥B

dqv = ⇢ (x)vd3x

dqv = ⇢ (x)vd3x

dF = dqv ⇥B

dV = da?dl = da?vdt

dq = ⇢dV = ⇢da?vdt

⇢v =
dq

da?dt
= J

dF = J⇥Bd
3
x

dF = K⇥BdS

dF = Idl⇥B

F =

ˆ
J⇥Bd

3
x

F = I

ˆ
dl⇥B

F2!1 =

ˆ
I1dl1 ⇥B2 (x1) =

µ0I1I2

4⇡

ˆ
dl1 ⇥

ˆ
dl2 ⇥ (x1 � x2)

|x1 � x2|
3

�

dl1 ⇥ [dl2 ⇥ x12] = (dl1 · x12) dl2 � (dl1 · dl2)x12

F2!1 = �
µ0I1I2

4⇡

ˆ ˆ
(dl1 · dl2) (x1 � x2)

|x1 � x2|
3

F1!2 = �
µ0I1I2

4⇡

ˆ ˆ
(dl1 · dl2) (x2 � x1)

|x1 � x2|
3 = �F2!1

4



Força de Lorentz sobre correntes
J (x) d3x

K (x) dS

Idl

F = qv ⇥B

dqv = ⇢ (x)vd3x

9
=

; ) dF = dqv ⇥B = ⇢ (x)v ⇥Bd
3
x

F = qv ⇥B

dqv = ⇢ (x)vd3x

dqv = ⇢ (x)vd3x

dF = dqv ⇥B =

r · E =
⇢

✏0
;

r⇥ E = �@B

@t
;

r ·B = 0;

r⇥B = µ0J+ µ0✏0
@E

@t
.

r ·B = 0 () B = r⇥A;

r⇥ E = �@B

@t
() r⇥

✓
E+

@A

@t

◆
= 0 () E = �r�� @A

@t
.

r2�+
@ (r ·A)

@t
= � ⇢

✏0
;

r2A� 1

c2

@
2A

@t2
�r


r ·A+

1

c2

@�

@t

�
= �µ0J.

A ! A0 = A+r⇤,

� ! �0 = �� @⇤

@t
.

r ·A+
1

c2

@�

@t
= 0.

4

Força magnética sobre elementos de carga:

Suponha que um elemento de área (da⊥) é normal à 
velocidade local da corrente. No intervalo dt, ele varre 
um volume dV:



Força de Lorentz sobre correntes

J (x) d3x

K (x) dS

Idl

F = qv ⇥B

dqv = ⇢ (x)vd3x

9
=

; ) dF = dqv ⇥B = ⇢ (x)v ⇥Bd
3
x

F = qv ⇥B

dqv = ⇢ (x)vd3x

dqv = ⇢ (x)vd3x

dF = dqv ⇥B

dV = da?dl = da?vdt

dq = ⇢dV = ⇢da?vdt

⇢v =
dq

da?dt
= J

dF = J⇥Bd
3
x

dF = K⇥BdS

dF = Idl⇥B

r · E =
⇢

✏0
;

r⇥ E = �@B

@t
;

r ·B = 0;

r⇥B = µ0J+ µ0✏0
@E

@t
.

r ·B = 0 () B = r⇥A;

r⇥ E = �@B

@t
() r⇥

✓
E+

@A

@t

◆
= 0 () E = �r�� @A

@t
.

4

J (x) d3x

K (x) dS

Idl

F = qv ⇥B

dqv = ⇢ (x)vd3x

9
=

; ) dF = dqv ⇥B = ⇢ (x)v ⇥Bd
3
x

F = qv ⇥B

dqv = ⇢ (x)vd3x

dqv = ⇢ (x)vd3x

dF = dqv ⇥B

dV = da?dl = da?vdt

dq = ⇢dV = ⇢da?vdt

⇢v =
dq

da?dt
= J

dF = J⇥Bd
3
x

dF = K⇥BdS

dF = Idl⇥B

r · E =
⇢

✏0
;

r⇥ E = �@B

@t
;

r ·B = 0;

r⇥B = µ0J+ µ0✏0
@E

@t
.

r ·B = 0 () B = r⇥A;

r⇥ E = �@B

@t
() r⇥

✓
E+

@A

@t

◆
= 0 () E = �r�� @A

@t
.

