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Sistema	de	Partículas	Idênticas	na	Mecânica	Quântica	

⌅ As consequências da indistinguibilidade de part́ıculas em cálculos de

previsões f́ısicas.

� Na Mecânica Quântica, todas as previsões f́ısicas são feitas em termos das

amplitudes de probabilidade (produto escalar entre dois “vetores” ou elemento

de matriz de um operador).

� Simetrização e anti-simetrização devem trazer efeitos especiais de interferência.

• Interferência entre processos diretos e de troca.

Considere um sistema de duas part́ıculas (uma em |'i e outra em |�i).
Já vimos que a forma correta de expressar o estado do sistema é

|',�i = 1p
2
(1 + ✏P21)|1: '; 2: �i

(
+1 ! bósons

�1 ! férmions

� Suponha que queiramos medir B (B(1) e B(2))| {z }
(
por simplicidade espectro discreto

e não-degenerado B|uii = bi|uii

� Pergunta: Qual a probabilidade de encontrar uma part́ıcula com bn

e a outra com bn0?
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� Suponha (para começar) que bn 6= bn0 com

(
B|uni = bn|uni
B|un0i = bn0 |un0i

Como seria o autoket associado à medida? Que tal

|un;un0i = 1p
2
(1 + ✏P21)|1: un; 2: un0i?

Qual seria a amplitude de probabilidade da medida? Que tal

hun;un0 |';�i = 1

2
h1: un; 2: un0 |(1 + ✏P21)

†(1 + ✏P21)|1: '; 2: �i?

mas
1

2
(1 + ✏P21)

†(1 + ✏P21) =
1

2
(1 + ✏P21)

2 =
1

2
(1 + 2✏P21 + ✏2P 2

21)

ou seja,
1

2
(1 + ✏P21)

†(1 + ✏P21) =
1

2
(1 + 2✏P21 + 1) = 1 + ✏P21.

Assim, a amplitude de probabilidade fica:

hun;un0 |';�i = h1: un; 2: un0 |(1 + ✏P21)|1: '; 2: �i
= h1: un; 2: un0 |1: '; 2: �i+ ✏h1: un; 2: un0 |P21|1: '; 2: �i
= h1: un; 2: un0 |1: '; 2: �i+ ✏h1: un; 2: un0 |1: �; 2: 'i
= hun|'ihun0 |�i+ ✏hun|�ihun0 |'i

direto troca

hun| |'i hun| |'i
hun0 | |�i hun0 | |�i
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� Assim podemos escrever

P(bn, bn0) =
�� h1: un; 2: un0 |1: '; 2: �i| {z }

+

+ ✏h1: un; 2: un0 |1: �; 2: 'i| {z }
+

��2 =

direto troca

= |h1: un; 2: un0 |1: '; 2: �i|2 + |h1: un; 2: un0 |1: �; 2: 'i|2+
+ 2Re{✏⇤h1: un; 2: un0 |1: '; 2: �ih1: un; 2: un0 |1: �; 2: 'i⇤}

� E se as part́ıculas fossem distintas, sabendo que a número 1 está em |'i e a

número 2 está em |�i, isto é, | i = |1: '; 2 :�i?
Suponha que se saiba o resultado da medida, bn e bn0 ,mas sem identificar qual

das estava em |uni e |un0i. Os dois auto-estados posśıveis são

(
|1: un; 2: un0i
|1: un0 ; 2: uni

Nestas condições, a probabilidade de se obter esses resultados é a soma das

probabilidades, isto é:

P(bn, bn0) = |h1: un; 2: un0 | i|2 + |h1: un0 ; 2: un| i|2 =

= |h1: un; 2: un0 |1: '; 2 :�i|2 + |h1: un0 ; 2: un|1: '; 2 :�i|2 =

= |hun|'i|2|hun0 |�i|2 + |hun0 |'i|2|hun|�i|2

Onde nota-se que não tem o termo de interferência, fenômeno

quântico associado às part́ıculas idênticas.
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elástica entre duas part́ıculas idênticas, no referencial do centro de massa.

• Aqui é inevitável olhar a evolução temporal a partir do estado inicial | ii até
| (t)i no momento da medida.

• Onde o antes define o estado inicial e o depois o estado final. Se a colisão inicial

se passa no eixo z, temos: | ii =
1p
2
(1 + ✏P21)|1: pez; 2: �pezi
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Colisão	elástica	de	duas	Partículas	Idênticas	