4

Força total: integrar

J (x) d3x

K (x) dS

Idl

F = qv ⇥B

dqv = ⇢ (x)vd3x

9
=

; ) dF = dqv ⇥B = ⇢ (x)v ⇥Bd
3
x

F = qv ⇥B

dqv = ⇢ (x)vd3x

dqv = ⇢ (x)vd3x

dF = dqv ⇥B

dV = da?dl = da?vdt

dq = ⇢dV = ⇢da?vdt

⇢v =
dq

da?dt
= J

dF = J⇥Bd
3
x

r · E =
⇢

✏0
;

r⇥ E = �@B

@t
;

r ·B = 0;

r⇥B = µ0J+ µ0✏0
@E

@t
.

r ·B = 0 () B = r⇥A;

r⇥ E = �@B

@t
() r⇥

✓
E+

@A

@t

◆
= 0 () E = �r�� @A

@t
.

r2�+
@ (r ·A)

@t
= � ⇢

✏0
;

r2A� 1

c2

@
2A

@t2
�r


r ·A+

1

c2

@�

@t

�
= �µ0J.

4

J (x) d3x

K (x) dS

Idl

J (x) d3x ⇠ K (x) dS ⇠ Idl

F = qv ⇥B

dqv = ⇢ (x)vd3x

9
=

; ) dF = dqv ⇥B = ⇢ (x)v ⇥Bd
3
x

F = qv ⇥B

dqv = ⇢ (x)vd3x

dqv = ⇢ (x)vd3x

dF = dqv ⇥B

dV = da?dl = da?vdt

dq = ⇢dV = ⇢da?vdt

⇢v =
dq

da?dt
= J

dF = J⇥Bd
3
x

dF = K⇥BdS

dF = Idl⇥B

F =

ˆ
J⇥Bd

3
x

F = I

ˆ
dl⇥B

F2!1 =

ˆ
I1dl1 ⇥B2 (x1) =

µ0I1I2

4⇡

ˆ
dl1 ⇥

ˆ
dl2 ⇥ (x1 � x2)

|x1 � x2|
3

�

dl1 ⇥ [dl2 ⇥ x12] = (dl1 · x12) dl2 � (dl1 · dl2)x12

F2!1 = �
µ0I1I2

4⇡

ˆ ˆ
(dl1 · dl2) (x1 � x2)

|x1 � x2|
3

F1!2 = �
µ0I1I2

4⇡

ˆ ˆ
(dl1 · dl2) (x2 � x1)

|x1 � x2|
3 = �F2!1

4



Força entre 2 circuitos de corrente

J (x) d3x

K (x) dS

Idl

F = qv ⇥B

dqv = ⇢ (x)vd3x

9
=

; ) dF = dqv ⇥B = ⇢ (x)v ⇥Bd
3
x

F = qv ⇥B

dqv = ⇢ (x)vd3x

dqv = ⇢ (x)vd3x

dF = dqv ⇥B

dV = da?dl = da?vdt

dq = ⇢dV = ⇢da?vdt

⇢v =
dq

da?dt
= J

dF = J⇥Bd
3
x

dF = K⇥BdS

dF = Idl⇥B

F =

ˆ
J⇥Bd

3
x

F2!1 =

ˆ
I1dl1 ⇥B2 (x1) =

µ0I1I2

4⇡

ˆ
dl1 ⇥

ˆ
dl2 ⇥ (x1 � x2)

|x1 � x2|3

�

dl1 ⇥ [dl2 ⇥ x12] = (dl1 · x12) dl2 � (dl1 · dl2)x12

F2!1 = �µ0I1I2

4⇡

ˆ ˆ
(dl1 · dl2) (x1 � x2)

|x1 � x2|3

F1!2 = �µ0I1I2

4⇡

ˆ ˆ
(dl1 · dl2) (x2 � x1)

|x1 � x2|3
= �F2!1

4



Expansão multipolar
A (x) =

µ0

4⇡

ˆ
T.E.

J (x0) d3x0

|x� x0|

1

|x� x0|
=

1
p
r2 + r02 � 2x · x0

=
1

r

1q
1� 2x·x0

r2 + r02

r2

=
1

r
+

x · x0

r3
+O

✓
r
02

r4

◆

A (x) ⇡
µ0

4⇡


1

r

ˆ
T.E.

J (x0) d3x0 +
xi

r3

ˆ
T.E.

x
0
iJ (x

0) d3x0
�

r0
· (x0

iJ) = x
0
ir0

· J+ Ji (i = 1, 2, 3)ˆ
T.E.

r0
· (x0

iJ) d
3
x
0 =

ˆ
S(1)

x
0
iJ · n̂0

dS
0
! 0

)

ˆ
T.E.

Jid
3
x
0 = �

ˆ
x
0
ir0

· Jd3x0 = 0 (pois r0
· J = 0)

xi

ˆ
T.E.

x
0
iJ (x

0) d3x0 = �
1

2


x⇥

ˆ
x0

⇥ J (x0) d3x0
�

m =
1

2

ˆ
x0

⇥ J (x0) d3x0

A (x) ⇡
µ0

4⇡

m⇥ x

r3
,

B (x) ⇡
µ0

4⇡


3 (m · n̂) n̂�m

r3

�
, n̂ = r̂ =

x

r
.

r · E =
⇢

✏0
;

r⇥ E = �
@B

@t
;

r ·B = 0;

r⇥B = µ0J+ µ0✏0
@E

@t
.

r ·B = 0 () B = r⇥A;

r⇥ E = �
@B

@t
() r⇥

✓
E+

@A

@t

◆
= 0 () E = �r��

@A

@t
.

5



Expansão multipolar

A (x) =
µ0

4⇡

ˆ
T.E.

J (x0) d3x0

|x� x0|

1

|x� x0|
=

1
p
r2 + r02 � 2x · x0

=
1

r

1q
1� 2x·x0

r2 + r02

r2

=
1

r
+

x · x0

r3
+O

✓
r
02

r4

◆

A (x) ⇡
µ0

4⇡


1

r

ˆ
T.E.

J (x0) d3x0 +
xi

r3

ˆ
T.E.

x
0
iJ (x

0) d3x0
�

r0
· (x0

iJ) = x
0
ir0

· J+ Ji (i = 1, 2, 3)ˆ
T.E.

r0
· (x0

iJ) d
3
x
0 =

ˆ
S(1)

x
0
iJ · n̂0

dS
0
! 0

)

ˆ
T.E.

Jid
3
x
0 = �

ˆ
x
0
ir0

· Jd3x0 = 0 (pois r0
· J = 0)

xi

ˆ
T.E.

x
0
iJ (x

0) d3x0 = �
1

2


x⇥

ˆ
x0

⇥ J (x0) d3x0
�

m =
1

2

ˆ
x0

⇥ J (x0) d3x0

A (x) ⇡
µ0

4⇡

m⇥ x

r3
,

B (x) ⇡
µ0

4⇡


3 (m · n̂) n̂�m

r3

�
, n̂ = r̂ =

x

r
.

r · E =
⇢

✏0
;

r⇥ E = �
@B

@t
;

r ·B = 0;

r⇥B = µ0J+ µ0✏0
@E

@t
.

r ·B = 0 () B = r⇥A;

r⇥ E = �
@B

@t
() r⇥

✓
E+

@A

@t

◆
= 0 () E = �r��

@A

@t
.

5



Expansão multipolar

A (x) =
µ0

4⇡

ˆ
T.E.

J (x0) d3x0

|x� x0|

1

|x� x0|
=

1
p
r2 + r02 � 2x · x0

=
1

r

1q
1� 2x·x0

r2 + r02

r2

=
1

r
+

x · x0

r3
+O

✓
r
02

r4

◆

A (x) ⇡
µ0

4⇡


1

r

ˆ
T.E.