✓

depois

antesantes

depois

durante

D 
�p

<latexit sha1_base64="cMj6JQ668o/4F/aCbZN2FclPw6c=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBiyUpgh4LXjxWsB/QhrLZbtqlm026OxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpv77SeujYjVI04T7kd0qEQoGEUrda6yXhCSZNYvV9yquwBZJ15OKpCj0S9/9QYxSyOukElqTNdzE/QzqlEwyWelXmp4QtmYDnnXUkUjbvxsce+MXFhlQMJY21JIFurviYxGxkyjwHZGFEdm1ZuL/3ndFMNbPxMqSZErtlwUppJgTObPk4HQnKGcWkKZFvZWwkZUU4Y2opINwVt9eZ20alXPrXoP15V6LY+jCGdwDpfgwQ3U4R4a0AQGEp7hFd6cifPivDsfy9aCk8+cwh84nz+IcY+T</latexit><latexit sha1_base64="cMj6JQ668o/4F/aCbZN2FclPw6c=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBiyUpgh4LXjxWsB/QhrLZbtqlm026OxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpv77SeujYjVI04T7kd0qEQoGEUrda6yXhCSZNYvV9yquwBZJ15OKpCj0S9/9QYxSyOukElqTNdzE/QzqlEwyWelXmp4QtmYDnnXUkUjbvxsce+MXFhlQMJY21JIFurviYxGxkyjwHZGFEdm1ZuL/3ndFMNbPxMqSZErtlwUppJgTObPk4HQnKGcWkKZFvZWwkZUU4Y2opINwVt9eZ20alXPrXoP15V6LY+jCGdwDpfgwQ3U4R4a0AQGEp7hFd6cifPivDsfy9aCk8+cwh84nz+IcY+T</latexit><latexit sha1_base64="cMj6JQ668o/4F/aCbZN2FclPw6c=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBiyUpgh4LXjxWsB/QhrLZbtqlm026OxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpv77SeujYjVI04T7kd0qEQoGEUrda6yXhCSZNYvV9yquwBZJ15OKpCj0S9/9QYxSyOukElqTNdzE/QzqlEwyWelXmp4QtmYDnnXUkUjbvxsce+MXFhlQMJY21JIFurviYxGxkyjwHZGFEdm1ZuL/3ndFMNbPxMqSZErtlwUppJgTObPk4HQnKGcWkKZFvZWwkZUU4Y2opINwVt9eZ20alXPrXoP15V6LY+jCGdwDpfgwQ3U4R4a0AQGEp7hFd6cifPivDsfy9aCk8+cwh84nz+IcY+T</latexit><latexit sha1_base64="cMj6JQ668o/4F/aCbZN2FclPw6c=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBiyUpgh4LXjxWsB/QhrLZbtqlm026OxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpv77SeujYjVI04T7kd0qEQoGEUrda6yXhCSZNYvV9yquwBZJ15OKpCj0S9/9QYxSyOukElqTNdzE/QzqlEwyWelXmp4QtmYDnnXUkUjbvxsce+MXFhlQMJY21JIFurviYxGxkyjwHZGFEdm1ZuL/3ndFMNbPxMqSZErtlwUppJgTObPk4HQnKGcWkKZFvZWwkZUU4Y2opINwVt9eZ20alXPrXoP15V6LY+jCGdwDpfgwQ3U4R4a0AQGEp7hFd6cifPivDsfy9aCk8+cwh84nz+IcY+T</latexit>

p
<latexit sha1_base64="4no2wz3fvX9BCt44NmyU44M+E6M=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWME84BkCbOT2WTI7Oww0yuEJR/hxYMiXv0eb/6Nk2QPmljQUFR1090VaSks+v63t7G5tb2zW9or7x8cHh1XTk7bNs0M4y2WytR0I2q5FIq3UKDkXW04TSLJO9Hkbu53nrixIlWPONU8TOhIiVgwik7q5P0oJno2qFT9mr8AWSdBQapQoDmofPWHKcsSrpBJam0v8DWGOTUomOSzcj+zXFM2oSPec1TRhNswX5w7I5dOGZI4Na4UkoX6eyKnibXTJHKdCcWxXfXm4n9eL8P4NsyF0hlyxZaL4kwSTMn8dzIUhjOUU0coM8LdStiYGsrQJVR2IQSrL6+Tdr0W+LXg4braqBdxlOAcLuAKAriBBtxDE1rAYALP8ApvnvZevHfvY9m64RUzZ/AH3ucPHhKPXA==</latexit><latexit sha1_base64="4no2wz3fvX9BCt44NmyU44M+E6M=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWME84BkCbOT2WTI7Oww0yuEJR/hxYMiXv0eb/6Nk2QPmljQUFR1090VaSks+v63t7G5tb2zW9or7x8cHh1XTk7bNs0M4y2WytR0I2q5FIq3UKDkXW04TSLJO9Hkbu53nrixIlWPONU8TOhIiVgwik7q5P0oJno2qFT9mr8AWSdBQapQoDmofPWHKcsSrpBJam0v8DWGOTUomOSzcj+zXFM2oSPec1TRhNswX5w7I5dOGZI4Na4UkoX6eyKnibXTJHKdCcWxXfXm4n9eL8P4NsyF0hlyxZaL4kwSTMn8dzIUhjOUU0coM8LdStiYGsrQJVR2IQSrL6+Tdr0W+LXg4braqBdxlOAcLuAKAriBBtxDE1rAYALP8ApvnvZevHfvY9m64RUzZ/AH3ucPHhKPXA==</latexit><latexit sha1_base64="4no2wz3fvX9BCt44NmyU44M+E6M=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWME84BkCbOT2WTI7Oww0yuEJR/hxYMiXv0eb/6Nk2QPmljQUFR1090VaSks+v63t7G5tb2zW9or7x8cHh1XTk7bNs0M4y2WytR0I2q5FIq3UKDkXW04TSLJO9Hkbu53nrixIlWPONU8TOhIiVgwik7q5P0oJno2qFT9mr8AWSdBQapQoDmofPWHKcsSrpBJam0v8DWGOTUomOSzcj+zXFM2oSPec1TRhNswX5w7I5dOGZI4Na4UkoX6eyKnibXTJHKdCcWxXfXm4n9eL8P4NsyF0hlyxZaL4kwSTMn8dzIUhjOUU0coM8LdStiYGsrQJVR2IQSrL6+Tdr0W+LXg4braqBdxlOAcLuAKAriBBtxDE1rAYALP8ApvnvZevHfvY9m64RUzZ/AH3ucPHhKPXA==</latexit><latexit sha1_base64="4no2wz3fvX9BCt44NmyU44M+E6M=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWME84BkCbOT2WTI7Oww0yuEJR/hxYMiXv0eb/6Nk2QPmljQUFR1090VaSks+v63t7G5tb2zW9or7x8cHh1XTk7bNs0M4y2WytR0I2q5FIq3UKDkXW04TSLJO9Hkbu53nrixIlWPONU8TOhIiVgwik7q5P0oJno2qFT9mr8AWSdBQapQoDmofPWHKcsSrpBJam0v8DWGOTUomOSzcj+zXFM2oSPec1TRhNswX5w7I5dOGZI4Na4UkoX6eyKnibXTJHKdCcWxXfXm4n9eL8P4NsyF0hlyxZaL4kwSTMn8dzIUhjOUU0coM8LdStiYGsrQJVR2IQSrL6+Tdr0W+LXg4braqBdxlOAcLuAKAriBBtxDE1rAYALP8ApvnvZevHfvY9m64RUzZ/AH3ucPHhKPXA==</latexit>