J (x0) d3x0 +
xi

r3

ˆ
T.E.

x
0
iJ (x

0) d3x0
�

r0
· (x0

iJ) = x
0
ir0

· J+ Ji (i = 1, 2, 3)ˆ
T.E.

r0
· (x0

iJ) d
3
x
0 =

ˆ
S(1)

x
0
iJ · n̂0

dS
0
! 0

)

ˆ
T.E.

Jid
3
x
0 = �

ˆ
x
0
ir0

· Jd3x0 = 0 (pois r0
· J = 0)

xi

ˆ
T.E.

x
0
iJ (x

0) d3x0 = �
1

2


x⇥

ˆ
x0

⇥ J (x0) d3x0
�

m =
1

2

ˆ
x0

⇥ J (x0) d3x0

A (x) ⇡
µ0

4⇡

m⇥ x

r3
,

B (x) ⇡
µ0

4⇡


3 (m · n̂) n̂�m

r3

�
, n̂ = r̂ =

x

r
.

r · E =
⇢

✏0
;

r⇥ E = �
@B

@t
;

r ·B = 0;

r⇥B = µ0J+ µ0✏0
@E

@t
.

r ·B = 0 () B = r⇥A;

r⇥ E = �
@B

@t
() r⇥

✓
E+

@A

@t

◆
= 0 () E = �r��

@A

@t
.

5

(ver dedução nas notas)



Expansão multipolar

A (x) =
µ0

4⇡

ˆ
T.E.

J (x0) d3x0

|x� x0|

1

|x� x0|
=

1
p
r2 + r02 � 2x · x0

=
1

r

1q
1� 2x·x0

r2 + r02

r2

=
1

r
+

x · x0

r3
+O

✓
r
02

r4

◆

A (x) ⇡
µ0

4⇡


1

r

ˆ
T.E.

J (x0) d3x0 +
xi

r3

ˆ
T.E.

x
0
iJ (x

0) d3x0
�

r0
· (x0

iJ) = x
0
ir0

· J+ Ji (i = 1, 2, 3)ˆ
T.E.

r0
· (x0

iJ) d
3
x
0 =

ˆ
S(1)

x
0
iJ · n̂0

dS
0
! 0

)

ˆ
T.E.

Jid
3
x
0 = �

ˆ
x
0
ir0

· Jd3x0 = 0 (pois r0
· J = 0)

xi

ˆ
T.E.

x
0
iJ (x

0) d3x0 = �
1

2


x⇥

ˆ
x0

⇥ J (x0) d3x0
�

m =
1

2

ˆ
x0

⇥ J (x0) d3x0

A (x) ⇡
µ0

4⇡

m⇥ x

r3
,

B (x) ⇡
µ0

4⇡


3 (m · n̂) n̂�m

r3

�
, n̂ = r̂ =

x

r
.

r · E =
⇢

✏0
;

r⇥ E = �
@B

@t
;

r ·B = 0;

r⇥B = µ0J+ µ0✏0
@E

@t
.

r ·B = 0 () B = r⇥A;

r⇥ E = �
@B

@t
() r⇥

✓
E+

@A

@t

◆
= 0 () E = �r��

@A

@t
.

5

Campos de dipolo magnético:



x

A (x) =
µ0

4⇡

ˆ
T.E.

J (x0) d3x0

|x� x0|

1

|x� x0|
=

1
p
r2 + r02 � 2x · x0

=
1

r

1q
1� 2x·x0

r2 + r02

r2

=
1

r
+

x · x0

r3
+O

✓
r
02

r4

◆

A (x) ⇡
µ0

4⇡


1

r

ˆ
T.E.

J (x0) d3x0 +
xi

r3

ˆ
T.E.

x
0
iJ (x

0) d3x0
�

r0
· (x0

iJ) = x
0
ir0

· J+ Ji (i = 1, 2, 3)ˆ
T.E.

r0
· (x0

iJ) d
3
x
0 =

ˆ
S(1)

x
0
iJ · n̂0

dS
0
! 0

)

ˆ
T.E.