ez
<latexit sha1_base64="6xTuEc3IfZ1EgNydLjNldlwoCp4=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWME85AkhNlJbzJkZnaZmRXikq/w4kERr36ON//GSbIHTSxoKKq66e4KE8GN9f1vb219Y3Nru7BT3N3bPzgsHR03TZxqhg0Wi1i3Q2pQcIUNy63AdqKRylBgKxzfzPzWI2rDY3VvJwn2JB0qHnFGrZMesm4YEew/Tfulsl/x5yCrJMhJGXLU+6Wv7iBmqURlmaDGdAI/sb2MasuZwGmxmxpMKBvTIXYcVVSi6WXzg6fk3CkDEsXalbJkrv6eyKg0ZiJD1ympHZllbyb+53VSG133Mq6S1KJii0VRKoiNyex7MuAamRUTRyjT3N1K2IhqyqzLqOhCCJZfXiXNaiXwK8HdZblWzeMowCmcwQUEcAU1uIU6NICBhGd4hTdPey/eu/exaF3z8pkT+APv8welsJA+</latexit><latexit sha1_base64="6xTuEc3IfZ1EgNydLjNldlwoCp4=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWME85AkhNlJbzJkZnaZmRXikq/w4kERr36ON//GSbIHTSxoKKq66e4KE8GN9f1vb219Y3Nru7BT3N3bPzgsHR03TZxqhg0Wi1i3Q2pQcIUNy63AdqKRylBgKxzfzPzWI2rDY3VvJwn2JB0qHnFGrZMesm4YEew/Tfulsl/x5yCrJMhJGXLU+6Wv7iBmqURlmaDGdAI/sb2MasuZwGmxmxpMKBvTIXYcVVSi6WXzg6fk3CkDEsXalbJkrv6eyKg0ZiJD1ympHZllbyb+53VSG133Mq6S1KJii0VRKoiNyex7MuAamRUTRyjT3N1K2IhqyqzLqOhCCJZfXiXNaiXwK8HdZblWzeMowCmcwQUEcAU1uIU6NICBhGd4hTdPey/eu/exaF3z8pkT+APv8welsJA+</latexit><latexit sha1_base64="6xTuEc3IfZ1EgNydLjNldlwoCp4=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWME85AkhNlJbzJkZnaZmRXikq/w4kERr36ON//GSbIHTSxoKKq66e4KE8GN9f1vb219Y3Nru7BT3N3bPzgsHR03TZxqhg0Wi1i3Q2pQcIUNy63AdqKRylBgKxzfzPzWI2rDY3VvJwn2JB0qHnFGrZMesm4YEew/Tfulsl/x5yCrJMhJGXLU+6Wv7iBmqURlmaDGdAI/sb2MasuZwGmxmxpMKBvTIXYcVVSi6WXzg6fk3CkDEsXalbJkrv6eyKg0ZiJD1ympHZllbyb+53VSG133Mq6S1KJii0VRKoiNyex7MuAamRUTRyjT3N1K2IhqyqzLqOhCCJZfXiXNaiXwK8HdZblWzeMowCmcwQUEcAU1uIU6NICBhGd4hTdPey/eu/exaF3z8pkT+APv8welsJA+</latexit><latexit sha1_base64="6xTuEc3IfZ1EgNydLjNldlwoCp4=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWME85AkhNlJbzJkZnaZmRXikq/w4kERr36ON//GSbIHTSxoKKq66e4KE8GN9f1vb219Y3Nru7BT3N3bPzgsHR03TZxqhg0Wi1i3Q2pQcIUNy63AdqKRylBgKxzfzPzWI2rDY3VvJwn2JB0qHnFGrZMesm4YEew/Tfulsl/x5yCrJMhJGXLU+6Wv7iBmqURlmaDGdAI/sb2MasuZwGmxmxpMKBvTIXYcVVSi6WXzg6fk3CkDEsXalbJkrv6eyKg0ZiJD1ympHZllbyb+53VSG133Mq6S1KJii0VRKoiNyex7MuAamRUTRyjT3N1K2IhqyqzLqOhCCJZfXiXNaiXwK8HdZblWzeMowCmcwQUEcAU1uIU6NICBhGd4hTdPey/eu/exaF3z8pkT+APv8welsJA+</latexit>
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p
<latexit sha1_base64="4no2wz3fvX9BCt44NmyU44M+E6M=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWME84BkCbOT2WTI7Oww0yuEJR/hxYMiXv0eb/6Nk2QPmljQUFR1090VaSks+v63t7G5tb2zW9or7x8cHh1XTk7bNs0M4y2WytR0I2q5FIq3UKDkXW04TSLJO9Hkbu53nrixIlWPONU8TOhIiVgwik7q5P0oJno2qFT9mr8AWSdBQapQoDmofPWHKcsSrpBJam0v8DWGOTUomOSzcj+zXFM2oSPec1TRhNswX5w7I5dOGZI4Na4UkoX6eyKnibXTJHKdCcWxXfXm4n9eL8P4NsyF0hlyxZaL4kwSTMn8dzIUhjOUU0coM8LdStiYGsrQJVR2IQSrL6+Tdr0W+LXg4braqBdxlOAcLuAKAriBBtxDE1rAYALP8ApvnvZevHfvY9m64RUzZ/AH3ucPHhKPXA==</latexit><latexit sha1_base64="4no2wz3fvX9BCt44NmyU44M+E6M=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWME84BkCbOT2WTI7Oww0yuEJR/hxYMiXv0eb/6Nk2QPmljQUFR1090VaSks+v63t7G5tb2zW9or7x8cHh1XTk7bNs0M4y2WytR0I2q5FIq3UKDkXW04TSLJO9Hkbu53nrixIlWPONU8TOhIiVgwik7q5P0oJno2qFT9mr8AWSdBQapQoDmofPWHKcsSrpBJam0v8DWGOTUomOSzcj+zXFM2oSPec1TRhNswX5w7I5dOGZI4Na4UkoX6eyKnibXTJHKdCcWxXfXm4n9eL8P4NsyF0hlyxZaL4kwSTMn8dzIUhjOUU0coM8LdStiYGsrQJVR2IQSrL6+Tdr0W+LXg4braqBdxlOAcLuAKAriBBtxDE1rAYALP8ApvnvZevHfvY9m64RUzZ/AH3ucPHhKPXA==</latexit><latexit sha1_base64="4no2wz3fvX9BCt44NmyU44M+E6M=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWME84BkCbOT2WTI7Oww0yuEJR/hxYMiXv0eb/6Nk2QPmljQUFR1090VaSks+v63t7G5tb2zW9or7x8cHh1XTk7bNs0M4y2WytR0I2q5FIq3UKDkXW04TSLJO9Hkbu53nrixIlWPONU8TOhIiVgwik7q5P0oJno2qFT9mr8AWSdBQapQoDmofPWHKcsSrpBJam0v8DWGOTUomOSzcj+zXFM2oSPec1TRhNswX5w7I5dOGZI4Na4UkoX6eyKnibXTJHKdCcWxXfXm4n9eL8P4NsyF0hlyxZaL4kwSTMn8dzIUhjOUU0coM8LdStiYGsrQJVR2IQSrL6+Tdr0W+LXg4braqBdxlOAcLuAKAriBBtxDE1rAYALP8ApvnvZevHfvY9m64RUzZ/AH3ucPHhKPXA==</latexit><latexit sha1_base64="4no2wz3fvX9BCt44NmyU44M+E6M=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWME84BkCbOT2WTI7Oww0yuEJR/hxYMiXv0eb/6Nk2QPmljQUFR1090VaSks+v63t7G5tb2zW9or7x8cHh1XTk7bNs0M4y2WytR0I2q5FIq3UKDkXW04TSLJO9Hkbu53nrixIlWPONU8TOhIiVgwik7q5P0oJno2qFT9mr8AWSdBQapQoDmofPWHKcsSrpBJam0v8DWGOTUomOSzcj+zXFM2oSPec1TRhNswX5w7I5dOGZI4Na4UkoX6eyKnibXTJHKdCcWxXfXm4n9eL8P4NsyF0hlyxZaL4kwSTMn8dzIUhjOUU0coM8LdStiYGsrQJVR2IQSrL6+Tdr0W+LXg4braqBdxlOAcLuAKAriBBtxDE1rAYALP8ApvnvZevHfvY9m64RUzZ/AH3ucPHhKPXA==</latexit>