Jid
3
x
0 = �

ˆ
x
0
ir0

· Jd3x0 = 0 (pois r0
· J = 0)

xi

ˆ
T.E.

x
0
iJ (x

0) d3x0 = �
1

2


x⇥

ˆ
x0

⇥ J (x0) d3x0
�

m =
1

2

ˆ
x0

⇥ J (x0) d3x0

A (x) ⇡
µ0

4⇡

m⇥ x

r3
,

B (x) ⇡
µ0

4⇡


3 (m · n̂) n̂�m

r3

�
, n̂ = r̂ =

x

r
.

m =
I

2

˛
x⇥ dl

x⇥ dl / ẑ

|x⇥ dl| = Área do paralelogramo = 2⇥ Área do triângulo

r · E =
⇢

✏0
;

r⇥ E = �
@B

@t
;

r ·B = 0;

r⇥B = µ0J+ µ0✏0
@E

@t
.

5

Dipolo magnético de um circuito 
plano de corrente

dl

x



Energia de (e torque sobre) um dipolo 
magnético num campo externo

A (x) =
µ0

4⇡

ˆ
T.E.

J (x0) d3x0

|x� x0|

1

|x� x0|
=

1
p
r2 + r02 � 2x · x0

=
1

r

1q
1� 2x·x0

r2 + r02

r2

=
1

r
+

x · x0

r3
+O

✓
r
02

r4

◆

A (x) ⇡
µ0

4⇡


1

r

ˆ
T.E.

J (x0) d3x0 +
xi

r3

ˆ
T.E.

x
0
iJ (x

0) d3x0
�

r0
· (x0

iJ) = x
0
ir0

· J+ Ji (i = 1, 2, 3)ˆ
T.E.

r0
· (x0

iJ) d
3
x
0 =

ˆ
S(1)

x
0
iJ · n̂0

dS
0
! 0

)

ˆ
T.E.

Jid
3
x
0 = �

ˆ
x
0
ir0

· Jd3x0 = 0 (pois r0
· J = 0)

xi

ˆ
T.E.

x
0
iJ (x

0) d3x0 = �
1

2


x⇥

ˆ
x0

⇥ J (x0) d3x0
�

m =
1

2

ˆ
x0

⇥ J (x0) d3x0

A (x) ⇡
µ0

4⇡

m⇥ x

r3
,

B (x) ⇡
µ0

4⇡
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(a) O circuito não está fixo no espaço. A força eletromotriz é 
consequência da força magnética (Lorentz) sobre as cargas.
(b) e (c) O circuito está parado. A força eletromotriz vem da lei de 
indução de Faraday.
(a), (b) e (c) A lei do fluxo é sempre válida.
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312 Chapter 7 Electrodynamics

the page.) If the magnetic field is 1 T (a pretty standard laboratory field), find the
terminal velocity of the loop (in m/s). Find the velocity of the loop as a function of
time. How long does it take (in seconds) to reach, say, 90% of the terminal velocity?
What would happen if you cut a tiny slit in the ring, breaking the circuit? [Note:
The dimensions of the loop cancel out; determine the actual numbers, in the units
indicated.]

B a

a

ω

FIGURE 7.19 FIGURE 7.20

7.2 ELECTROMAGNETIC INDUCTION

7.2.1 Faraday’s Law

In 1831 Michael Faraday reported on a series of experiments, including three that
(with some violence to history) can be characterized as follows:

Experiment 1. He pulled a loop of wire to the right through a magnetic field
(Fig. 7.21a). A current flowed in the loop.

Experiment 2. He moved the magnet to the left, holding the loop still (Fig. 7.21b).
Again, a current flowed in the loop.

Experiment 3. With both the loop and the magnet at rest (Fig. 7.21c), he changed
the strength of the field (he used an electromagnet, and varied the current
in the coil). Once again, current flowed in the loop.

B (in)

II

B (in)

I

B

(a) (b) (c)
changing

magnetic field

v v

FIGURE 7.21

Lei do fluxo



Energia magnética
Trabalho realizado adiabaticamente 
contra as forças externas para 
estabelecer uma configuração de 
correntes.
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T.E.