ez
<latexit sha1_base64="6xTuEc3IfZ1EgNydLjNldlwoCp4=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWME85AkhNlJbzJkZnaZmRXikq/w4kERr36ON//GSbIHTSxoKKq66e4KE8GN9f1vb219Y3Nru7BT3N3bPzgsHR03TZxqhg0Wi1i3Q2pQcIUNy63AdqKRylBgKxzfzPzWI2rDY3VvJwn2JB0qHnFGrZMesm4YEew/Tfulsl/x5yCrJMhJGXLU+6Wv7iBmqURlmaDGdAI/sb2MasuZwGmxmxpMKBvTIXYcVVSi6WXzg6fk3CkDEsXalbJkrv6eyKg0ZiJD1ympHZllbyb+53VSG133Mq6S1KJii0VRKoiNyex7MuAamRUTRyjT3N1K2IhqyqzLqOhCCJZfXiXNaiXwK8HdZblWzeMowCmcwQUEcAU1uIU6NICBhGd4hTdPey/eu/exaF3z8pkT+APv8welsJA+</latexit><latexit sha1_base64="6xTuEc3IfZ1EgNydLjNldlwoCp4=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWME85AkhNlJbzJkZnaZmRXikq/w4kERr36ON//GSbIHTSxoKKq66e4KE8GN9f1vb219Y3Nru7BT3N3bPzgsHR03TZxqhg0Wi1i3Q2pQcIUNy63AdqKRylBgKxzfzPzWI2rDY3VvJwn2JB0qHnFGrZMesm4YEew/Tfulsl/x5yCrJMhJGXLU+6Wv7iBmqURlmaDGdAI/sb2MasuZwGmxmxpMKBvTIXYcVVSi6WXzg6fk3CkDEsXalbJkrv6eyKg0ZiJD1ympHZllbyb+53VSG133Mq6S1KJii0VRKoiNyex7MuAamRUTRyjT3N1K2IhqyqzLqOhCCJZfXiXNaiXwK8HdZblWzeMowCmcwQUEcAU1uIU6NICBhGd4hTdPey/eu/exaF3z8pkT+APv8welsJA+</latexit><latexit sha1_base64="6xTuEc3IfZ1EgNydLjNldlwoCp4=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWME85AkhNlJbzJkZnaZmRXikq/w4kERr36ON//GSbIHTSxoKKq66e4KE8GN9f1vb219Y3Nru7BT3N3bPzgsHR03TZxqhg0Wi1i3Q2pQcIUNy63AdqKRylBgKxzfzPzWI2rDY3VvJwn2JB0qHnFGrZMesm4YEew/Tfulsl/x5yCrJMhJGXLU+6Wv7iBmqURlmaDGdAI/sb2MasuZwGmxmxpMKBvTIXYcVVSi6WXzg6fk3CkDEsXalbJkrv6eyKg0ZiJD1ympHZllbyb+53VSG133Mq6S1KJii0VRKoiNyex7MuAamRUTRyjT3N1K2IhqyqzLqOhCCJZfXiXNaiXwK8HdZblWzeMowCmcwQUEcAU1uIU6NICBhGd4hTdPey/eu/exaF3z8pkT+APv8welsJA+</latexit><latexit sha1_base64="6xTuEc3IfZ1EgNydLjNldlwoCp4=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWME85AkhNlJbzJkZnaZmRXikq/w4kERr36ON//GSbIHTSxoKKq66e4KE8GN9f1vb219Y3Nru7BT3N3bPzgsHR03TZxqhg0Wi1i3Q2pQcIUNy63AdqKRylBgKxzfzPzWI2rDY3VvJwn2JB0qHnFGrZMesm4YEew/Tfulsl/x5yCrJMhJGXLU+6Wv7iBmqURlmaDGdAI/sb2MasuZwGmxmxpMKBvTIXYcVVSi6WXzg6fk3CkDEsXalbJkrv6eyKg0ZiJD1ympHZllbyb+53VSG133Mq6S1KJii0VRKoiNyex7MuAamRUTRyjT3N1K2IhqyqzLqOhCCJZfXiXNaiXwK8HdZblWzeMowCmcwQUEcAU1uIU6NICBhGd4hTdPey/eu/exaF3z8pkT+APv8welsJA+</latexit>

n
<latexit sha1_base64="xe5PChHbAjP/+YLKeTHRPcsKUKg=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWME84BkCbOT2WTI7Mwy0yuEJR/hxYMiXv0eb/6Nk2QPmljQUFR1090VpVJY9P1vb2Nza3tnt7RX3j84PDqunJy2rc4M4y2mpTbdiFouheItFCh5NzWcJpHknWhyN/c7T9xYodUjTlMeJnSkRCwYRSd18n4UEzUbVKp+zV+ArJOgIFUo0BxUvvpDzbKEK2SSWtsL/BTDnBoUTPJZuZ9ZnlI2oSPec1TRhNswX5w7I5dOGZJYG1cKyUL9PZHTxNppErnOhOLYrnpz8T+vl2F8G+ZCpRlyxZaL4kwS1GT+OxkKwxnKqSOUGeFuJWxMDWXoEiq7EILVl9dJu14L/FrwcF1t1Is4SnAOF3AFAdxAA+6hCS1gMIFneIU3L/VevHfvY9m64RUzZ/AH3ucPGwiPWg==</latexit><latexit sha1_base64="xe5PChHbAjP/+YLKeTHRPcsKUKg=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWME84BkCbOT2WTI7Mwy0yuEJR/hxYMiXv0eb/6Nk2QPmljQUFR1090VpVJY9P1vb2Nza3tnt7RX3j84PDqunJy2rc4M4y2mpTbdiFouheItFCh5NzWcJpHknWhyN/c7T9xYodUjTlMeJnSkRCwYRSd18n4UEzUbVKp+zV+ArJOgIFUo0BxUvvpDzbKEK2SSWtsL/BTDnBoUTPJZuZ9ZnlI2oSPec1TRhNswX5w7I5dOGZJYG1cKyUL9PZHTxNppErnOhOLYrnpz8T+vl2F8G+ZCpRlyxZaL4kwS1GT+OxkKwxnKqSOUGeFuJWxMDWXoEiq7EILVl9dJu14L/FrwcF1t1Is4SnAOF3AFAdxAA+6hCS1gMIFneIU3L/VevHfvY9m64RUzZ/AH3ucPGwiPWg==</latexit><latexit sha1_base64="xe5PChHbAjP/+YLKeTHRPcsKUKg=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWME84BkCbOT2WTI7Mwy0yuEJR/hxYMiXv0eb/6Nk2QPmljQUFR1090VpVJY9P1vb2Nza3tnt7RX3j84PDqunJy2rc4M4y2mpTbdiFouheItFCh5NzWcJpHknWhyN/c7T9xYodUjTlMeJnSkRCwYRSd18n4UEzUbVKp+zV+ArJOgIFUo0BxUvvpDzbKEK2SSWtsL/BTDnBoUTPJZuZ9ZnlI2oSPec1TRhNswX5w7I5dOGZJYG1cKyUL9PZHTxNppErnOhOLYrnpz8T+vl2F8G+ZCpRlyxZaL4kwS1GT+OxkKwxnKqSOUGeFuJWxMDWXoEiq7EILVl9dJu14L/FrwcF1t1Is4SnAOF3AFAdxAA+6hCS1gMIFneIU3L/VevHfvY9m64RUzZ/AH3ucPGwiPWg==</latexit><latexit sha1_base64="xe5PChHbAjP/+YLKeTHRPcsKUKg=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWME84BkCbOT2WTI7Mwy0yuEJR/hxYMiXv0eb/6Nk2QPmljQUFR1090VpVJY9P1vb2Nza3tnt7RX3j84PDqunJy2rc4M4y2mpTbdiFouheItFCh5NzWcJpHknWhyN/c7T9xYodUjTlMeJnSkRCwYRSd18n4UEzUbVKp+zV+ArJOgIFUo0BxUvvpDzbKEK2SSWtsL/BTDnBoUTPJZuZ9ZnlI2oSPec1TRhNswX5w7I5dOGZJYG1cKyUL9PZHTxNppErnOhOLYrnpz8T+vl2F8G+ZCpRlyxZaL4kwS1GT+OxkKwxnKqSOUGeFuJWxMDWXoEiq7EILVl9dJu14L/FrwcF1t1Is4SnAOF3AFAdxAA+6hCS1gMIFneIU3L/VevHfvY9m64RUzZ/AH3ucPGwiPWg==</latexit>