Ji (x) · Jj (x
0
) d

3
xd

3
x
0

|x� x0|

#

Mij =
µ0

4⇡

1

IiIj

ˆ
T.E.

Ji (x) · Jj (x
0
) d

3
xd

3
x
0

|x� x0|
= Mji,

Li =
µ0

4⇡

1

I
2
i

ˆ
T.E.

Ji (x) · Ji (x
0
) d

3
xd

3
x
0

|x� x0|
.

W =

"
1

2

NX

i=1

LiI
2
i +

NX

i,j=1,i<j

MijIiIj

#

Aj (x) =
µ0

4⇡

ˆ
T.E.

Jj (x
0
) d

3
x
0

|x� x0|

Mij =
1

IiIj

ˆ
T.E.

Ji (x) ·Aj (x) d
3
x

=
1

Ij

˛
Ci

Aj (x) · dli

=
1

Ij

ˆ
Si

r⇥Aj (x) · n̂idSi

=
1

Ij

ˆ
Si

Bj (x) · n̂idSi =
1

Ij
�B (j ! i)

�B (j ! i) = MijIj

�B (i ! i) = LiIi
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W =
µ0

8⇡

ˆ
T.E.

J (x) · J (x0) d3xd3x0

|x� x0|

J (x) =
NX

i=1

Ji (x)

W =

"
µ0

8⇡

NX

i=1

ˆ
T.E.

Ji (x) · Ji (x0) d3xd3x0

|x� x0|
+

µ0

8⇡

NX

i,j=1,i<j

ˆ
T.E.

Ji (x) · Jj (x0) d3xd3x0

|x� x0|

#

Mij =
µ0

4⇡

1

IiIj

ˆ
T.E.

Ji (x) · Jj (x0) d3xd3x0

|x� x0|
,

Li =
µ0

4⇡

1

I
2
i

ˆ
T.E.

Ji (x) · Ji (x0) d3xd3x0

|x� x0|
.

W =

"
1

2

NX

i=1

LiI
2
i +

NX

i,j=1,i<j

MijIiIj

#

Aj (x) =
µ0

4⇡

ˆ
T.E.

Jj (x0) d3x0

|x� x0|

Mij =
µ0

4⇡

1

IiIj

ˆ
T.E.

Ji (x) ·Aj (x) d
3
x

=
µ0

4⇡

1

Ij

˛
Ci

Aj (x) · dli

r · E =
⇢

✏0
;

r⇥ E = �
@B

@t
;

r ·B = 0;

r⇥B = µ0J+ µ0✏0
@E

@t
.

r ·B = 0 () B = r⇥A;

r⇥ E = �
@B

@t
() r⇥

✓
E+

@A

@t

◆
= 0 () E = �r��

@A

@t
.

r
2�+

@ (r ·A)

@t
= �

⇢

✏0
;

r
2A�

1

c2

@
2A

@t2
�r


r ·A+

1

c2

@�

@t

�
= �µ0J.
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W =
µ0

8⇡

ˆ
T.E.

J (x) · J (x0) d3xd3x0

|x� x0|

J (x) =
NX

i=1

Ji (x)

W =

"
µ0

8⇡

NX

i=1

ˆ
T.E.

Ji (x) · Ji (x0) d3xd3x0

|x� x0|
+

µ0

8⇡

NX

i,j=1,i<j

ˆ
T.E.

Ji (x) · Jj (x0) d3xd3x0

|x� x0|

#

Mij =
µ0

4⇡

1

IiIj

ˆ
T.E.

Ji (x) · Jj (x0) d3xd3x0

|x� x0|
,

Li =
µ0

4⇡

1

I
2
i

ˆ
T.E.

Ji (x) · Ji (x0) d3xd3x0

|x� x0|
.

W =

"
1

2

NX

i=1

LiI
2
i +

NX

i,j=1,i<j

MijIiIj

#

Aj (x) =
µ0

4⇡

ˆ
T.E.

Jj (x0) d3x0

|x� x0|

Mij =
µ0

4⇡

1

IiIj

ˆ
T.E.