n
<latexit sha1_base64="xe5PChHbAjP/+YLKeTHRPcsKUKg=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWME84BkCbOT2WTI7Mwy0yuEJR/hxYMiXv0eb/6Nk2QPmljQUFR1090VpVJY9P1vb2Nza3tnt7RX3j84PDqunJy2rc4M4y2mpTbdiFouheItFCh5NzWcJpHknWhyN/c7T9xYodUjTlMeJnSkRCwYRSd18n4UEzUbVKp+zV+ArJOgIFUo0BxUvvpDzbKEK2SSWtsL/BTDnBoUTPJZuZ9ZnlI2oSPec1TRhNswX5w7I5dOGZJYG1cKyUL9PZHTxNppErnOhOLYrnpz8T+vl2F8G+ZCpRlyxZaL4kwS1GT+OxkKwxnKqSOUGeFuJWxMDWXoEiq7EILVl9dJu14L/FrwcF1t1Is4SnAOF3AFAdxAA+6hCS1gMIFneIU3L/VevHfvY9m64RUzZ/AH3ucPGwiPWg==</latexit><latexit sha1_base64="xe5PChHbAjP/+YLKeTHRPcsKUKg=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWME84BkCbOT2WTI7Mwy0yuEJR/hxYMiXv0eb/6Nk2QPmljQUFR1090VpVJY9P1vb2Nza3tnt7RX3j84PDqunJy2rc4M4y2mpTbdiFouheItFCh5NzWcJpHknWhyN/c7T9xYodUjTlMeJnSkRCwYRSd18n4UEzUbVKp+zV+ArJOgIFUo0BxUvvpDzbKEK2SSWtsL/BTDnBoUTPJZuZ9ZnlI2oSPec1TRhNswX5w7I5dOGZJYG1cKyUL9PZHTxNppErnOhOLYrnpz8T+vl2F8G+ZCpRlyxZaL4kwS1GT+OxkKwxnKqSOUGeFuJWxMDWXoEiq7EILVl9dJu14L/FrwcF1t1Is4SnAOF3AFAdxAA+6hCS1gMIFneIU3L/VevHfvY9m64RUzZ/AH3ucPGwiPWg==</latexit><latexit sha1_base64="xe5PChHbAjP/+YLKeTHRPcsKUKg=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWME84BkCbOT2WTI7Mwy0yuEJR/hxYMiXv0eb/6Nk2QPmljQUFR1090VpVJY9P1vb2Nza3tnt7RX3j84PDqunJy2rc4M4y2mpTbdiFouheItFCh5NzWcJpHknWhyN/c7T9xYodUjTlMeJnSkRCwYRSd18n4UEzUbVKp+zV+ArJOgIFUo0BxUvvpDzbKEK2SSWtsL/BTDnBoUTPJZuZ9ZnlI2oSPec1TRhNswX5w7I5dOGZJYG1cKyUL9PZHTxNppErnOhOLYrnpz8T+vl2F8G+ZCpRlyxZaL4kwS1GT+OxkKwxnKqSOUGeFuJWxMDWXoEiq7EILVl9dJu14L/FrwcF1t1Is4SnAOF3AFAdxAA+6hCS1gMIFneIU3L/VevHfvY9m64RUzZ/AH3ucPGwiPWg==</latexit><latexit sha1_base64="xe5PChHbAjP/+YLKeTHRPcsKUKg=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWME84BkCbOT2WTI7Mwy0yuEJR/hxYMiXv0eb/6Nk2QPmljQUFR1090VpVJY9P1vb2Nza3tnt7RX3j84PDqunJy2rc4M4y2mpTbdiFouheItFCh5NzWcJpHknWhyN/c7T9xYodUjTlMeJnSkRCwYRSd18n4UEzUbVKp+zV+ArJOgIFUo0BxUvvpDzbKEK2SSWtsL/BTDnBoUTPJZuZ9ZnlI2oSPec1TRhNswX5w7I5dOGZJYG1cKyUL9PZHTxNppErnOhOLYrnpz8T+vl2F8G+ZCpRlyxZaL4kwS1GT+OxkKwxnKqSOUGeFuJWxMDWXoEiq7EILVl9dJu14L/FrwcF1t1Is4SnAOF3AFAdxAA+6hCS1gMIFneIU3L/VevHfvY9m64RUzZ/AH3ucPGwiPWg==</latexit>

p = pn
<latexit sha1_base64="7iTK27wr9az0loJD4uMk8Aaz7lY=">AAAB+XicbZDLSsNAFIZPvNZ6i7p0M1gEVyUpgm6EghuXFewF2lAm00k7dDIZZiaFEvImblwo4tY3cefbOE2z0NYfBj7+cw7nzB9KzrTxvG9nY3Nre2e3slfdPzg8OnZPTjs6SRWhbZLwRPVCrClngrYNM5z2pKI4DjnthtP7Rb07o0qzRDyZuaRBjMeCRYxgY62h62aDMEIyv5MFiHzo1ry6Vwitg19CDUq1hu7XYJSQNKbCEI617vueNEGGlWGE07w6SDWVmEzxmPYtChxTHWTF5Tm6tM4IRYmyTxhUuL8nMhxrPY9D2xljM9GrtYX5X62fmug2yJiQqaGCLBdFKUcmQYsY0IgpSgyfW8BEMXsrIhOsMDE2rKoNwV/98jp0GnXfq/uP17Vmo4yjAudwAVfgww004QFa0AYCM3iGV3hzMufFeXc+lq0bTjlzBn/kfP4AF/2TPg==</latexit><latexit sha1_base64="7iTK27wr9az0loJD4uMk8Aaz7lY=">AAAB+XicbZDLSsNAFIZPvNZ6i7p0M1gEVyUpgm6EghuXFewF2lAm00k7dDIZZiaFEvImblwo4tY3cefbOE2z0NYfBj7+cw7nzB9KzrTxvG9nY3Nre2e3slfdPzg8OnZPTjs6SRWhbZLwRPVCrClngrYNM5z2pKI4DjnthtP7Rb07o0qzRDyZuaRBjMeCRYxgY62h62aDMEIyv5MFiHzo1ry6Vwitg19CDUq1hu7XYJSQNKbCEI617vueNEGGlWGE07w6SDWVmEzxmPYtChxTHWTF5Tm6tM4IRYmyTxhUuL8nMhxrPY9D2xljM9GrtYX5X62fmug2yJiQqaGCLBdFKUcmQYsY0IgpSgyfW8BEMXsrIhOsMDE2rKoNwV/98jp0GnXfq/uP17Vmo4yjAudwAVfgww004QFa0AYCM3iGV3hzMufFeXc+lq0bTjlzBn/kfP4AF/2TPg==</latexit><latexit sha1_base64="7iTK27wr9az0loJD4uMk8Aaz7lY=">AAAB+XicbZDLSsNAFIZPvNZ6i7p0M1gEVyUpgm6EghuXFewF2lAm00k7dDIZZiaFEvImblwo4tY3cefbOE2z0NYfBj7+cw7nzB9KzrTxvG9nY3Nre2e3slfdPzg8OnZPTjs6SRWhbZLwRPVCrClngrYNM5z2pKI4DjnthtP7Rb07o0qzRDyZuaRBjMeCRYxgY62h62aDMEIyv5MFiHzo1ry6Vwitg19CDUq1hu7XYJSQNKbCEI617vueNEGGlWGE07w6SDWVmEzxmPYtChxTHWTF5Tm6tM4IRYmyTxhUuL8nMhxrPY9D2xljM9GrtYX5X62fmug2yJiQqaGCLBdFKUcmQYsY0IgpSgyfW8BEMXsrIhOsMDE2rKoNwV/98jp0GnXfq/uP17Vmo4yjAudwAVfgww004QFa0AYCM3iGV3hzMufFeXc+lq0bTjlzBn/kfP4AF/2TPg==</latexit><latexit sha1_base64="7iTK27wr9az0loJD4uMk8Aaz7lY=">AAAB+XicbZDLSsNAFIZPvNZ6i7p0M1gEVyUpgm6EghuXFewF2lAm00k7dDIZZiaFEvImblwo4tY3cefbOE2z0NYfBj7+cw7nzB9KzrTxvG9nY3Nre2e3slfdPzg8OnZPTjs6SRWhbZLwRPVCrClngrYNM5z2pKI4DjnthtP7Rb07o0qzRDyZuaRBjMeCRYxgY62h62aDMEIyv5MFiHzo1ry6Vwitg19CDUq1hu7XYJSQNKbCEI617vueNEGGlWGE07w6SDWVmEzxmPYtChxTHWTF5Tm6tM4IRYmyTxhUuL8nMhxrPY9D2xljM9GrtYX5X62fmug2yJiQqaGCLBdFKUcmQYsY0IgpSgyfW8BEMXsrIhOsMDE2rKoNwV/98jp0GnXfq/uP17Vmo4yjAudwAVfgww004QFa0AYCM3iGV3hzMufFeXc+lq0bTjlzBn/kfP4AF/2TPg==</latexit>