Ji (x) ·Aj (x) d
3
x

=
µ0

4⇡

1

Ij

˛
Ci

Aj (x) · dli

r · E =
⇢

✏0
;

r⇥ E = �
@B

@t
;

r ·B = 0;

r⇥B = µ0J+ µ0✏0
@E

@t
.

r ·B = 0 () B = r⇥A;

r⇥ E = �
@B

@t
() r⇥

✓
E+

@A

@t

◆
= 0 () E = �r��

@A

@t
.

r
2�+

@ (r ·A)

@t
= �

⇢

✏0
;

r
2A�

1

c2

@
2A

@t2
�r


r ·A+

1

c2

@�

@t

�
= �µ0J.
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Separando o potencial vetor 
devido ao circuito j:

W =
µ0

8⇡

ˆ
T.E.

J (x) · J (x0) d3xd3x0

|x� x0|

J (x) =
NX

i=1

Ji (x)

W =

"
µ0

8⇡

NX

i=1

ˆ
T.E.

Ji (x) · Ji (x0) d3xd3x0

|x� x0|
+

µ0

8⇡

NX

i,j=1,i<j

ˆ
T.E.

Ji (x) · Jj (x0) d3xd3x0

|x� x0|

#

Mij =
µ0

4⇡

1

IiIj

ˆ
T.E.

Ji (x) · Jj (x0) d3xd3x0

|x� x0|
,

Li =
µ0

4⇡

1

I
2
i

ˆ
T.E.

Ji (x) · Ji (x0) d3xd3x0

|x� x0|
.

W =

"
1

2

NX

i=1

LiI
2
i +

NX

i,j=1,i<j

MijIiIj

#

Aj (x) =
µ0

4⇡

ˆ
T.E.

Jj (x0) d3x0

|x� x0|

Mij =
µ0

4⇡

1

IiIj

ˆ
T.E.

Ji (x) ·Aj (x) d
3
x

=
µ0

4⇡

1

Ij

˛
Ci

Aj (x) · dli

�
Jid

3
x ! Iidli

�

r · E =
⇢

✏0
;

r⇥ E = �
@B

@t
;

r ·B = 0;

r⇥B = µ0J+ µ0✏0
@E

@t
.

r ·B = 0 () B = r⇥A;

r⇥ E = �
@B

@t
() r⇥

✓
E+

@A

@t

◆
= 0 () E = �r��

@A

@t
.

r
2�+

@ (r ·A)

@t
= �

⇢

✏0
;

r
2A�

1

c2

@
2A

@t2
�r


r ·A+

1

c2

@�

@t

�
= �µ0J.
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W =
1

2µ0

ˆ
T. E.

B ·Bd
3
x

=
1

2µ0

ˆ
T. E.

B ·r⇥Ad
3
x

=
1

2µ0

ˆ
T. E.

[A · (r⇥B)�r · (B⇥A)] d
3
x

=
1

2µ0

ˆ
T. E.

A · (r⇥B) d
3
x�

1

2µ0

ˆ
S(1)

(B⇥A) · n̂dS

W =
1

2

ˆ
T. E.

A · Jd
3
x

A,B ⇠
1

r2
; B⇥A ⇠

1

r4

W =
µ0

8⇡

ˆ
T.E.

J (x) · J (x
0
) d

3
xd

3
x
0

|x� x0|

J (x) =

NX

i=1

Ji (x)

W =

"
µ0

8⇡

NX

i=1

ˆ
T.E.

Ji (x) · Ji (x
0
) d

3
xd

3
x
0

|x� x0|
+

µ0

8⇡

NX

i,j=1

ˆ
T.E.

Ji (x) · Jj (x
0
) d

3
xd

3
x
0

|x� x0|

#

Mij =
µ0

4⇡

1

IiIj

ˆ
T.E.

Ji (x) · Jj (x
0
) d

3
xd

3
x
0

|x� x0|
= Mji,

Li =
µ0

4⇡

1

I
2
i

ˆ
T.E.

Ji (x) · Ji (x
0
) d

3
xd

3
x
0

|x� x0|
.