p = pn
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• A evolução temporal é governada pela equação de Schrödinger. De fato, como

vimos em uma das aulas extras, tal evolução pode ser pode ser definida por um

operador linear da forma:

| (t)i = U(t, t0)| ii
Se t1 é o instante imediatamente antes da medida (após a colisão)

| (t1)i = U(t1, t0)| ii
Como H é simétrico (part́ıculas idênticas) e U depende exclusivamente de H,

temos, naturalmente, que [U(t1, t0), P21] = 0.

� Qual é a amplitude de probabilidade de um resultado na qual as duas part́ıculas

são detectadas em direções opostas do eixo On?

Sabemos que o estado f́ısico relacionado à medida é

| f i =
1p
2
(1 + ✏P21)|1:pn; 2:�pni

• Quanto vale a amplitude de probabilidade? Que tal?

h f | (t1)i = h f |U(t1, t0)| ii

Ou ainda h f | (t1)i=
1

2
h1:pn; 2:�pn|(1+✏P21)

†U(t1, t0)(1+✏P21)|1:pez; 2:�pezi.

Lembrando que [U(t1, t0), P21] = 0 e (1 + ✏P21)
†
(1+✏P21) = 2(1+✏P21),

podemos escrever amplitude de probabilidade na forma:
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Colisão	elástica	de	duas	Partículas	Idênticas	

✓

depois

antesantes

depois

durante
✓

depois

antesantes

depois

durante

n n 

ez ez 

h f | (t)i = h1: pn̂; 2: �pn̂|(1 + ✏P21)
†U(t1, t0)|1: pez; 2: �pezi =

= h1:pn̂; 2:�pn̂|U(t1, t0)|1:pez; 2:�pezi| {z }
termo direto

+ ✏h1:�pn̂; 2:pn̂|U(t1, t0)|1:pez; 2:�pezi| {z }
termo de troca

� Note que podeŕıamos entender que ambas as amplitudes da amplitude total

começam no mesmo estado |1:pez; 2:�pezi, mas terminam em estados

diferentes, devido à possibilidade da troca entre part́ıculas durante a colisão.

� Para férmions, note que a amplitude total apenas troca de sinal quando

trocamos n por � n. Isto é:

h1:�pn̂; 2:pn̂|U(t1, t0)|1:pez; 2:�pezi+✏h1:pn̂; 2:�pn̂|U(t1, t0)|1:pez; 2:�pezi=
✏(h1:pn̂; 2:�pn̂|U(t1, t0)|1:pez; 2:�pezi+✏h1:�pn̂; 2:pn̂|U(t1, t0)|1:pez; 2:�pezi)
ou seja, diferem apenas por uma fase global (sinal) e o módulo

quadrado continua o mesmo.
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Ainda	sobre	o	postulado	de	simetrização	
• Situações nas quais o postulado de simetrização pode ser ignorado.

Se a simetrização fosse sempre indispensável, como podeŕıamos ter estudado

(com sucesso) sistemas como o átomo de hidrogênio (uma vez que existem

muitos por áı, todos idênticos), sem simetrizar o conjunto de todos os átomos?

Ilustraremos isso por meio de dois exemplos.

F Part́ıculas idênticas situadas em duas regiões distintas do espaço

Considere duas part́ıculas idênticas

(
uma em |'i na região D

outra em |�i na região �
) Para isso,

pedimos que

(
'(r) = hr|'i = 0 se r /2 D (ou se r 2 �)

�(r) = hr|�i = 0 se r /2 � (ou se r 2 D)
Ou seja, uma não tem

chance de estar no local da outra. Pedimos desta forma que D \� = {}
• Quando isso acontece, cada uma das part́ıculas pode ser seguida. Podemos,

inclusive, medir uma observável relacionada à apenas uma das part́ıculas. Para

isso precisamos de um aparelho que atue somente em D (ou somente em �).

Vamos fazer isso simultaneamente com dois aparelhos, um em D e outro em �.

• Como usar os resultados do slide 2 para calcular probabilidades de medidas

nestas circunstâncias? Suponha |ui em D, e |vi em �, estados individuais

associados com as medidas.
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• A amplitude de probabilidade calculada no slide 2, usando postulado de

simetrização é:

hu; v|';�i = hu|'ihv|�i+ ✏hu|�ihv|'i

Como

(
hr|ui = u(r) está em D ! hr|ui = 0 se r 2 �

hr|vi = v(r) está em � ! hr|vi = 0 se r 2 D
)

(
hu|�i = 0,

hv|'i = 0,

isso fornece uma amplitude igual à hu; v|';�i = hu|'ihv|�i.
• Nessas condições, tudo se passa como se as part́ıculas fossem diferentes,

isto é

(
estado inicial |1:'; 2:�i
estado da medida |1:u; 2:vi

) amplitude de probabilidade hu|'ihv|�i.

F Part́ıculas que podem ser identificadas pela direção de seus spins.

Considere uma colisão elástica entre duas part́ıculas de spin 1/2, considerando

que as interações que dependem de spin podem ser negligenciadas.
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• Suponha que a medida final é para part́ıculas que chegam com pn̂ e spin " .

(Se o spin não estiver resolvido, some com a probabilidade de pn̂ e spin #).
• Do slide 6, temos

h f | (t)i=h1:pn̂ "; 2:�pn̂ # |(1 + ✏P21)
†U(t1, t0)|1:pez "; 2:�pez #i =

=

8
>>>>><

>>>>>:

h1:pn̂ "; 2:�pn̂ # |U(t1, t0)|1:pez "; 2:�pez #i| {z }
o termo direto contribue

+

✏h1:�pn̂ #; 2:pn̂ " |U(t1, t0)|1:pez "; 2:�pez #i| {z }
o termo de troca é zero

• Note que se U(t1, t0) dependesse de spin, isso poderia não ser verdade.

• Tudo se passou como se as part́ıculas fossem distintas (as part́ıculas ficaram

caracterizadas pelos suas projeções de spin ao longo do eixo z).

F Como a indistinguibilidade afeta as probabilidades de encontrar

part́ıculas?

• Probabilidade de encontrar uma part́ıcula em d3r quando temos uma

part́ıcula só. Vimos que

8
>>><

>>>:

h'|'i = 1, com ajuda de 11 =
R
d3r|rihr|R

d3rh'|rihr|'i =
R
d3r|'(r)|2 = 1

onde |'(r)|2 = ⇢(r) ⌘
(
densidade de

probabilidade
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• Probabilidade de encontrar part́ıculas no caso de duas part́ıculas distintas sem

spin.

Começamos novamente por

8
><

>:

h1:'; 2:�|1:'; 2:�i = 1,

com ajuda de

11 =
R R

d3rd3r|1:r; 2:r0ih1:r; 2:r0|
) para obter

Z Z
d3rd3r0h'|rih�|r0ihr|'ihr0|�i =

Z Z
d3rd3r0|'(r)|2|�(r0)|2 = 1

o que permite definir ⇢(r, r0)= |'(r)|2|�(r0)|2
(
densidade de probabilidade de

encontrar uma em r e outra em r0

• Probabilidade de encontrar part́ıculas no caso de duas part́ıculas idênticas sem

spin.

Segundo o postulado de simetrização, o estado do sistema seria

| i = 1p
2
(1 + ✏P21)|1:'; 2:�i

e o operador unidade, na representação das coordenadas, seria:

11 =

Z Z
d3rd3r|r, r0ihr, r0| onde |r, r0i = 1p

2
(1 + ✏P21)|1:r; 2:r0i

Inserção do operador unidade, com as definições acima, em h | i = 1

nos leva à
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d3rd3r0h1:'; 2:�| 1p

2
(1 + ✏P †

21)
1p
2
(1 + ✏P21)|1:r; 2:r0i⇥

h1:r; 2:r0| 1p
2
(1 + ✏P †

21)
1p
2
(1 + ✏P21)|1:'; 2:�i = 1

Lembrando que
1

2
(1 + ✏P21)

1

2
(1 + ✏P21) =

1

2
(1 + ✏P21), temos

Z Z
d3rd3r0h1:'; 2:�|(1 + ✏P21)|1:r; 2:r0ih1:r; 2:r0|(1 + ✏P21)|1:'; 2:�i = 1

O que permite escrever
Z Z

d3rd3r0
�
h'|rih�|r0i+ ✏h'|r0ih�|ri

��
hr|'ihr0|�i+ ✏hr0|'ihr|�i

�
=

=

Z Z
d3rd3r0

�
'⇤

(r)�⇤
(r0) + ✏'⇤

(r0)�⇤
(r)

��
'(r)�(r0) + ✏'(r0)�(r)

�
= 1

Ou seja, agora

⇢(r, r0)= |'(r)|2|�(r0)|2 +|'(r0)|2|�(r)|2 + ✏'⇤
(r)�⇤

(r0)'(r0)�(r)+

+ ✏'⇤
(r0)�⇤

(r)'(r)�(r0)

• Se quisermos que apenas uma delas esteja em r e a outra possa estar em

qualquer lugar, teŕıamos ⇢(r) =

Z
d3r0⇢(r, r0) = |'(r)|2 + |�(r)|2 onde usamos

que

Z
d3r0'⇤

(r0)�(r0) = 0 e

Z
d3r0|'(r0)|2 =

Z
d3r0|�(r0)|2 = 1.
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Termo	de	troca	(K)	no	cálculo	da	energia	
• Considere a Hamiltoniana:

H(1, 2) =
P2

1

2me
+

P2
2

2me| {z }
energia cinética

�2e2

R1
� 2e2

R2| {z }
atração nuclear

+
e
2

|R1 �R2|| {z }
repulsão eletrônica

Obtenha os valores médios de energia para os seguintes estados:

1) | i = |1:'; 2:�i
2) | i = |1:'; 2:'i

3) | i = 1p
2
(1 + P21)|1:'; 2:�i

4) | i = 1p
2
(1� P21)|1:'; 2:�i

� Expresse suas respostas em função das integrais

IEC(�1,�2) =

Z
d
3
�
⇤
1(r)[�

~2
2me

r2]�2(r);

IEN (�1,�2) =

Z
dr

3
�
⇤
1(r)[�

2e2

r
]�2(r)

J(�1,�2) =

Z Z
dr

3
1dr

3
2�

⇤
1(r1)�

⇤
2(r2)[

e
2

|r1 � r2|
]�1(r1)�2(r2)

K(�1,�2) =

Z Z
dr

3
1dr

3
2�

⇤
1(r1)�

⇤
2(r2)[

e
2

|r1 � r2|
]�2(r1)�1(r2)

<latexit sha1_base64="ujVuoD6dEi4DHnN1+dCF07kMv7E="></latexit>