W =

"
1

2

NX

i=1

LiI
2
i +

NX

i,j=1,i<j

MijIiIj

#

Aj (x) =
µ0

4⇡

ˆ
T.E.

Jj (x
0
) d

3
x
0

|x� x0|

Mij =
1

IiIj

ˆ
T.E.

Ji (x) ·Aj (x) d
3
x

=
1

Ij

˛
Ci

Aj (x) · dli

=
1

Ij

ˆ
Si

r⇥Aj (x) · n̂idSi

=
1

Ij

ˆ
Si

Bj (x) · n̂idSi =
1

Ij
�B (j ! i)

�B (j ! i) = MijIj

�B (i ! i) = LiIi

7



Indutância mútua Auto-indutância

W =
µ0

8⇡

ˆ
T.E.

J (x) · J (x0) d3xd3x0

|x� x0|

J (x) =
NX

i=1

Ji (x)

W =

"
µ0

8⇡

NX

i=1

ˆ
T.E.

Ji (x) · Ji (x0) d3xd3x0

|x� x0|
+

µ0

8⇡

NX

i,j=1,i<j

ˆ
T.E.

Ji (x) · Jj (x0) d3xd3x0

|x� x0|

#

Mij =
µ0

4⇡

1

IiIj

ˆ
T.E.

Ji (x) · Jj (x0) d3xd3x0

|x� x0|
,

Li =
µ0

4⇡

1

I
2
i

ˆ
T.E.

Ji (x) · Ji (x0) d3xd3x0

|x� x0|
.

W =

"
1

2

NX

i=1

LiI
2
i +

NX

i,j=1,i<j

MijIiIj

#

Aj (x) =
µ0

4⇡

ˆ
T.E.

Jj (x0) d3x0

|x� x0|

Mij =
1

IiIj

ˆ
T.E.

Ji (x) ·Aj (x) d
3
x

=
1

Ij

˛
Ci

Aj (x) · dli

=
1

Ij

ˆ
Si

r⇥Aj (x) · n̂idSi

=
1

Ij

ˆ
Si

Bj (x) · n̂idSi =
1

Ij
�B (j ! i)

�B (j ! i) = MijIj

�B (i ! i) = LiIi

�
Jid

3
x ! Iidli

�

r · E =
⇢

✏0
;

r⇥ E = �
@B

@t
;

r ·B = 0;

r⇥B = µ0J+ µ0✏0
@E

@t
.
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W =
µ0

8⇡

ˆ
T.E.

J (x) · J (x0) d3xd3x0

|x� x0|

J (x) =
NX

i=1

Ji (x)

W =

"
µ0

8⇡

NX

i=1

ˆ
T.E.

Ji (x) · Ji (x0) d3xd3x0

|x� x0|
+

µ0

8⇡

NX

i,j=1,i<j

ˆ
T.E.

Ji (x) · Jj (x0) d3xd3x0

|x� x0|

#

Mij =
µ0

4⇡

1

IiIj

ˆ
T.E.

Ji (x) · Jj (x0) d3xd3x0

|x� x0|
,

Li =
µ0

4⇡

1

I
2
i

ˆ
T.E.

Ji (x) · Ji (x0) d3xd3x0

|x� x0|
.

W =

"
1

2

NX

i=1

LiI
2
i +

NX

i,j=1,i<j

MijIiIj

#

Aj (x) =
µ0

4⇡

ˆ
T.E.

Jj (x0) d3x0

|x� x0|

Mij =
1

IiIj

ˆ
T.E.

Ji (x) ·Aj (x) d
3
x

=
1

Ij

˛
Ci

Aj (x) · dli

=
1

Ij

ˆ
Si

r⇥Aj (x) · n̂idSi

=
1

Ij

ˆ
Si

Bj (x) · n̂idSi =
1

Ij
�B (j ! i)

�B (j ! i) = MijIj

�B (i ! i) = LiIi

�
Jid

3
x ! Iidli

�

r · E =
⇢

✏0
;

r⇥ E = �
@B

@t
;

r ·B = 0;

r⇥B = µ0J+ µ0✏0
@E

@t
.
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